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Preface

The purpose of this book is twofold: It provides a detailed account of basic theory 
required for an understanding of the two-dimensional vibrational and electronic 
spectroscopy, and it also bridges the gap between the formal development of non-
linear optical spectroscopy and the application of the theory to the explanation of 
experimental results. The main emphasis is on principles rather than on practical 
aspects, though the reader may find sections where practical applications of the two-
dimensional optical spectroscopy to complicated molecular systems, such as pro-
teins and light-harvesting complexes, dominate.

It is assumed that the reader has the usual undergraduate background knowledge 
of quantum mechanics, electromagnetic theory, spectroscopy, statistical mechan-
ics, and physical chemistry. This book is intended to serve as a monograph for 
researchers in this particular topic as well as a textbook for advanced graduate 
students. I hope that it helps to fulfill the needs of time-domain spectroscopists 
who wish to deepen their understanding of the basic features of nonlinear response 
function theory and intermolecular interaction-induced phenomena and who intend 
to apply the recently developed tools of vibrational and electronic spectroscopy in 
two dimensions.

The scope of the material is restricted in various ways, but most importantly, theo-
retical descriptions of two-dimensional spectroscopy of coupled two-level systems and 
anharmonic oscillators are generally valid and can be easily extended to account for the 
two-dimensional spectroscopy of coupled multi-chromophore systems.
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1

1 Introduction

Two-dimensional (2D) optical spectroscopy is an optical analog of 2D nuclear mag-
netic resonance (NMR) and utilizes multiple ultrashort laser pulses in infrared or 
UV-visible (vis) frequency range. It has been used to study protein structure and 
dynamics, hydrogen-bonding dynamics in solutions, femtosecond solvation dynam-
ics, solute-solvent complexation, chemical reaction and exchange dynamics, exci-
tation migration process in photosynthetic light-harvesting complexes, exciton 
dynamics in semiconductors, and coherence transfers in electronically coupled 
multi-chromophore systems.1-19 Due to dramatic advancements of ultrafast laser 
technologies, femtosecond laser systems operating in infrared and visible frequency 
ranges have been commercially available so that we have seen a wide range of appli-
cations utilizing such ultrafast nonlinear optical spectroscopic techniques.

Most of the conventional linear spectroscopic methods, though they have been 
proven to be extremely useful for studying structural and dynamical properties 
of complex molecules in condensed phases, provide highly averaged information. 
Therefore, novel spectroscopic techniques capable of providing much higher infor-
mation content have been sought and tested incessantly. In the research community 
of NMR spectroscopy, such efforts led to developing a variety of 2D NMR tech-
niques such as NOESY (nuclear Overhauser enhancement spectroscopy) and COSY 
(correlation spectroscopy) methods among many others, and they have been exten-
sively used to study structural and dynamical properties of proteins in solutions.1, 2

Although the 2D optical spectroscopy that has been considered to be an opti-
cal analog of 2D NMR does not provide atomic resolution structures of complex 
molecules, optical domain multidimensional spectroscopy has certain advantages 
because of the dramatic gain in time resolution (~ subpicosecond scale) possible and 
the ability to directly observe and quantify the couplings between quantum states 
involved in molecular dynamical processes.19 An elementary and highly simplified 
schematic diagram in Figure  1.1 demonstrates that time-resolved 2D vibrational 
spectroscopic technique can provide detailed information on the 3D structure of a 
given complex molecule, that is, proteins.20 A pair of vibrational chromophores, for 
example, amide I local modes in polypeptide backbone, are coupled to each other via 
hydrogen-bonding interaction, which results in cross-peaks in the 2D amide I infra-
red (IR) spectrum. As a molecule undergoes a structural transition along a certain 
reaction (folding or unfolding) coordinate, where hydrogen-bond breaking occurs, 
the cross-peaks will disappear in time.21 Consequently, the transient 2D vibrational 
spectroscopy will provide information on the local conformational change of the 
target molecule in this case.

As theoretically and experimentally demonstrated over the last decade, the exis-
tence of cross-peaks is direct evidence on the vibrational couplings whose magnitudes 
depend on relative distances and orientations between vibrational chromophores 
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2	 Two-Dimensional Optical Spectroscopy

that are comparatively localized anharmonic oscillators.10 Similarly, if two optical 
chromophores absorbing UV-vis lights are spatially close to each other, the elec-
tronic transition coupling between the two induces an electronic exciton formation 
and produces cross-peaks in the 2D electronic spectrum.22 Therefore, experimental 
observation of cross-peaks in a measured 2D electronic spectrum and their transient 
behaviors in time provides invaluable information about electronic coupling strength 
between two chromophores and about exciton-exciton coherence and population 
transfers or even on structural changes.9, 22, 23

Ultrafast nonlinear optical spectroscopy utilizing IR and/or visible field has been 
a vital and incisive tool with a rich and long history, and an optical analog of NMR 
phase coherent multiple pulse spectroscopy was alluded before, where the acousto-
optic modulation technique was used to generate an optical pulse sequence for a 
photon echo experiment.3 Particularly, optical photon echo spectroscopy has been 
extensively used to study solvation dynamics and ultrafast inertial motions of bath 
degrees of freedom coupled to electronic transitions of chromophores in condensed 
phases.24, 25 An IR photon echo experiment utilizing a free electron laser was per-
formed in early 1990s.26 Since the photon echo spectroscopy involves two either 
vibrational or electronic coherence evolutions during τ and t periods that are sepa-
rated by another delay time T, the measured echo signal is expressed as S t T( , , )τ .  
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Figure 1.1  Two-dimensional spectroscopy of changes in molecular structure. The peaks 
on the diagonal line of this typical 2D infrared spectrum are associated with vibrations of 
the chemical groups in red and blue in the structures above (the square and the triangle rep-
resent amino acid side groups). The cross-peaks in green are produced by the coupling of 
these vibrations. As the molecule unfolds, the length of the hydrogen bond increases and the 
vibrational coupling decreases, so that the cross-peaks become less intense. The cross-peaks 
disappear when the hydrogen bond is broken. By examining the amplitudes of cross-peaks 
from a series of time-resolved spectra, the breaking of a hydrogen bond, and so the structural 
evolution of a small molecule, can be probed in time.
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Introduction	 3

The 2D spectrum �S Tt( , , )w wτ can therefore be obtained by carrying out double 
Fourier transformations of S t T( , , )τ  with respect to τ and t. T is the so-called wait-
ing time during which the system density matrix element is one of the diagonal ele-
ments (populations) or off-diagonal elements (coherences).

A typical 2D spectrum �S Tt( , , )w wτ thus obtained exhibits a variety of peaks. There 
are diagonal and off-diagonal peaks revealing different dynamics of the complex 
system of interest. For a two-level system, the 2D shape of a diagonal peak provides 
information on the relative contributions from the inhomogeneous and homogeneous 
dephasing processes.27, 28 The extent of elongation along the diagonal and the slope 
of the elongation direction are often time-dependent, and their changes were found 
to be related to the transition frequency–frequency time–correlation function, which 
is in turn related to the associated solvation dynamics around the chromophore.10, 28 
For an anharmonic oscillator, which can be successfully modeled as a three-level 
system, the diagonal peak in the real part of the 2D photon echo spectrum is divided 
into two parts with positive and negative amplitudes, which reveals overtone anhar-
monicity. Here, it should be noted that the target oscillators should not be perfectly 
harmonic to make the associated nonlinear response function nonvanishing. Certain 
nonlinearities in nuclear and electronic motions are basic requirements. In a given 
2D spectrum of anharmonic oscillator, the negative peak corresponds to the excited 
state absorption contribution to the signal and the positive peak to the sum of ground 
state bleaching and stimulated emission contributions. The cross-peaks can also be 
either antidiagonally or diagonally elongated, which corresponds to the cases when 
the two different transition frequencies are negatively or positively correlated in time. 
For a coupled homo- or hetero-dimer system, a negative correlation can be induced 
by modulation of the coupling constant, and a positive correlation results from mod-
ulation of the transition frequencies of the two monomers. The intensities of the 
cross-peaks can change in time, and their time-dependencies originate from various 
processes such as excitation transfers between two different excitonic or monomeric 
states, coherence transfers, chemical exchanges and reactions, population-dependent 
dephasing processes, conformation and chemical structural transitions, and so 
forth.10 Thus, any 2D optical spectrum has undoubtedly high information content 
and uniquely provides underlying dynamics and mechanisms of chemical or physical 
processes considered.

By using femtosecond IR pulses and dispersive pump–probe spectroscopic tech-
nique, 2D IR spectroscopic measurements of proteins in solution were performed 
in 1998.4 Also, interesting combinations of IR and visible beams together to carry 
out IR-vis four-wave-mixing experiments were theoretically suggested in the late 
1990s and shown to be useful in studying electric and mechanical anharmonicity-
induced couplings between two different vibrational modes in 1999 experiment- 
ally.6, 8, 11, 29, 30 This is analogous to the heteronuclear NMR spectroscopy, since both 
vibrational (bosonic) and electronic (fermionic) degrees of freedom and their cou-
plings were under investigation. Also, electronic photon echo signals from a dye 
molecule or a photosynthetic light-harvesting protein complex were experimentally 
measured by using a Fourier transform (FT) spectral interferometry employing the 
Mach–Zehnder interferometer.7, 9 In the latter case, it was found that ultrafast excita-
tion relaxations within the manifold of one-exciton states and coherence evolution in 

84291_Book.indb   3 5/11/09   2:10:01 PM



4	 Two-Dimensional Optical Spectroscopy

electronically coupled multi-chromophore systems could be studied by examining 
the time-dependent changes of the 2D photon echo spectrum and by measuring the 
cross-peak amplitude changes in time T.22 A conditional probability of finding the 
system on a specific quantum state ψ k at a later time when it was initially on a differ-
ent state ψ j was found to be the key factor determining the time-dependency of the 
associated cross-peak amplitude at ( , )w w w wτt k j= = .19 In addition, we have seen 
2D IR spectroscopic studies of chemical exchange dynamics and hydrogen-bond net-
work in water.31–37 These works clearly demonstrated how such novel spectroscopic 
methods can be of use in studying fundamental solute-solvent interaction dynamics 
in real time with an unprecedented time resolution that cannot be reached by any 
other spectroscopic means. Technically, a femtosecond collinear phase-coherent 2D 
spectroscopy and a single-shot 2D pump–probe spectroscopy were experimentally 
demonstrated, which will speed up data collection times and extend applications of 
the technique to a wide variety of problems.38–40 In parallel with these experimen-
tal efforts, numerous theoretical and computational methods combining molecular 
dynamics (MD) simulation, quantum chemistry calculation, quantum mechanical/
molecular mechanical (QM/MM) simulation, and hybrid QM/MD simulation have 
been developed to accurately simulate the 2D vibrational and electronic spectra of 
complicated molecular systems such as proteins, nucleic acids, and light-harvesting 
complexes over the last decade.10

Before we close this chapter, it would be interesting to provide a viewpoint on how 
and why the 2D optical spectroscopy is a better tool for studying molecular structure 
and dynamics, in comparison with the other linear or quasi-linear spectroscopy. Note 
that the time-resolved spectroscopy capable of recording 1D spectra with respect to 
time is considered to be quasi-linear spectroscopy because quantitative information 
on couplings still cannot be directly provided. The discussion on this begins with 
comparing the hierarchy of protein structures with that of spectroscopic properties. 
Linear spectroscopy such as IR absorption and Raman scattering can provide critical 
information on the distribution of vibrational modes in a given polyatomic molecule. 
There are a variety of marker bands in an IR absorption spectrum of polyatomic 
molecule. Analysis of IR absorption spectrum of an unknown molecule can thus 
provide information on the constituent chemical groups and bonds included in the 
molecule. However, if these vibrational chromophores interact or couple to produce 
delocalized vibrational states, the linear absorption spectrum provides limited infor-
mation on such coupling strengths that are however keenly dependent on the 3D 
structure such as inter-chromophore distances and orientations. Thus, the 2D vibra-
tional spectroscopy capable of measuring such small quantities can be an incisive 
tool to shed light on the detailed structure and its structural change in time.

In Figure 1.2, there is an interesting analogy between various levels of spectro-
scopic properties and hierarchical protein structures.10, 18, 20 The primary structure 
of protein is nothing but a sequence of amino acids encoded in the corresponding 
gene. The relevant energy associated with the primary protein structure formation 
is the covalent bond energy, that is, peptide bond, of which magnitude is about 100 
kJ/mol. The secondary protein structures such as α-helix, β-sheet, β-hairpin, and 
so forth are mainly determined by the relatively weak hydrogen bonds with energy 
of about 10 kJ/mol. The protein tertiary (domain) structure formation involves a 
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Introduction	 5

variety of interactions such as electrostatic, hydrophobic, van der Waals, disulfide 
bond interactions and the like. Thus, the protein structure hierarchy can be viewed 
as a descending order of interaction energy. Similarly, one can develop the same 
hierarchical concept for spectroscopically measurable properties. The primary spec-
troscopic properties are fundamental transition frequencies and transition dipole 
strengths that are principal quantities extracted from an analysis of 1D spectrum, 
and such primary spectroscopic properties are largely determined by the nature of 
covalent bonds involved in a given vibrational (or electronic) chromophore, (e.g., 
C=O stretch, C-H stretch and bend). Most of the 1D spectroscopic means are con-
sequently very useful in delineating the distribution of individual chromophore in 
the target molecule, and thus they can be considered to be a one-body spectroscopy 
identifying each single chromophore. On the other hand, the coupling between two 
different chromophores (electronic or vibrational oscillators) within a molecule is 
associated with comparatively weak inter-chromophore interactions such as hydro-
gen bond. Consequently, the secondary spectroscopic properties (e.g., vibrational 
or electronic couplings, nonlinear optical strengths, anharmonic couplings) require 
nonzero two-body interactions between different chromophores and thus are very 
sensitive to the detailed configuration, that is, 3D structure, of the constituent chro-
mophores in the molecule. As has been shown over the last decade, the coherent 
2D optical spectroscopy based on a variety of nonlinear optical spectroscopic tech-
niques is superior to the 1D method in extracting such quantitatively small second-
ary spectroscopic properties of complicated molecules like proteins and molecular 
aggregates via measuring the two-body interaction terms. Thus, the 2D spectroscopy 
can be considered as two-body spectroscopy. Extending this analogy further, one 
can envisage the 3D (three-body) spectroscopy, which is likely to be of use in mea-
suring the tertiary spectroscopic properties such as three-body (three-chromophore) 
couplings and higher-order nonlinear optical strengths, as a technique that enables 
determination of higher-order hierarchical molecular structure.

In this book, we will provide detailed discussions on the underlying physics and 
interpretation methods of a variety of 2D optical spectroscopic methods. Novel 

Spectroscopic Property

C–N bond
(~100 kJ/mol)

Secondary
α helices & β stands 

Tertiary
domain structures

–O···H–bond
(~10 kJ/mol)

van der Waals etc.
(≥1 kJ/mol)

Secondary
binary coupling

& nonlinear polarization 

Tertiary
many-body coupling & higher-

order polarization

Protein Structure

Primary
amino acid sequence

Primary
transition frequency
& dipole strength   

Figure 1.2  Analogy between hierarchies of spectroscopic properties and protein structures.
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6	 Two-Dimensional Optical Spectroscopy

diagrammatic techniques will be presented and shown to be useful in graphically 
describing the associated nonlinear optical transition pathways and involved popula-
tion (diagonal density matrix elements) or coherence (off-diagonal density matrix 
elements) evolutions. The basics of quantum dynamics are explained first, and time-
dependent perturbation theories that are required in describing nonlinear optical 
processes. Although a number of nonlinear spectroscopic investigations have been 
performed in frequency domain, we will focus on time-domain spectroscopy only 
because it is far more suitable for describing ultrafast coherent 2D optical measure-
ments as well as directly analogous to the 2D NMR spectroscopy in many ways.
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2 Quantum Dynamics

A principal goal of spectroscopic investigation is to study electronic or magnetic 
properties of materials by measuring radiation–matter interaction-induced changes 
of radiation states in frequency and/or time domains.1–4 Since the electromagnetic 
field amplitude oscillates and the temporal envelope of laser pulse used changes in 
time,5 the radiation–matter interaction Hamiltonian is intrinsically time-dependent, 
and the time evolutions of the matter states might be fully determined by the time-
dependent Schrödinger equation,

	

∂
∂

> = - >
t

t
i

H t t| ( ) ˆ ( ) | ( )ψ ψ
� 	

(2.1)

Here, | ( )ψ t > is the Dirac ket state. The corresponding bra state is denoted as 
< ψ( ) |t . The time-dependent Schrödinger equation (2.1) is one of the most funda-
mental and important postulates in quantum mechanics.6–8 In this chapter, we intro-
duce the concept of linear vector (wavefunction) and matrix (density operator) spaces 
to describe the quantum dynamics of matters interacting with external radiations.

2.1 � Time Evolution in Hilbert Space

Hilbert space is a linear vector space of functions. In quantum mechanics, a vector 
in the Hilbert space is wavefunction ψ(t) and the complete and orthonormal basis set 
used to define the quantum mechanical Hilbert space consists of eigenvectors of the 
time-independent Schrödinger equation, that is,

	
ˆ | | .H En n nf f> = >

	
(2.2)

From the orthonormalization condition of unit vectors in the Hilbert space, we have

	
< > =f f δn m nm| .

	 (2.3)

From the completeness condition, the identity operator is defined as

	

| | .f fm m

m

>< =∑ 1

	

(2.4)

With the Dirac’s bra-ket notation, the inner product of any given pair of vectors 
(wavefunctions) is defined as

	
< > ≡ ∫ψ ψ ψ ψj k j k

V
t t t t d( ) | ( ) ( , ) ( , )* r r r,

	
(2.5)

where V is the quantization volume.
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Any vector, wavefunction in this Hilbert space can therefore be expanded as

	

| ( ) ( ) |ψ ft c tn n

n

> = >∑
	

(2.6)

where the expansion coefficient is the projection of the vector onto each unit vector,

	
c t tn n( ) | ( ) .≡ < >f ψ

	 (2.7)

Exercise 2.1
Consider a two-level system. Assume that the system at time t0 is a superposition 
state of the two eigenvectors, that is, | ( ) (| | )ψ f ft0

1
2 1 2> = > + > , and that the 

Hamiltonian is given as ˆ (| | | |).H = >< + ><D f f f f1 2 2 1 Calculate the ket function
| ( )ψ t > at time t. 

In the case when the Hamiltonian is time-independent, the formal solution of the 
time-dependent Schrödinger equation is given as

	
| ( ) exp ˆ ( ) | ( ) ( , ) | (ψ ψ ψt

i
H t t t u t t t> = - -



 > =

� 0 0 0 0)) >
	

(2.8)

where u t t( , )0 represents the forward time evolution operator when t t> 0:

	
u t t

i
H t t( , ) exp ˆ ( ) .0 0≡ - -



� 	

(2.9)

The backward time evolution operator is then defined as

	
u t t

i
H t t†( , ) exp ˆ ( ) .0 0≡ -



� 	

(2.10)

It is noted that the Hamiltonian operator is Hermitian. The time evolution opera-
tor u t t u t t( , ) ( ( , ))†

0 0 describes the forward (backward) time evolution of the ket (bra) 
vector, whereas the same operator does backward (forward) time evolution of the bra 
(ket) vector. The Hilbert space for a ket vector is nothing but a mirror image of that 
for a bra vector. The two spaces are related to each other via Hermitian conjugate 
relationship. Note that the quantum mechanical Hilbert space is a complex space 
where a vector can have both real and imaginary parts. If one needs to calculate any 
real observable at time t, one should consider the ket and bra vectors at t simulta-
neously. However, since the time evolution of the ket vector is just a mirror image 
of (Hermitian conjugate relationship to) that of the corresponding bra vector, it is 
enough to consider one of the two time-evolved vectors in a given Hilbert space.

Exercise 2.2
Prove that u t t u t t u t t u t t( , ) ( , ) ( , ) ( , ) .† †

0 0 0 0= = 1 (Hint: use exp( ) ( / !)x n xn
n= + ∑1 1  

and the Baker-Haudorf lemma, e e e eA B A B A Bˆ ˆ ˆ ˆ ( / )[ ˆ , ˆ ]= + 1 2 ).9
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In the Schrödinger picture, where the wavefunction is time-dependent whereas an 
operator Â corresponding to the observable A is not, the expectation value may be 
calculated as, on the basis of one of the quantum mechanical postulates,

	
A t t A t t u t t Au t t( ) ( ) | ˆ | ( ) ( ) | ( , ) ˆ ( , ) | (†= < > = <ψ ψ ψ ψ0 0 0 tt0) .>

	
(2.11)

The physical meaning of the right-hand side of Equation 2.11 is that when the ini-
tial wavefunction is known at time t0, the ket vector | ( )ψ t0 > evolves in the forward 
direction in time from t0 to t by the u t t( , )0 operator, and the bra vector < ψ( ) |t0 also 
does from t0 to t by the u t t†( , )0 operator. Then, the expectation value of Â over the 
wavefunction at time t provides the value of A t( ).

Defining the time-dependent operator ˆ( )A t as

	

ˆ ( ) ( , ) ˆ ( , ) exp ˆ ( ) ˆ e†A t u t t Au t t
i

H t t AH = = -



0 0 0�

xxp ˆ ( ) ,- -





i
H t t

� 0

	
(2.12)

the expectation value of Â at time t can be rewritten as

	
A t t A t tH( ) ( ) | ˆ ( ) | ( ) .= < >ψ ψ0 0 	 (2.13)

This route to the calculation of any expectation value has been known to be the 
Heisenberg picture.

Exercise 2.3
Show that the time-dependent operator defined in Equation 2.12 obeys the 
Heisenberg equation, i.e., ∂

∂ =t H
i

HA t H A tˆ ( ) [ ˆ , ˆ ( )].� Here, it is assumed that the 
operator Â does not depend on time explicitly.

In spectroscopy, the radiation–matter interaction Hamiltonian is time-dependent so 
that the time evolution of the wavefunction needs to be described differently from 
the case of time-independent Hamiltonian. The total Hamiltonian of the composite 
system consisting of matter and radiation may be written as

	
ˆ ( ) ˆ ˆ ˆ ( ).H t H H H tmat rad rad mat= + + - 	 (2.14)

From the time-dependent Schrödinger equation (2.1), let us assume that the formal 
solution of the wavefunction of the ket vector is given as

	
| ( ) ( , ) | ( ) .ψ ψt U t t t> = >0 0 	 (2.15)

To determine the time evolution operator,U t t( , ),0 in Equation 2.15, one can substi-
tute Equation 2.15 into 2.1 and find that

	

∂
∂

= -
t
U t t

i
H t U t t( , ) ˆ ( ) ( , ).0 0� 	

(2.16)
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Carrying out the integration of Equation 2.16 with respect to t, we have

	
U t t

i
d H U t

t

t

( , ) ˆ ( ) ( , ).0 01
0

= - ∫� τ τ τ
	 (2.17)

By repeatedly inserting the right-hand side of Equation 2.17 into theU t( , )τ 0 term 
in the integrand, one can formally derive the following series solution for the time 
evolution operator,U t t( , )0 , when the Hamiltonian is explicitly time-dependent, as

U t t
i

d d d
n

n
t

t

n
t t

n

( , ) ˆ
0 1 11

0 0 0

2

= + -



 ∫ ∫ ∫-�

�τ τ τ
τ τ

HH H Hn

n

n( ) ˆ ( ) ˆ ( ).τ τ τ
=

∞

-∑
1

1 1�
	

(2.18)

Note that the above series expansion is not identical to the Taylor expansion of the 
exponential function and that the integration time variables have the following order, 
τ τ τn n≥ ≥ ≥-1 1� . For the sake of notational simplicity of the forward time evolution 
operatorU t t( , )0 , the positive time-ordering exponential operator is defined as

	
U t t

i
d H

t

t

( , ) exp ˆ ( ) .0
0

= -




+ ∫� τ τ

	
(2.19)

Exercise 2.4
Show that the forward time evolution operatorU t t( , )0 defined in Equation 2.19 
with 2.18 becomes u t t( , )0 when the Hamiltonian is time-independent. 

Then, the backward time evolution operator, which is the Hermitian conjugate of 
U t t( , ),0 is found to be

	
U t t

i
d H

t

t
†( , ) exp ˆ ( )0

0

=




- ∫� τ τ

	

= + 



 ∫ ∫ ∫-

=

1
0 0 0

2

1 1 1

1

i
d d d H

n

n
t

t

n
t t

n

n

�
�τ τ τ τ

τ τ
ˆ ( )

∞∞

∑ ˆ ( ) ˆ ( ).H H nτ τ2 �
	

(2.20)

Exercise 2.5
Show that U t t U t t U t t U t t( , ) ( , ) ( , ) ( , ) .† †

0 0 0 0 1= =

2.2 � Time-Dependent Perturbation 
Theory in Hilbert Space

Although the time evolution operators in Equations 2.18 and 2.20 are exact for describ-
ing the quantum dynamics of composite system consisting of materials, bath, and 
radiation, the corresponding time-dependent Schrödinger equation cannot be directly 
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solved to calculate any expectation values, quantum transition amplitudes and prob-
abilities, and matter’s electronic and magnetic properties. That is not only because the 
series summation requires an infinite number of terms but also because the eigenvalue 
equation such as ˆ ( ) | |H Eτ ψ ψ1 > = > cannot be easily solved for the Hamiltonian 
describing optical chromophores interacting with both surrounding bath degrees of 
freedom and external radiations. Therefore, it is inevitable to develop a proper time-
dependent perturbation theory, and the total Hamiltonian is divided into two parts as

	
ˆ ( ) ˆ ( ) ˆ ( ),H t H t H t= + ′0 	 (2.21)

where the zero-order Hamiltonian ˆ ( )H t0 serves as the reference and the second term 
ˆ ( )′H t is treated as perturbation Hamiltonian. In spectroscopy, the system, bath, and 

radiation Hamiltonians constitute the zero-order Hamiltonian, and the field-matter 
interaction is considered to be the perturbation Hamiltonian. The perturbation theory 
can thus provide quantitatively reliable information when ˆ ( )′H t is properly chosen so 
that the perturbation series successfully converges.

It turns out that the interaction picture instead of the Schrödinger or Heisenberg 
picture discussed above is quite useful for a development of time-dependent pertur-
bation theory. In the interaction picture, the time evolutions of the wavefunction is 
fully described by the zero-order Hamiltonian ˆ ( ),H t0 not by the total Hamiltonian 
ˆ ( ).H t In addition, the perturbation Hamiltonian ˆ ( )′H t also evolves in time in the 

Heisenberg picture determined by ˆ ( ).H t0 Thus, the interaction picture can be viewed  
as a hybrid of both Schrödinger and Heisenberg pictures. We assume that the for-
ward time evolution operatorU t t( , )0 can be written as a product of two operators as

	
U t t U t t U t tI( , ) ( , ) ( , ),0 0 0 0=

	 (2.22)

where

	
U t t

i
d H

t

t

0 0 0
0

( , ) exp ˆ ( )= -




+ ∫� τ τ

	
(2.23)

	
U t t

i
d HI

t

t

I( , ) exp ˆ ( ) .0
0

= - ′




+ ∫� τ τ

	

(2.24)

Here, the time-dependent perturbation Hamiltonian operator in the Heisenberg pic-
ture described by the zero-order Hamiltonian, ˆ ( )H t0 , is defined as

	
ˆ ( ) ( , ) ˆ ( ) ( , ).†′ = ′H t U t t H t U t tI 0 0 0 0 	 (2.25)

In this interaction picture, the expectation value of the time-dependent operator ˆ( )A t
is given as

	
A t t U t t U t t A t U t t U tI I( ) ( ) | ( , ) ( , ) ˆ( ) ( , ) († †= < ψ 0 0 0 0 0 0 ,, ) | ( )t t0 0ψ >

	
= < >ψ ψI I It A t t( ) | ˆ ( ) | ( ) ,

	 (2.26)
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where

	
ˆ ( ) ( , ) ˆ( ) ( , ).†A t U t t A t U t tI ≡ 0 0 0 0 	 (2.27)

	 | ( ) ( , ) | ( ) .ψ ψI It U t t t> ≡ >0 0 	 (2.28)

Note that, in the interaction picture, both the wavefunction and operator evolve in 
time.

Exercise 2.6
Show that | ( ) ( , ) ( , ) | ( )ψ ψt U t t U t t tI> = >0 0 0 0 indeed obeys the time-dependent  
Schrödinger equation. 

In order to develop a time-dependent perturbation theory, one can expandU t tI ( , )0  
given in Equation 2.24 as a power series of the time-evolved perturbation Hamiltonian
ˆ ( )′HI τ and find that the forward time evolution operator can be expanded as

U t t U t t
i

d U t H
t

t

( , ) ( , ) ( , ) ˆ (0 0 0 1 0 1 1
0

= + -



 ′∫�

τ τ τ )) ( , )U t0 1 0τ

	
+ -



 ′∫∫i

d d U t H U
tt

t

�

2

2 1 0 2 2 0 2
0

2

0

τ τ τ τ τ
τ

( , ) ˆ ( ) ( ,ττ τ τ1 1 0 1 0) ˆ ( ) ( , )′ +H U t �

	

=
=

∞

∑U t tn

n

( , ),0

0 	

(2.29)

where the nth-order perturbation term,U t tn( , )0 , is defined as

	
U t t

i
d d d Un

n

n n
tt

t

t

n

( , )0 1 1 0
00 0

2

≡ -



 -∫∫ ∫�

�τ τ τ
τ τ

(( , ) ˆ ( ) ( , )t H Un n n nτ τ τ τ′ ×-0 1 �

	
× ′U H U t0 2 1 1 0 1 0( , ) ˆ ( ) ( , ).τ τ τ τ

	
(2.30)

Similarly, the backward time evolution operator in the interaction picture can be 
written as

	

U t t U t t U t t U t tI n

n

† † † †( , ) ( , ) ( , ) ( , )0 0 0 0 0

0

= =
=

∞

∑
	

(2.31)

where

	
U t t

i
d d d Un

n

n n
tt

t

t

n
†( , )0 1 1 0

00 0

2

≡ 



 -∫∫ ∫�

�τ τ τ
τ τ

†† †( , ) ˆ ( ) ( , )τ τ τ τ1 0 1 0 2 1t H U′ ×�

	
× ′-U H U tn n n n0 1 0

† †( , ) ˆ ( ) ( , ).τ τ τ τ
	

(2.32)
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Exercise 2.7
To obtain Equations 2.30 and 2.32, the following operator equalities, 
U t t U t U t0 0 0 0 0( , ) ( , ) ( , )† τ τ= andU t U t t U t0 0 0 0 0( , ) ( , ) ( , ),† †τ τ= were used. Prove these 
two equalities.

2.3 � Diagram Representation of the Time-Dependent 
Perturbation Theory in Hilbert Space

Formal expressions and results on the time evolution operators and expectation val-
ues in terms of perturbation series were presented and discussed above, but it has 
always been found to be useful to represent each term in terms of graphical diagrams. 
In this regard, the Feynman diagram representation of the perturbation theory has 
been considered to be one of the simplest pictures and allows one to understand the 
time evolution of the system when a certain number of perturbation actions to the 
zero-order wavefunction occur in time. Here, we will introduce a modified Feynman 
diagram technique for the perturbation theory. The complete time evolution operator
U t t( , )0 was given as a series of perturbation terms as

	 U t t U t t U t t U t t( , ) ( , ) ( , ) ( , )0 0 0 1 0 2 0= + + +� 	 (2.33)

It will be assumed that the diagrams corresponding to each term in Equation 2.33 
are defined as

	
= ←  + ←  + ←  +τ τ τ1 2 1

�.
	

(2.34)

The thick, solid arrow pointing from right to left represents the total time evolu-
tion operatorU t t( , ),0 whereas the thin arrow represents the zero-order time evolu- 
tion operator,U t0 0( , ),τ which is determined by the zero-order Hamiltonian ˆ ( ).H t0

The wavy line symbol  in the Feynman diagrammatic representation ofU t t1 0( , ) cor-
responds to the action of the perturbation Hamiltonian at t1. Note that the first-order  
term,U t t1 0( , ), describes the time evolution of the wavefunction from t0 to t when 
there is a single perturbation by ˆ ( )′H τ1 at time t1 ( ).t t≥ ≥τ1 0 Since the perturbation 
action occurs at any time from t0 to t, one should take into consideration all possibili-
ties so that the integration over t1 in the range from t0 to t should be performed. From 
Equation 2.15, the first time-derivative of  is given as

	

∂
∂

= -
t

i
H t �
ˆ ( ) .

	
(2.35)

Similarly, the backward time evolution operator given as a series of the perturbation 
terms is

	 U t t U t t U t t U t t† † † †( , ) ( , ) ( , ) ( , )0 0 0 1 0 2 0= + + +� 	 (2.36)

and the corresponding diagram representation is

	
=  → +  → +  → +τ τ τ1 1 2

�.
	

(2.37)
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Note that the directions of the arrows are the opposite of those in the forward time 
evolution operators, indicating that the time runs from left to right. The first deriva-
tive of  satisfies the following differential equation:

	

∂
∂

=
t

i
H t �
ˆ ( ).

	
(2.38)

Using the diagrams introduced above, the time-evolved ket and bra vectors can be 
diagrammatically represented as

	
| ( ) | ( ) | ( ) | ( )ψ ψ ψ ψt t t t> = ←  + ←  > + ←  > +>0 0 0 �

	 (2.39)

	
< = <  → + <  → + <  → +ψ ψ ψ ψ( ) | ( ) | ( ) | ( ) | .t t t t0 0 0 �

	
(2.40)

Therefore, the expectation value of an operator ˆ( )A t is, in the diagram representation, 
simply given as

	

A t t A t t( ) ( ) | ˆ ( ) ) .| (= < >ψ ψ0 0 
	

(2.41)

Then, the series expansion of A t( ) is

	

A t A tn

n

( ) ( ),( )=
=

∞

∑
0 	

(2.42)

where the first three perturbation expansion terms are

A t t A t( ) ( ) ( ) | ˆ | ( )0
0 0= < → ← >ψ ψ

A t t A t t A t
( )

( ) ( ) | ˆ | ( ) ( ) | ˆ | ( )
1

0 0 0 0= < → ← > + < → ← >ψ ψ ψ ψ

	
A t t A t t A t

( )
( ) ( )| ˆ | ( ) ( )| ˆ | ( )

2
0 0 0 0= < → ← > + < → ← > + <ψ ψ ψ ψ ψψ ψ( )| ˆ | ( ) .t A t0 0→ ← >

		

	 	 (2.43)

Instead of considering the perturbation expansion of the wavefunction, one can 
equally calculate the same expectation value in the Heisenberg picture as

	

A t t A t t t A tH H
n

n

( ) ( ) | ˆ ( ) | ( ) ( ) | ˆ ( )( )= < > = <
=

∞

∑ψ ψ ψ0 0 0

0

|| ( )ψ t0 >
	

(2.44)
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Quantum Dynamics	 17

where, in the diagram representation, the perturbationally expanded time-evolved 
Heisenberg operators of ˆ( )A t are

	

ˆ ( ) ˆ( )A t A tH = 

	
ˆ ( ) ˆ( )( )A t A tH

0 =  → ← 

	
ˆ ( ) ˆ( ) ˆ( )( )A t A t A tH

1 =  → ←  +  → ← 

	
ˆ ( ) ˆ( ) ˆ( ) ˆ( )( )A t A t A t A tH

2 =  → ←  +  → ←  +  → ←  	
(2.45)

Exercise 2.8
Show that ˆ ( )A tH defined in Equation 2.45 is identical toU t t AU t t†( , ) ˆ ( , )0 0 and that 
its time evolution is determined by the Heisenberg equation (see Exercise 2.3).

2.4 � Transition Amplitude and 
Probability in Hilbert Space

Most of spectroscopic observables require calculations of the amplitude or probabil-
ity of the transition from a specific initial state |m> at t0 to a final state |n> at a later 
time t, when such a transition is induced by the perturbation Hamiltonian ˆ ( )′H t . By 
definition, the transition amplitude in this case is calculated by

	
TA t n U t t m n U t t U t t mnm I( ) | ( , ) | | ( , ) ( , ) | .≡ < > = < >0 0 0 0 	 (2.46)

We shall assume that the initial and final states are eigenvectors (stationary states) 
of the zero-order Hamiltonian, i.e., H m E mm0 | |> = > and H n E nn0 | | .> = >   
Then, the first-order perturbation theory provides us the first-order transition 
amplitude as

	
TA t n U t t m

i
d n Unm

t

t
( ) ( ) | ( , )| |1

1 0 1 0
0

≡ < > = -



 <∫�

τ (( , ) ˆ ( ) ( , ) | .t H U t mτ τ τ1 1 0 1 0′ >
		

		  (2.47)

This can be re-expressed as, in terms of the corresponding Feynman diagram,

	
TA t n mnm

( ) ( ) | | .1 = < ←  >
	

(2.48)

However, what is experimentally measured is not the transition amplitude but the 
corresponding transition probability that is defined as the square of the transition 
amplitude as

	
TP t TA tnm nm( ) | ( )| .≡ 2

	 (2.49)
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18	 Two-Dimensional Optical Spectroscopy

We find that the second-order transition probability of being in state |n> at  
time t is

	
TP t n m m nnm

( ) ( ) | | | | .2 = < ←  ><  → >
	 (2.50)

This expression can be written as a double integral as

	
TP t d d n U tnm

t

t

t

t
( ) ( ) | ( , ) ˆ2

2 1 2 0 1
1

0 0

= 



 < ′∫ ∫�

τ τ τ HH U t m( ) ( , ) |τ τ1 0 1 0 >

	 × < ′ >m U t H U t n| ( , ) ˆ ( ) ( , ) | .† †
0 2 0 2 0 2τ τ τ 	 (2.51)

For the sake of simplicity, let us consider the case that the zero-order Hamiltonian 
does not explicitly depend on time. Then, Equation 2.51 can be simplified as

	
TP t d e Hnm

t

t
i

nm
nm( ) ( ) ( )2

2

2
1

0

= ′∫�
τ τw τ

	
(2.52)

where w w w wm m nm n mE≡ ≡ -/ , ,� and

	
′ ≡ < ′ >H n H mnm ( ) | ˆ ( ) | .τ τ

	 (2.53)

If the initial time t0 is -∞, the transition probability evaluated at t = ∞ is

	
TP t Hnm nm nm

( ) ( ) | ( )|2
2

21= ∞ = ′
�

� w
	

(2.54)

where � ′Hnm nm( )w is the Fourier transform of ′H tnm ( ) at w w= nm. Throughout this book, 
the Fourier and inverse Fourier transforms are defined as

	

�f dt f t ei t( ) ( )w w=
-∞

∞

∫ 	
(2.55)

	
f t dt f e i t( ) ( ) .=

-∞

∞
-∫1

2p
w w�

	
(2.56)

Exercise 2.9
One can derive the well-known Fermi’s Golden Rule (FGR) expression for a 
rate of transition, w E Hn nm= ′2 2p r� ( ) | | , where the perturbation Hamiltonian is 
time-independent so that ′Hnm is a constant. To obtain the FGR expression given 
above, it was assumed (1) that the final states are closely spaced in energy so 
that they form a continuum with density of states r( ),En (2) that only the long-
time behavior is considered, (3) that ′Hnm and r( )En do not strongly depend on 
n, and (4) that the above second-order expression for TP tnm

( ) ( )2 is valid. 
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In order to obtain the result in Equation 2.54, it was assumed that the initial state at 
t0 is a pure state on |m>. However, if the initial state is a mixed state such as a canoni-
cal ensemble, one should take an ensemble average over the thermal distribution of 
the initial states. Suppose that the probability of being in state |m> is P Tm ( ) at tem-
perature T. Then, the transition probability of finding the system being in state |n> is 
given by a sum over all |m> with distribution P Tm ( ) as

	

TP t P T TP tn m nm

m

( ) ( )( ) ( ) ( )2 2= ×∑

	

= < ←  > <  → >∑ n m P T m nm

m

| | ( ) | | .

	

(2.57)

If one introduces an operator r( )t0 in a matrix form and if the diagonal matrix ele-
ments, which are still operator, are given as rmm mt m P T m( ) | ( ) |0 = > < , the transition 
probability in Equation 2.57 can be rewritten as

	

TP t n t n

n t

n mm

m

( ) ( ) | ( ) |

| )

2
0

0

= < ←   → >

= < ← 

∑ r

rTr[ ( ]] | . → >n 	 (2.58)

Now, the second-order time-evolved density operator r( ) ( )2 t is graphically repre-
sented as

	
r r( ) ( ) ( )]2

0t t= ←   →Tr[
	

(2.59)

so that we have

	
TP t t n t nn nn

( ) ( ) ( )( ) ( ) | ( ) | .2 2 2= ≡ < >r r
	 (2.60)

Using the description of the time evolution of wavefunction in Hilbert space in 
terms of the time evolution operators, one can calculate the transition amplitude but 
not probability directly. As shown above from Equations 2.57 to 2.60, the transi-
tion probability calculation requires a few more steps of derivations and additional 
ensemble averaging calculation when the system is initially in a thermal equilibrium 
state at finite temperature T. However, by directly considering the time evolution 
operator in a matrix form instead of a vectorial form, one can easily perform such 
multistep calculations. In addition, an ensemble averaging calculation is straight-
forward since the initial density operator contains information on the mixed state. 
Furthermore, for developing a higher-order time-dependent perturbation theory, the 
density operator representation has been found to be useful for bookkeeping quite a 
number of nonlinear optical transition pathways contributing to the transition prob-
ability or measured signal of interest.
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20	 Two-Dimensional Optical Spectroscopy

2.5 � Time evolution in Liouville Space

In the Hilbert space spanned by the eigenvectors of the time-independent Schrodinger 
equation, wavefunction is a vector and its time evolution is determined by the time-
dependent Schrodinger equation. However, if one has to deal with a statistically 
mixed state such as systems in a canonical ensemble, transition probability calcu-
lation is often easier and conceptually simpler if the dynamics of the system are 
described in a Liouville (density matrix) space.2, 10, 11 In addition, time evolutions of 
quantum coherence and population can be easily described by using the density oper-
ator formalism.12 In the previous section, it was already shown that the second-order 
perturbation theory for calculating transition probability can be expressed in terms 
of density operator.

The conventional definition of density operator is

	
r ψ ψ( ) | ( ) ( ) | .t t t= ><

	 (2.61)

Using the diagrammatic representations of the forward and backward time evolution 
operatorsU t t( , )0 andU t t†( , )0 , one can re-express Equation 2.61 as

	
r r( ) ( )t t= 0

	 (2.62)

with r ψ ψ( ) | ( ) ( ) |t t t0 0 0= >< . In comparison to the Hilbert space where wavefunc-
tion is a linear vector, the corresponding vector in Liouville space is density operator. 
One can prove that the density operator defined above obeys the following differen-
tial equation:

	

∂
∂

= -
t

t
i

H t tr r( ) [ ˆ ( ), ( )],
� 	

(2.63)

which is the quantum Liouville equation. Equation 2.63 can be obtained by using 
Equations 2.35 and 2.38 and taking the first derivative of Equation 2.62, that is,

	

∂
∂

= ∂
∂







∂
∂





+

t
t

t
t

t
tr r r( ) ( ) ) .(   0 0

	
(2.64)

We now search for a simple diagrammatic representation of the time evolution 
operator in the Liouville space. In the case of the time evolution of a wavefunction in 
a Hilbert space, a single arrow  was enough, since the time evolution of either ket 
or bra vector is all we need. On the other hand, since the density operator is a product 
of ket and bra vectors, one should take into consideration of time evolutions of ket 
and bra sides altogether. Therefore, we introduce another type of arrow representing 
the time evolution of the density operator as

	
r r( ) ( ).t t= 0

	 (2.65)

Introducing the Liouville operator, L, defined as

	 L t A t H t A t( ) ˆ( ) [ ˆ ( ), ˆ ( )],= 	 (2.66)
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the quantum Liouville equation in 2.63 can be rewritten as

	

∂
∂

= -
t

t
i

L t tr r( ) ( ) ( ).
� 	

(2.67)

Then, one can find that the time evolution operator in the Liouville space is given as

	
V t t

i
d L

t

t

( , ) exp ( ) ,0
0

= -




+ ∫� τ τ

	

(2.68)

which corresponds to , that is,

	
V t t( , )0 = .	 (2.69)

The Hermitian conjugate ofV t t( , )0 is then

	
V t t

i
d L

t

t
†( , ) exp ( )0

0

=




- ∫� τ τ

	
(2.70)

so that we have

	
V t t†( , )0 = .	

(2.71)

Now, from the definition of the expectation value in Equation 2.41 and using the 
completeness condition in Equation 2.3, we can rewrite the expectation value as

	

A t t t n

A t n

m n

mn

mn

m A t( ) ( ) ( ) | | )

( )

,

| | ( .= < <

= <

∑ > >ψ ψ0 0 

|| | ) ( )

( ) ( )

[ ˆ

( | |
,

,

 ψ ψ

r

t mt

A t t

Tr

m n

mn nm

m n

0 0><

=

=

∑

∑

>

AA t t

A t t

( ) ( )]

ˆ( ) ( ) .

r

r= < >
	 (2.72)

Here, the angle bracket < >Ô without bra-ket notation means taking the trace of Ô in 
matrix representation. Using the diagrammatic technique, the expectation value can 
be simply represented as

	
A t A t t( ) ˆ( ) ) .(= < >r 0

	 (2.73)
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22	 Two-Dimensional Optical Spectroscopy

2.6 � Time-Dependent Perturbation 
Theory in Liouville Space

When the total Hamiltonian is divided into the zero-order reference Hamiltonian 
and the perturbation Hamiltonian as Equation 2.21, the Liouville operator can also 
be written as

	 L t L t L t( ) ( ) ( ).= + ′0 	 (2.74)

Then, in the interaction representation, the time evolution operator in the Liouville 
space is found to be

	 V t t V t t V t tI( , ) ( , ) ( , )0 0 0 0= 	 (2.75)

where

	
V t t

i
d L

t

t

0 0 0
0

( , ) exp ( )= -




+ ∫� τ τ

	
(2.76)

	
V t t

i
d LI

t

t

I( , ) exp ( ) .0
0

= - ′




+ ∫� τ τ

	
(2.77)

Here, the time-dependent operator ′L tI ( ) in the interaction representation is defined 
as

	
′ = ′L t V t t L t V t tI ( ) ( , ) ( ) ( , ).†

0 0 0 0 	 (2.78)

Following the same procedure used to derive the time-ordered expansion expres-
sion forU t t( , )0 with respect to ′H t( ) , one can expand the Liouville space time- 
evolution operatorV t t( , )0 as

	
V t t V t t

i
d V t L

t

t

( , ) ( , ) ( , ) ( )0 0 0 1 0 1 1
0

= + -



 ′∫�

τ τ τ VV t0 1 0( , )τ

	
+ -



 ′∫∫i

d d V t L V
tt

t

�

2

2 1 0 2 2 0 2
0

2

0

τ τ τ τ τ τ
τ

( , ) ( ) ( , 11 1 0 1 0) ( ) ( , )′ +L V tτ τ �

	

=
=

∞

∑V t tn

n

( , ),0

0 	

(2.79)
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where the nth-order perturbation expansion term,V t tn( , )0 , is defined as

	
V t t

i
d d d Vn

n

n n
tt

t

t

n

( , )0 1 1 0
00 0

2

≡ -



 -∫∫ ∫�

�τ τ τ
τ τ

(( , ) ( ) ( , )t L Vn n n nτ τ τ τ′ ×-0 1 �

	
× ′V L V t0 2 1 1 0 1 0( , ) ( ) ( , ).τ τ τ τ

	 (2.80)

Similarly, the backward time evolution operator in the interaction picture can be 
written as

	

V t t V t t V t t V t tI n

n

† † † †( , ) ( , ) ( , ) ( , )0 0 0 0 0

0

= =
=

∞

∑
	

(2.81)

where

	
V t t

i
d d d Vn

n

n n
tt

t

t

n
†( , )0 1 1 0

00 0

2

≡ 



 -∫∫ ∫�

�τ τ τ
τ τ

†† †( , ) ( ) ( , )τ τ τ τ1 0 1 0 2 1t L V′ ×�

	
× ′-V L V tn n n n0 1 0

† †( , ) ( ) ( , ).τ τ τ τ
	 (2.82)

The time evolution operators in the Liouville space are directly analogous 
to those in the Hilbert space, except that the vector in the Liouville space is 
the density operator instead of wavefunction. Since the time evolution operator, 
which is a commutator instead of a normal linear operator, describes propagation 
of both ket and bra vectors in time, the corresponding diagrams in the Liouville 
space should be different from those in the Hilbert space. The first few terms in 
the perturbation expansion of V t t( , )0 in Equation 2.79 are now graphically rep-
resented as

	  =  +  +  +  + ….	 (2.83)

The Hermitian conjugate ofV t t( , )0 is then

	  =  +  +  +  + ….	 (2.84)

Although the corresponding diagram in the Hilbert space (see Equation 2.34) is 
identical to a single integral expression, that in the Liouville space is given as a 
sum of 2n distinctively different terms for the nth-order perturbation expansion 
term.
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Graphically, the upper (lower) horizontal line in ⇐ therefore describes the time 
evolution of the ket (bra) state by the time evolution operator ←. In the first-order 
perturbation theory,V t t1 0( , ) equals to the sum of two terms as

	  =  + .	 (2.85)

Note that the first term on the right-hand side of Equation 2.85 describes the time 
evolution of the initial ket vector with a single perturbation in between t0 and t as well 
as the time evolution of the initial bra vector without any perturbation. The second 
term in Equation 2.85 describes the other case. For instance, if the initial density 
operator is |m><n|, one can find the analogy between the two perturbation-expanded 
time evolution operators in the Liouville and Hilbert spaces,

	

| | |

| |

m n m n m n

m n m n

>< = >< + ><

= >< - ><←   → ←   →

| | |

| | .
	 (2.86)

Since the perturbation operator, ′L t( ), in Liouville space is a commutator, that is,
′ = ′L t A H t A( ) ˆ [ ˆ ( ), ˆ ], the second term in Equation 2.85 or 2.86 acquires a negative 

sign because it involves - ′ˆ ˆ ( )AH t term in the expansion form of the commutator, 
[ ˆ ( ), ˆ ] ˆ ( ) ˆ ˆ ˆ ( ).′ = ′ - ′H t A H t A AH t Here, we now introduce the definitions of population 
and coherence in Liouville space. The population corresponds to one of the diagonal 
matrix elements of the total density operator, whereas the coherence corresponds to 
an off-diagonal matrix element, that is,

	
r rmm t m t m m( ) | ( ) | : |≡ < > >population of the state

	 (2.87)

	
r rnm t n t m n( ) | ( ) | : |≡ < > >coherence of the states and || .m >

	 (2.88)

Throughout this book, we will refer to the diagonal and off-diagonal elements of 
density matrix as the population and coherence, respectively.

Now, the second-order perturbation expansion term,V t t2 0( , ), in Equation 2.83 is 
given as a sum of four contributions as

	  =  +  +  +  + ….	 (2.89)

Here, it is noted that the four terms in this equation involve two perturbations, and 
they are time ordered as t t≥ ≥ ≥τ τ2 1 0.

Exercise 2.10
Prove that the operator ⇐ (⇐) is complex conjugate of ⇐ (⇐).
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For the numerical calculations of any arbitrary expectation values within the 
second-order perturbation theory, the four terms contributing toV t t m n2 0( , ) | |><  
should be written as double integrals over τ1, and τ2,

|m n>< |

= -



 ′∫∫i

d d U t H U
tt

t

�

2

2 1 0 2 2 0 2
0

2

0

τ τ τ τ τ
τ

( , ) ˆ ( ) ( ,ττ τ τ1 1 0 1 0 0 0) ˆ ( ) ( , ) | | ( , )†′ ><H U t m n U t t

|m n>< |

= - -



 ′∫∫i

d d U t H U
tt

t

�

2

2 1 0 1 1 0 1
0

2

0

τ τ τ τ τ
τ

( , ) ˆ ( ) ( ,, ) | | ( , ) ˆ ( ) ( , )† †t m n U t H U t0 0 2 0 2 0 2>< ′τ τ τ

|m n>< |

	
= - -



 ′∫∫i

d d U t H U
tt

t

�

2

2 1 0 2 2 0 2
0

2

0

τ τ τ τ τ
τ

( , ) ˆ ( ) ( ,, ) | | ( , ) ˆ ( ) ( , )† †t m n U t H U t0 0 1 0 1 0 1>< ′τ τ τ

|m n>< |

= -



 ><∫∫i

d d U t t m n U
tt

t

�

2

2 1 0 0 0 1
0

2

0

τ τ τ
τ

( , ) | | ( ,† tt H U H U t0 1 0 2 1 2 0 2) ˆ ( ) ( , ) ˆ ( ) ( , ).† †′ ′τ τ τ τ τ
		

		  (2.90)

Note that we always have τ τ2 1≥ and that the second and third terms that involve  
one wavy line connected to the lower horizontal line in ⇐ and ⇐ have the negative 
sign factor in the integral expression because they involve one perturbation operator 
acting on the bra side. Now, the third-order expansion term,V t t3 0( , ), is given as a 
sum of eight terms as

	  =  +  +  +  +  +  +  + .		
			 
	 	 (2.91)

Using the diagrammatic expansion of the Liouville space time evolution operator, 
one can find that the expectation value of ˆ( )A t is

	

A t A t A t A t

A

t t t( ) ˆ( ) ) ˆ( ) ) ˆ( ) )

ˆ

( ( (= < > + < > + < >

+ <

r r r0 0 0

(( ) ) .(t tr 0 > +�
	(2.92)
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Noting that the perturbation-expanded forms of the time evolution operator are 
always given as a sum of terms that are complex conjugate to each other, one can 
easily show that the expectation value of any arbitrary Hermitian operator, ˆ( )A t , is 
real, as expected.

Later in this book, we will consider the third-order perturbation expression for 
the expectation value of electric dipole operator, which is responsible for generat-
ing third-order signal electric field. The third-order dipole response function that is 
associated with a variety of four-wave-mixing spectroscopies probing all-electric–
dipole-allowed transitions corresponds to the third-order perturbation expansion 
term of the expectation value of electric dipole operator as

	
P t N t( ) ( ) ˆ ) ,(3

0= < >m r
	

(2.93)

where N is the number density of optical chromophores in the sample. Throughout 
this book, we will assume that the number density, N, is assumed to be a unity. Later, 
we will examine the result in Equation 2.93 in more detail for various nonlinear opti-
cal spectroscopic techniques.

2.7 � Transition Probability in Liouville 
Space and Pathways

In this section we will consider a few examples on how to use the diagram methods 
to calculate the second-order transition probabilities.

2.7.1 � Second-Order Transition between Two Populations

First of all, let us consider the state-to-state transition probability from one popu-
lation to the other. Suppose that one is interested in population transfer from an 
initial population rmm t( )0 to a final population |n><n| (for m ≠ n), where |m> and 
|n> are ket states of the time-independent Schrödinger equation. For the sake of 
simplicity, let us assume that r δkk mkt( )0 = , indicating that the system is initially on 
the mth population. Then, the second-order perturbation theory for the transition 
probability gives

	
TP t Tr n n V t t m mnn mm,

( ) ( ) [| | ( , ) | |]2
2 0= >< ><

	 

= < >< ><

< >< >< < >< ><

>

= > + >

| |

| | | |

| |

| | | | .

n n

n n n n

m m

m m m m
	

(2.94)
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Two other diagrams in the perturbation expansion ofV t t2 0( , ) that are

	
< >< >< >| | | |n n m m

	 (2.95)

and

	
< >< >< >| | | |n n m m

	 (2.96)

vanish due to the orthorgonality condition of the eigenvectors, that is,

	

<  → > =

< ←  > =

m n

n m

| |

| | .

0

0
	 (2.97)

One can rewrite the two terms on the right-hand side of Equation 2.94 as time-
ordered integrals. Since ⇐ is the complex conjugate of ⇐, one can rewrite Equation 
2.94 as

TP t n nnn mm m m,
( ) ( ) Re | | | |2 2= < >< >< >

= < >< ′∫∫2
2 2 1 0 1 1 0

0

2

0�
Re | | ( , ) ˆ ( ) (d d n n U t H U

tt

t

τ τ τ τ τ
τ

11 0 0 2 0 2

0 2

, ) | | ( , ) ˆ ( )

( , )

†

†

t m m U t H

U t

>< ′

>

τ τ

τ

= < ′∫∫2
2 2 1 0 1 1 0 1 0

0

2

0�
Re | ( , ) ˆ ( ) ( ,d d n U t H U t

tt

t

τ τ τ τ τ
τ

)) | | ( , ) ˆ ( )

( , ) | .

†

†

m m U t H

U t n

>< ′

>

0 2 0 2

0 2

τ τ

τ 	(2.98)

If the initial time t0 is -∞, the transition probability evaluated at t = ∞ is again found 
to be

	
TP t Hnm nm nm

( ) ( ) | ( )| .2
2

21= ∞ = ′
�

� w
	

(2.99)

Exercise 2.10
Derive Equation 2.99 from 2.98.
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2.7.2 � Second-Order Transition between Two Coherences

If the initial state is prepared on a coherence, rmn t( )0 (for m ≠ n) at t0 and if the final 
coherence is rjk (for j ≠ k), the coherence-to-coherence transition probability is

	
TP t Tr j k V t t m njk mn,

( ) ( ) [| | ( , ) | |]2
2 0= >< ><

	  

= < >< >< >

= < >< >< > + < >< >< >

+ <

| | |

| | | | | |

j k n

j k n j k n

m

m m

|

| |

|| | | | | | .j k n j k nm m>< >< > + < >< >< >| | 	 (2.100)

Using the orthogonality conditions between two different eigenstates, one can verify 
that j = n and k = m in the first and second diagrams of Equation 2.100, respectively. 
In addition, during the time period between t2 and t1 the system can be in coherence 
or population depending on the intermediate quantum states during the second-order 
transition pathways. Thus, we have

TP t n k j mjk mn jnm n m n,
( ) ( ) | | | || | | |2 = < >< >< + < >< >< >> δ δkkm

j k j km n m n+ < >< >< > < >< >< >+| | | | .| | | |
		

	 	
(2.101)

The physical meanings of the four contributions in Equation 2.101 can be understood by 
considering each transition pathway in terms of coherence and population evolutions. 
The first term involves two perturbations to the ket vector |m>, whereas the bra vec-
tor <n| remains unchanged. Using the completeness condition,that is, ∑ >< =l l l| | ,1 one 
can rewrite the first term on the right-hand side of Equation 2.101 as

	

< >< < ><>< > = >< >∑| | | || | | |n k n km n m n
l 	

(2.102)

where the summation over all possible intermediate states l should be performed. 
Considering the case when l = n separately, we have

	

<

< ><

>< >< > = < >< >< >

+ ><
≠
∑

| | | |

| |

| | | |

| |

n k n k

n k

m n m n

m n
l n

>> .
	

(2.103)

 l 

 l 

 n 
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The first term on the right-hand side of Equation 2.103 involves population evolution 
during the time period between t1 and t2, whereas all the other terms in the sum-
mation ∑ ≠l n involve coherence evolutions during t2 - t1 period, and they are oscil-
lating with frequencies wnl. Therefore, if the time integrations are taken, they are 
likely to be small in comparison to the first term. Thus, within this approximation,  
we get

	
< >< >< > < >< ><= >| | | || | | | .n k n km n m n

	 (2.104)

Similarly, ignoring the highly oscillating terms in the integrands for evaluating the 
time integrals, we have

	

< >< >< > < >< >< >

< >< >< > <

=

=

| | | |

| | |

| | | |

| |

j m j m

j k j

m n m n

m n >>< >< >

< >< >< > < >< >< >=

n

j k m k

m n

m n m n

kn

jm

|

| | | |

| |

| | | |

δ

δ ..
	

(2.105)

Finally, using the above results, the transition probability of TP tjk mn,
( ) ( )2 is given as 

the sum of four distinctively different contributions as

	

TP t n k j mjk mn jnm n m n,
( ) ( ) | | | || | | |2 = +< >< >< > < >< >< >δ δkkm

kn jmj n m km n m n+ < >< >< > + < >< >< >| | | | .| | | |δ δ 		

	 	 (2.106)

A detailed expression for TP tjk mn,
( ) ( )2 requires proper system–bath interaction model as 

well as the perturbation Hamiltonian. Thus, we shall not provide any further discus-
sion along this line here, but one can obtain theoretical expressions for these four 
terms when the system–bath interaction and perturbation Hamiltonians are specified 
for a given molecular system of interest.

2.7.3 � First-Order Transition between Population and Coherence

Lastly, if the initial state is prepared on a coherence, rmn t( )0  (for m ≠ n) at t0, and if 
the final state is a population, rmm, the coherence-to-population transition probability 
within the first-order perturbation theory is

	
TP t Tr m m V t t m nmm mn,

( ) ( ) [| | ( , ) | |].1
1 0= >< ><

	 (2.107)
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Note that the initial ket vector |m> does not undergo any quantum transition so 
that we need to consider the first-order perturbation-induced n m→ transition. Thus, 
Equation 2.107 can be diagrammatically represented as

	
TP t m mmn mn m n,

( ) ( ) | | .| |1 = < >< >< >
	 (2.108)

Only when the above expectation value of the population operator | |m m>< does  
not vanish, the transition from the coherence rmn t( )0 to the population on the mth 
state becomes allowed and finite. One can obtain the similar expression for the 
transition probability associated with transition from rmn t( )0 to rnn. In addition, it 
is possible to obtain the diagram representations of the transition probabilities from 
a population to a coherence. These calculations again require specific system–bath 
interaction and perturbation Hamiltonians so that we will not provide any further 
discussions along this line.
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3 Linear Response 
Spectroscopy

The conventional definition of the linear spectroscopy is spectroscopy with 
an observable that is linearly proportional to the intensity of external field.1–4 
Then, the observable signal can be expressed in terms of the corresponding lin-
ear response function. However, there are cases in which this definition may not 
apply. For instance, the electronically nonresonant hyper-Raman scattering signal 
is proportional to squares of intensity of the incident electric field. Nevertheless, 
the hyper-Raman scattering can be described in terms of linear response func-
tion of the first hyperpolarizability.5 Another example is the surface-specific 
electronically nonresonant IR-vis sum frequency generation (SFG) spectroscopy.6 
Although the measured signal is proportional to both IR and visible field intensi-
ties, it can be described in terms of dipole-polarizability linear response function.7 
Consequently, it is necessary to generalize the definition of linear spectroscopy 
in such a way that the linear spectroscopic observable is linearly proportional to 
a properly chosen effective radiation–matter interaction as well as that the linear 
spectroscopy is the one that can be fully characterized by properly defined linear 
response function.

There are a number of linear spectroscopic techniques that are capable of 
measuring distinctively different molecular properties, and they differ from one 
another by the nature of radiation–matter interactions involved. In this regard, 
we find it useful to introduce various radiation–matter interaction Hamiltonians, 
where each constitutes a conjugate pair of matter-operator-inducing quantum 
transitions and associated external field causing them. Throughout this book we 
will treat external electromagnetic field as a classical function. Generally, the 
radiation–matter interaction Hamiltonian can be written as a dot product of a 
vectorial matter or radiation-induced matter operator and an external field vec-
tor, that is,

	 H t trad-mat ( ) ˆ ( , )= - ⋅V F r 	 (3.1)

where F r( , )t  is the external field and V̂  is its conjugate operator that induces quan-
tum transitions between any two different quantum states. In this book, the follow-
ing seven conjugate pairs are sufficient enough to describe most of the spectroscopic 
measurements considered here,
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Scheme 3.1

Note that the first three conjugate pairs are linearly proportional to the electro-
magnetic field amplitude, whereas the second three pairs are second order. The last 
interaction is third order with resepct to E(r,t).

The first pair describes the interaction between electric dipole m and electric field 
E(r, t) and the corresponding radiation–matter interaction Hamiltonian - ⋅m E r( , )t  
should be considered to describe electric-dipole-allowed linear and nonlinear optical 
processes. The second pair represents the interaction between magnetic dipole (m) and 
external magnetic field B(r,t). This is an important radiation–matter interaction for 
understanding various linear and nonlinear optical activity spectroscopy such as circu-
lar dichroism, optical rotatory dispersion, Raman optical activity, and so forth. This is 
the topic covered in Chapters 15 and 16. The third radiation–matter interaction describes 
the interaction between electric quadrupole Q and spatial gradient of electric field.  
In this list of conjugate pairs in Scheme 3.1, only the first three terms are essentially 
linearly dependent on the electric field because B k E= ×ˆ  and ∇ = ±± ±E kEi  where k 
is the wavevector and E±  are the two counter-propagating components in E(r,t).

Now, the fourth radiation–matter interaction is between matter’s polarizability 
and square of electric field, and that is responsible for Raman or Rayleigh scattering 
processes as well as the two-photon absorption, depending on detailed sequence of 
radiation–matter interactions considered.8 As will be shown later, the measure of 
the light scattering amplitude depends on the magnitude of polarizability (a) matrix 
element of a given molecule on the electronic ground state.9, 10 If the molecule under-
goes a two-photon absorption, the transition matrix element of a from the ground 
state to the two-photon-accessible excited state is an important quantity describing 
such a two-photon absorption probability.

The fifth pair describes the interaction energy between the so-called magnetic 
dipole-Raman optical activity (ROA) tensor and external electromagntic field, 
whereas the sixth does that between electric quadrupole-ROA tensor and external 
electromagnetic field.11–13 The fifth and sixth interactions are crucial in theoreti-
cally describing the Raman optical activity and higher-order nonlinear optical activ-
ity spectroscopy in general. The fourth to sixth radiation–matter interactions are 
second-order with respect to the electric field amplitude. Finally, the seventh pair 
corresponds to the interaction of first hyperpolarizability b with external electric 
field E r3( , )t . Depending on the electric field frequencies, it describes hyper-Raman 
or hyper-Rayleigh scattering, three-photon absorption, and so forth.
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These conjugate pairs provide a guideline for theoretically describing any one or 
multidimensional spectroscopy. All the spectroscopies require both preparation and 
detection steps. The preparation step involves single or multiple radiation–matter 
interactions. As will be discussed later, the multidimensional spectroscopy involves 
two or more effective radiation–matter interactions with matter to create electronic or 
vibrational coherences, and the corresponding oscillating nuclear or electronic dipoles,  
then radiate signal electric field. If those dipoles oscillate in phase, the constructive 
interference among the radiated fields produces a coherently generated electric field 
whose amplitude is linearly proportional to the number of interacting molecules. If 
the generated electric field amplitude E (or intensity |E|2) is detected experimentally, 
one should choose the first conjugate pair for theoretically describing the detection 
step because the emissive radiation–matter interaction is between the electric dipole 
operator and vaccum electric field. In this chapter, we will focus on the case when the 
preparation step involves just one of the effective radiation–matter interactions given 
in Scheme 3.1. Therefore, by definition, they are linear response spectroscopies.

3.1 L inear Response Function

Spectroscopic observable corresponds to the expectation value of particular operator 
ˆ.B  Now, suppose that the operator Â is the conjugate operator of external field F(t). 

Then, the total Hamiltonian is the sum of zero-order Hamiltonian and perturbation 
Hamiltonian, where the latter describes the interaction energy of the system with  
F(t) as

	
ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ).H t H t H t H t AF t= + ′ = -0 0 	 (3.2)

Then, the expectation value of B̂ at time t should be calculated to determine the 
spectroscopic observable. Using the time-dependent perturbation theory, we have

	
B t B tA( ) ˆ ( )( )= < >r 1

	 ÂF

	
= < >ˆ ( )B tr 0

	
= - < ′ >∫i

d BV t L V t t
t

t

�
τ τ τ τ r

0

0 0 0 0
ˆ ( , ) ( ) ( , ) ( )

	
= < >∫i

d BU t AU t t U t t F
t

t

�
τ τ τ r τ

0

0 0 0 0 0 0
ˆ ( , ) ˆ ( , ) ( ) ( , ) († ))

	
- < >∫i

d BU t t t U t AU t F
t

t

�
τ r τ τ

0

0 0 0 0 0 0
ˆ ( , ) ( ) ( , ) ˆ ( , ) († † ττ)

	
= < >∫i
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t

t

�
τ τ r τ

0

0[ ˆ( ), ˆ ( )] ( ) ( ).
	

(3.3)
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Here, it was assumed that the external field F(t) is a real function in time, and the 
time-evolved operators ˆ( )A τ  and ˆ( )B t are defined as, respectively,

	
ˆ ( ) ( , ) ˆ ( , )†A U t AU tτ τ τ= 0 0 0 0

	
ˆ( ) ( , ) ˆ ( , ).†B t U t t BU t t= 0 0 0 0 	

(3.4)

Now, changing the integration variable and assuming t0 = -∞, we find that

	
B t d F tBA( ) ( ) ( )= -

∞

∫ τf τ τ
0 	

(3.5)

or

	
B t d t F

t

BA( ) ( ) ( )= -
-∞∫ τf τ τ

	
(3.6)

and the linear response function f τ( ) is defined as

	
f τ τ rBA

i
B A( ) [ ˆ( ), ˆ ( )] ( ) .≡ < -∞ >

�
0

	
(3.7)

Although the integration range in Equation 3.5 is from 0 to infinity, one can 
replace the lower bound with −∞ because of the causality condition. Since the cause 
must precede the effect, we will redefine the linear response function as

	
f τ q τ τ rBA

i
B A( ) ( ) [ ˆ( ), ˆ ( )] ( ) .≡ < -∞ >

�
0

	
(3.8)

Throughout the book, the operator Â is called the cause operator, and the opera-
tor B̂ is the effect operator. Then, the expectation value of the effect operator B̂ is 
given as

	
B t d F tBA( ) ( ) ( ).= -

-∞

∞

∫ τf τ τ
	

(3.9)

In the frequency domain, from the definition of the susceptibility as

	
� �B FBA( ) ( ) ( ),w c w w= 	 (3.10)

we have

	
c w f fw w

BA BA
i t

BA
i tdt t e dt t e( ) ( ) ( ) .= =

-∞

∞ ∞

∫ ∫0 	
(3.11)
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Using the properties of Fourier transformation, one can rewrite Equation 3.9 as

	
B t d F eBA

i t( ) ( ) ( ) .=
-∞

∞
-∫1

2p
w c w w w�

	
(3.12)

where �F( )w is the Fourier transform of F t( ).
Denoting the real and imaginary parts of the susceptibility as ′c wBA( ) and ′′c wBA( ), 

respectively, we have

	 c w c w c wBA BA BAi( ) ( ) ( )= ′ + ′′ 	 (3.13)

and

	
′ =

∞

∫c w f wBA BAdt t t( ) ( )cos
0 	

(3.14)

	
′′ =

∞

∫c w f wBA BAdt t t( ) ( )sin .
0 	

(3.15)

From these relationships, one can obtain the Kramers–Kronig relations:

	
′ = ′ ′′ ′

′ -∫c w
p

w c w
w wBA

BAPP d( )
( )1

	
(3.16)

and

	
′′ = - ′ ′ ′

′ -∫c w
p

w c w
w wBA

BAPP d( )
( )

,
1

	
(3.17)

where PP stands for the principal part of the integral.

Exercise 3.1
Derive the Kramers–Kronig relations given in Equations 3.16 and 3.17.

Complete information on the linear response of molecular system against the exter-
nal perturbation by ˆ ( )( ˆ ( ))′ = -H t AF t is included in either the linear response function 
in time domain or the linear susceptibility in frequency domain. Experimentally, 
one can measure one of the two functions either using an ultrafast laser pulse with 
time-resolved measurement of free-induction-decay or using a continuous wave with 
frequency scanning measurement of frequency-resolved observable. In the former 
case, the temporal envelop of the external field is assumed to be close to a Dirac delta 
function, that is,

	 F t F t e i t( ) ( ) .= -
0 δ w

	 (3.18)

In this impulsive limit, we have

	 B t F tBA( ) ( ).∝ 0f 	
(3.19)
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Note that the measured expectation value B t( ) is linearly proportional to the linear 
response function directly.

Next, let us consider the other limiting case when the temporal envelope function 
of the external field is constant as

	 F t F t iF e ei t i t( ) sin ( )= = --2 0 0 0
0 0w w w

	
(3.20)

which gives

	
�F iF( ) { ( ) ( )}.w p δ w w δ w w= - - +2 0 0 0 	 (3.21)

Then, for such a frequency-domain measurement, we have

	
B t iF e eBA

i t
BA

i t( ) ( ) ( ) .= - -[ ]-
0 0 0

0 0c w c ww w 	 (3.22)

This result shows that the expectation value B t( ) also oscillates with frequency of w0. 
One can rewrite Equation 3.22 as

	 B t F t tBA BA( ) [ ( )sin( ) ( )cos( )].= ′ - ′′2 0 0 0 0 0c w w c w w 	 (3.23)

The first term on the right-hand side of Equation 3.23 is in phase with the exter-
nal field, and the coefficient is determined by the real part of the susceptibility. On 
the other hand, the second term, whose magnitude is determined by the imaginary 
(dissipative) part of the susceptibility, is out of phase with the external field. This 
explains why the imaginary part of the susceptibility is related to the absorption of 
light by matter.

3.2  System–bath Interaction and Line Broadening

In this book, we shall consider a few model systems to provide detailed descriptions 
of relationships between the linear and nonlinear spectroscopic observables and 
molecular properties. In this section, we focus on a two-level system (2LS), which is 
a good model for most of electronic chromophores or spin systems. The correspond-
ing Hamiltonian is written as

	
ˆ .†H a aLS eg2 = �w

	
(3.24)

Here, the creation and annihilation operators of the 2LS excited state are denoted as
a† and a, respectively. The energy gap between the excited state e and ground state 
g was denoted as

	
�weg e gE E= - .

	 (3.25)
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Two-level chromophores in solution interact with surrounding bath degrees of 
freedom, and such system–bath interactions are responsible for a number of interest-
ing processes such as fluctuations of energies and coupling constants, dephasing, 
decoherence, excitation transfer between two internal states, spectral diffusion, fluo-
rescence Stokes shift, dissipation, and the like.4, 14 The total matter Hamiltonian is 
thus given as

	
ˆ ˆ ˆ ˆ ,H H H Hmat LS B SB= + +2 	

(3.26)

where ĤB is the bath Hamiltonian. The system–bath (chromophore-bath) interaction 
Hamiltonian, denoted as ˆ ,HSB is assumed to be diagonal with respect to the system 
eigenstates as

	
ˆ ( ) ,†H V a aSB eg= q

	
(3.27)

where the bath degrees of freedom are denoted as q and the potential energy differ-
ence between the excited and ground states is defined as

	
V V Veg e g( ) ( ) ( ).q q q= -

	 (3.28)

Therefore, we have

	
ˆ { ( ) ( )} .†H V H a amat eg eg B= + +�w q q

	 (3.29)

Here, the ground state adiabatic Hamiltonian ˆ ( )Hg q  is given as ˆ ( )Hg gq = +�w   
Vg(q) + HB(q) and will be treated as the reference Hamiltonian. Then, ˆ ( )He q  can be 
written as

	
ˆ ( ) ˆ ( ) ( ).H H Ve g eg egq q q= + +�w

	 (3.30)

Treating ˆ ( )Hg q as the zero-order Hamiltonian Ĥ0 and taking the last two terms in 
Equation 3.30 altogether as ˆ ,′H we find that, in the interaction picture, the forward 
and backward time evolution operators by ˆ ( )He q are

	
exp ˆ exp( )exp ˆ exp-



 = - -





i
H t i t

i
H te eg g� �

w ++ -



∫i

d U
t

�
τ τ

0
( )

	
(3.31)

	
exp ˆ exp exp ( )

i
H t i t

i
d Ue eg

t

� �




 = ( ) 



- ∫w τ τ

0
eexp ˆ .

i
H tg�







	
(3.32)
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where

	
w weg eg egV= + < >( )q

	
U V Veg eg≡ - < >( ) ( )q q

	
U t U t

i
H t U

i
H tB B( ) ( ( )) exp ˆ ( )exp ˆ= = 



 -



q q

� �  .
	

(3.33)

Here, < >Veg( )q is the average value taken on the ground electronic state.

Exercise 3.2
Show the two operator equalities in Equations 3.31 and 3.32.

Hereafter it is assumed that the initial density operator may be written as a product 
of the system and bath density operators as

	
r r r( ) ( ) ( ).-∞ = -∞ -∞S B 	 (3.34)

In the case when the energy gap between the two states is much larger than the ther-
mal energy, that is, �weg Bk T>> , the system is in a thermal equilibrium state on its 
ground state and the initial density operator is simply given as

	
r r
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-∞ = > < = >
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q

q

q
	

(3.35)

where < >� B is the trace operation and the basis set consists of bath eigenstates and 
b = 1/kbT.

Now, to obtain an approximate expression for the ˆ ˆB A←  susceptibility, one 
should take into account the effects of the system–bath interaction on the corre-
sponding linear response function f τBA( ). For the above 2LS, using the operator 
identities in Equations 3.31 and 3.32, one can find that the linear response function is  
given as
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
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(3.36)

The next step is to rewrite fBA t( ) in terms of the time-correlation function of the 
difference potential operatorU t( ) by using the cumulant expansion technique.4 The 
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expectation value of exponential operator should be expanded first. Then, take the 
averages of each expanded terms. Then, the expanded series is approximately written 
as an exponential function, where the second order cumulant expansion term is the 
exponent.

Thus, we have

< -





>+ ∫exp ( )
i

d U
t

B B�
τ τ r

0

	
= - < > + -
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2

2
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1
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d U
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d d U
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τ

	 = -exp{ ( )},g t 		  (3.37)

where g(t) is the line-broadening function because its time-dependency determines 
the spectral line shape in general and it is defined as

	
g t d d U U
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(3.38)

Here, the time-correlation function of the difference potentialU t( ) was defined as

	
C t U t U B B( ) ( ) ( ) .≡ < >1

0
2�

r
	

(3.39)

which has been known as the fluctuating transition frequency-frequency correlation 
function (FFCF) since the system–bath interaction modulates the transition energy 
(or frequency) in time. Consequently, the general ˆ ˆB A← linear response function is 
simplified as

	
f q w

BA ge eg
i t g tt

i
t B A e c ceg( ) ( ) . .( )= -{ }- -

�

	
= -  

- -2
�

q w( ) Im .( )t B A ege eg
i t g teg

	
(3.40)

To obtain the second equality in Equation 3.40, it is assumed that A Age eg= and
B Bge eg= and they are real. However, this is not a necessary assumption in general.
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The linear response function component consists of three different parts:

	

i
t B A i t g tge eg eg�

q w( ) exp( )exp( ( ))- -

	 Transition strength Coherence oscillation Line shape

The transition strength term B Age eg determines the amplitude of the oscillatory 
linear response function, where the oscillating pattern is described by the coherence 
oscillation term exp( ).-i tegw The last term exp( ( ))-g t is the line shape function, and 
its decaying pattern determines the shape of the frequency-dependent susceptibility 
or spectral line shape.

The corresponding susceptibility is then

	
c w w w w

BA ge eg
i t g t

eg ge
ii

dt B A e B A eeg( ) ( ) ( ) (= -
∞

- - -∫� 0

eeg t g t+ -{ }w) ( )*
,
	

(3.41)

which is a complex function. When the external field frequency ω is close to the 
ensemble-averaged transition frequency weg , the first integral in Equation 3.41 
is much larger than the second integral (note that an integral of highly oscillat-
ing function is small). This is the resonance condition, and the first and second 
terms correspond to the resonant and nonresonant contributions to the frequency- 
dependent susceptibility when w w≅ eg. Typical line shapes of the real and 
imaginary parts of the linear susceptibility for a two-level system are shown in 
Figure 3.1.

If more than one excited states are to be considered, the time-domain response 
function in Equation 3.40 and the frequency-domain susceptibility in Equation 3.41 

0
Frequency

0

Re
[  

(ω
)]

Im
[  

 (ω
)]

0

0
Frequency

Figure 3.1  Real and imaginary parts of linear susceptibility of a two-level system.
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should be written as summations over all optically allowed excited states, that is,
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e
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(3.42)

Exercise 3.3
If the time-dependent fluctuating potential obeys Gaussian statistics, Equation 
3.37 is exact. Why?

There are a few different models for the line-broadening function g(t). It was shown 
that the time-correlation function C t( ) plays an important role and contains infor-
mation on the strength of system–bath coupling as well as on the memory loss rate  
of the bath degrees of freedom that are coupled to the quantum transition g ↔ e. 
If the memory loss is extremely fast, such process is called Markovian. Using the 
Kubo’s stochastic model,15 one can assume that the time-correlation function C t( ) is 
an exponentially decaying function as

	
C t C t C U B B( ) ( )exp( ) ( ) .= - = < >0 0

1
2

2G and
�

r
	

(3.43)

The Markovian limit corresponds to the case when G is very large, and in this limit 
the line-broadening function is given as approximately

	
g t

C
t t( )

( )
.= =0

G
g

	
(3.44)

The amplitude of the oscillating linear response function, in this case, exponentially 
decays in time. From Equations 3.11 and 3.40, one can find that the susceptibility is
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w w g w w gBA ge eg

eg eg
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i i
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+
+ +
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
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1 1 1
�

	
(3.45)

This is the well-known Lorentzian line shape.
As the opposite limit, if the coupled bath degrees of freedom have long memory, 

the FFCF is approximated as

	 C t C( ) ( ).= 0 	 (3.46)

Then, the line-broadening function is, in this inhomogeneous line-broadening limit,

	
g t C t t( ) ( ) .= =1

2
0

1
2

2 2 2W
	

(3.47)
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Throughout this book, the square root of C( )0 of a 2LS, which is the root-mean-
square of fluctuating transition frequency, will be especially denoted as W. The line 
shape function is then a Gaussian in time,

	
exp{ ( )} exp .- = -



g t t

1
2

2 2W
	

(3.48)

Then, the half-life t1 2/ , defined as exp( / ) / ,/- =W2
1 2
2 2 1 2t is

	
t

C1 2 2

2 2 2 2
0/

ln ln
( )

.= =
W 	

(3.49)

The complex susceptibility, when the line shape function is given as Equation 3.48, 
is then found to be

	
c w p w ww w

BA ge eg eg
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2
2 22

W
W

�
22W){
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(3.50)

where erfc is the complementary error function. The imaginary part of c wBA( ) is sim-
ply given as the sum of two Gaussian functions at w w= eg and w w= - eg as

	
′′ = -- - - +c w p w w w w
BA ge eg eg geB A e B A eeg e( ) ( ) / (

2
2 22

�W
W gg ) / .

2 22W{ }
	

(3.51)

From the Kubo’s exponential model for C(t) given in Equation 3.43, one can obtain 
the line-broadening function g(t) as

	
g t

C
t t( )

( )
{exp( ) }.= - + -0

1
2G

G G
	

(3.52)

It can be shown that the above Kubo model interpolates from the Markovian limit 
to the inhomogeneous line-broadening limit. However, the more general approach 
was developed by introducing the spectral density, which describes the frequency 
distribution of the system–bath coupling strengths. In general, the time-correlation 
function C t( ) is complex. Denoting the real and imaginary parts of C t( ) as C tR( ) and
C tI ( ), that is,

	 C t C t iC tR I( ) ( ) ( ),= + 	 (3.53)

we have

	
C t U t U U U tR B B( ) { ( ) ( ) ( ) ( ) }= < > + < >1

2
0 0

2�
r r

	
C t

i
U t U U U tI B B( ) { ( ) ( ) ( ) ( ) }.= - < > - < >

2
0 0

2�
r r

	
(3.54)

84291_Book.indb   42 5/11/09   2:11:47 PM



Linear Response Spectroscopy	 43

These two parts are in fact related to each other via the fluctuation-dissipation theo-
rem as16

	
C t

t
C tI R( ) tan ( ).= - ∂

∂








β�
2 	

(3.55)

In the classical limit, as �→ 0 or T → ∞, we get

	
C t

t
C tI R( ) ( ).≅ - ∂

∂
β�
2 	

(3.56)

Exercise 3.4
Prove Equation 3.55.

From Equations 3.53 and 3.54, one can find that the time-correlation function has the 
property C t C t*( ) ( ).= - Therefore, the Fourier transform of C t( ) is real. Furthermore, 
the corresponding Fourier transforms �CR( )w and �CI ( )w of the real and imaginary 
parts of C t( ) are purely real and imaginary, respectively. Therefore, one can show 
that �CR( )w and �CI ( )w are related to each other in frequency domain

	
� � �C CR I( ) coth( / ) Im[ ( )].w β w w= 2

	 (3.57)

In the classical limit of �→ 0, we get

	
� � �C CR I( ) ( / ) Im[ ( )].w β w w= 2

	
(3.58)

The expressions in Equation 3.55 and 3.57 are useful for the calculation of the 
response function by using classical molecular dynamics simulation. From the 
classical molecular dynamics trajectories, one can calculate the classical time- 
correlation function, C t U t Ucl cl cl cl( ) ( ) ( ) ,= < >-� 2 0 whereU tcl ( ) is the scalar quantity 
representing the system–bath interaction energy that causes transition frequency 
fluctuation. Then, assuming that

	 C t C tR cl( ) ( ),≅ 	 (3.59)

one can directly obtain the response function C tI ( ) or one-sided quantum correlation 
function C t( ) as
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(3.60)
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or equivalently

	
Im[ ( )] tanh( / ) ( )� � �C CI clw β w w= 2

	
� � �C Ccl( ) { tanh( / )} ( ).w β w w= -1 2

	
(3.61)

Exercise 3.5
Derive Equation 3.61 from 3.60.

Hereafter, defining the spectral density as

	
r w w

pw
( )

Im[ ( )]
,≡

�CI
2 	

(3.62)

one can rewrite the real and imaginary parts of the FFCF as

	
C t d tR( ) ( )coth( / ) cos=

∞

∫ w r w wβ w w
0

22�

	
C t d tI ( ) ( ) sin .= -

∞

∫ w r w w w
0

2

	
(3.63)

The line-broadening function can then be written as integrals over the spectral den-
sity as14

g t i t d t i d( ) / ( )coth( / )( cos )= - + - +
∞ ∞

∫λ w r w wβ w w� �
0 0

2 1 ∫∫ r w w( )sin .t
	

(3.64)

Here, the solvent reorganization energy λ is defined as

	
λ w r w w≡

∞

∫� d
0

( ) .
	

(3.65)

If the line-broadening function g t( ) is Taylor-expanded with respect to t up to the 
second order terms, the line shape function exp( ( ))-g t is simply a Gaussian. Then, 
one can find that the half-life t1 2/ can be obtained in terms of the spectral density. In 
the high-temperature (classical) limit, we get

	
t

k T
t

B
decoherence1 2

2 2
/

ln
.= =�

λ 	
(3.66)

For typical electronic or vibrational chromophores, the solvent reorganization 
energy varies from 10 to 1000 cm-1. Then, the half-life t1 2/ , which is approximately 
the time scale of decoherence (or dephasing of coherence), is on the order of 10 to 
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100 femtoseconds. Throughout this book, tdecoherence in Equation 3.66 will be referred 
to as the approximate decoherence time. Now, inserting Equation 3.64 for g t( ) into 
Equation 3.42 and numerically carrying out the integration over time, one can obtain 
the ˆ ˆB A← susceptibility for any arbitrary operators Â and ˆ.B In the following sec-
tions, we shall consider a few specific cases.

Before we close this section, it is necessary to provide a discussion on the life-
time broadening effect. Since the system–bath interaction Hamiltonian considered 
here with Equation 3.27 cannot describe the intrinsic lifetime broadening process, 
the lifetime broadening is often taken into account by using an ad hoc approxi- 
mation as

	
g t g t t Te( ) ( ) /→ + 2

	 (3.67)

where Te is the lifetime of the excited state. Throughout this book, the lifetime broad-
ening effects on multidimensional spectra will be included by using this approximate 
description, when it is necessary.

3.3 R otational Averaging of Tensors

Linear and nonlinear spectroscopic observables are conveniently expressed in terms 
of the corresponding response functions. Since they involve vectorial or tensorial 
properties of molecules such as transition dipoles and polarizabilities, the linear and 
nonlinear response functions are nth-rank tensors T(n). Properly controlling the beam 
polarization states, one can selectively measure one specific tensor element Tl l l l

n
n1 2 3�

( )  
or sometimes a combination of multiple tensor elements. Here, lk is one of the three 
Cartesian coordinates in a laboratory-fixed frame.

If molecules have the same orientation in space, macroscopically measured sig-
nal electric field amplitude, when the constituent molecules are independent and do 
not interact with each other, is simply given as N times of electric field generated 
by a single molecule. However, when the optical chromophores (molecules) are dis-
solved in an isotropic medium such as solution, the orientation of each individual 
molecule is random without any long-range orientation correlation. In this case, the 
measured signal field should be the rotational average so that the corresponding ten-
sorial response function should be rotationally averaged over the randomly oriented 
molecules. If the tensor t( )n in a molecule-fixed frame is known, the averaged T( )n  
tensor in a laboratory-fixed frame is related to t( )n as

	

�
� � � �T I tl l l l

n
l l l l m m m m

n
m m m mn n n1 2 3 1 2 3 1 2 3 1 2 3

( )
:

( )=
nn

n( )

	 (3.68)

where mk is one of the three Cartesian axes in the molecule-fixed frame. The molecu-
lar properties tm m m m

n
n1 2 3�

( ) in a given molecule-fixed frame can be calculated by using 
various methods such as ab initio calculations, molecular dynamics simulations, 
quantum mechanical/molecular mechanical simulations, ab initio molecular dynam-
ics simulations, and so forth. Il l l l m m m m

n
n n1 2 3 1 2 3� �:

( ) plays a crucial role in connecting the 
tensorial molecular properties in a molecule-fixed frame to those in a laboratory-
fixed frame, and detailed expressions for Il l l l m m m m

n
n n1 2 3 1 2 3� �:

( ) have been well known.17 In 
the present section, we will just summarize the results for the sake of completeness.
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For n = 2, the only rotationally invariant tensor is the Kronecker delta function, 
so that we have

	
I l l m m

( ) .2 1
3 1 2 1 2

= δ δ
	

(3.69)

Here, δ δ δxx yy zz= = = 1 and δ jk = 0 for j k≠ . For example, the ZZ tensor element of
T( )2 is given as

	

�
T t t tZZ ZZ m m m m

m m

mm

m

( ) ( )

,

( )2 2 21
3

1
3

1
31 2 1 2

1 2

= = =∑ ∑δ δ xxx yy zzt t( ) ( ) ( ) .2 2 2+ +( )
	

(3.70)

Throughout this book, the notation
�
T n( ) means that it is the rotational average over 

the randomly oriented molecules in an isotropic medium such as solution. The x, y, 
and z are the three Cartesian coordinates in a molecule-fixed frame, whereas X, Y, 
and Z are those in a laboratory-fixed frame.

For n = 3, the Levi–Civita epsilon is the only isomer that is rotationally invariant. 
Therefore, we have

	
I l l l m m m

( ) ,3 1
6 1 2 3 1 2 3

= e e
	

(3.71)

where the Levi–Civita epsilon tensor elements are e e e eXYZ YZX ZXY XZY= = = - =  
- = - =e eYXZ ZYX 1 and eijk = 0 (for all the other cases). As an example, consider the 
XYZ tensor element of T( ).3 Its rotationally averaged element is
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(3.72)

For n = 4, we have
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(3.73)

For n = 5, we have

I l l l l l m m m m m l l l l l
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(3.74)
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One can find the corresponding expressions for higher-order tensors in literatures, 
but they are not needed in this book.

3.4 L inear Absorption Spectroscopy

The linear absorption spectroscopy within the electric dipole approximation (or long-
wavelength limit) is fully described by the expectation value of time-evolved electric 
dipole operator when the radiation–matter interaction Hamiltonian is given as

	
H t t E trad mat j j- ( ) ( , ) ( , ),= - ⋅ = -m E r rm

	 (3.75)

where the Einstein summation convention was used and the electric field is

	 E r E r E r e ek r( , ) ( , ) ( , ) ( )e ( )* *t t t E t E ti i t= + = ++ - ⋅ -1 1w ee .- ⋅i i tk r1 1+ w
	 (3.76)

The unit vector along the direction of the electric field polarization is denoted as e. 
In general, the unit vector e can be complex when the beam polarization state is not 
linearly polarized, for example, circularly or elliptically polarized beams. However, 
except for the cases when one is interested in linear and nonlinear optical activity 
measurements, which will be discussed in Chapters 15 and 16, we will consider 
the cases when the incident beams are linearly polarized. Thus, the e* in the second 
term on the right-hand side of Equation 3.76 can be replaced with e. Nevertheless, 
one should not forget about the general complex nature of e when the incident beam 
polarization state is circularly or elliptically polarized.

In the case of the light absorption, the cause operator, its conjugate external field, 
and effect operator are given as

	
ˆ ( , ), ˆA F t B= = =m m, and .E r

	 (3.77)

From the linear response theory, the expectation value of m at time t, which is the 
linear polarization, is given as4

	 mE	

	
P r r( ) ( )( , ) ( , ) ˆ ( )1 1

0t t t= = < >m m r
	

	
= ⋅ -

∞

∫ d tτf τ τmm
0

( ) ( , )E r
	

(3.78)

where the dipole-dipole linear response function, which is a second-rank tensor, is

	
f τ q τ τ rmm( ) ( ) [ ( ), ( )] ( ) .≡ < -∞ >i

�
m m 0

	
(3.79)
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Because it was assumed that the number density of the optical chromophore is a 
unity, P( ) ( )( ) ( ).1 1t t= m Ignoring the nonlinear polarization, from the Maxwell’s field 
equation for a transverse field, we have

	
∇ - ∂

∂
= ∂

∂
2

2 2 2 2
11 4

E r E r P r( , ) ( , ) ( , ).( )t
c t

t
c t

t
2 2p

	
(3.80)

Defining the time-dependent dielectric function as

	
ee( ) ( ) ( ),t t t≡ +δ pfmmI 4

	 (3.81)

one can rewrite Equation 3.80 as
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τ τ τee
	

(3.82)

I is the 3 by 3 identity matrix. Hereafter, we will use the following notation for the 
product of an nth-rank tensor T( )n and n-1 vectors, v1 - vn-1, to obtain a new vector V:

	 V T v v v= ⊗ -
( )n

n1 2 1� 	 (3.83)

where the jth element of V is, when vk
m1 denotes the mith element of the vk vector,
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(3.84)

For instance, ( ) . ⋅ = + +E X XX X XY Y XZ Ze e eΕ Ε Ε
Now, let us consider the simple optical measurement of absorption of a weak 

stationary plane wave propagating along the Z direction in a linear and isotropic 
medium. The incident electric field is assumed to be linearly polarized along the 
X-direction, that is, e = ˆ .X Within the electric-dipole approximation, the XX tensor 
element of the dielectric function is the only one required, and its Fourier transform 
will be denoted as e w( ), which is related to the complex susceptibility as

	 e w pc w( ) ( ).= +1 4 	 (3.85)

Then, assuming that the solution of the above field equation in Equation 3.82 is given 
as

	 E( , ) ˆ exp( ),Z t E X ikZ i t= -0 w 	 (3.86)

inserting Equation 3.86 into 3.82 and taking the Fourier transform of the resultant 
equation, one can find the dispersion relationship

	

kc
n i

w
e w w κ w= ≡ +( ) ( ) ( ).

	
(3.87)
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Here n(ω) and κ(ω) are the index of refraction and the extinction coefficient, respec-
tively. Therefore, the electric field at Z in the optical medium is

	
E( , ) ˆ exp( ( ) ( ) / ),Z t E X ik Z i t Za= ′ - -0 2w w κ w

	 (3.89)

where k′ is the wavevector of the electric field in the medium, and κ wa( ) is the 
absorption coefficient. These two frequency-dependent functions are given as

	 ′ ≡k k n( ) ( )w w0 	 (3.90)

	 κ w κ wa k( ) ( ).≡ 2 0 	 (3.91)

Here, the vacuum wavevector w/c is denoted as k0. Note that the field intensity, which 
is the square of the electric field amplitude, exponentially decays with the decaying 
constant of κ wa( ) as it propagates through the absorptive (lossy) medium. From the 
definition of the time-dependent dielectric function, e( ),t and the definition of the 
susceptibility in Equation 3.85, we have

	
1 4 4+ ′ + ′′ = +pc w p c w w κ w( ) ( ) ( ) ( ).i n i

	 (3.92)

For1 4 4+ ′ >> ′′pc w pc w( ) ( ), we obtain

	
n( ) ( )w pc w= + ′1 4

	 (3.93)

	
κ w pc w

w
( )

( )
( )

.= ′′2
n 	

(3.94)

The absorption coefficient κ wa( ) is thus related to the imaginary part of the suscep-
tibility as

	
κ w pw

w
c w pw

w
f wmma n c n c

dt t t( )
( )

( )
( )

( )sin ,= ′′ =
∞

∫4 4

0

�

	
(3.95)

where the XX tensor element of the rotationally averaged linear response function �
mm( )t was denoted as

�
fmm( ).t

The absorption coefficient can be determined by properly calculating the dipole-
dipole linear response function fmm( ).t Using the line-broadening function, we 
obtained the linear response function in Equation 3.42. In the present case of the 
electric-dipole-allowed light absorption process for a two-level system, after rota-
tional averaging of the dipole-dipole response function we have

	

�

�
f qmm

w w( ) ( ) | | { ( ) ( )*
t

i
t e ege

i t g t i t g teg eg= -- - -

3
2m }}.

	
(3.96)

Since the above linear response function is the rotationally averaged one, the fac-
tor 1/3 appears on the right-hand side of Equation 3.96. Here, the transition electric 
dipole matrix element was defined asm mge g e≡ < >| ˆ | . The absorption coefficient is 
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therefore given as

	
κ w pw

w
ww

a ge
i t g t

n c
dt e eg( )

( )
| | Im[ ]sin( )= -

∞
- -∫8 2

0�
m tt.

	
(3.97)

Using a few models for g(t) discussed in Section 3.2, one can directly obtain the cor-
responding analytical expressions for the absorption line shape determined by the 
frequency-dependent absorption coefficient.

3.5 R aman Scattering

Rayleigh and Raman scatterings are two-photon processes with one-photon absorp-
tion and one-photon emission.9 In the Raman scattering, the final state of the mol-
ecule is different from the initial state, and usually the two states are vibrational 
eigenstates (See Figure 3.2). Instead of spontaneous Raman scattering in frequency 
domain, we shall focus on the coherent Raman scattering (CRS) in time domain.18–21 
Furthermore, the electromagnetic field frequency is assumed to be nonresonant with 
any electronic transitions so that the ground state vibrational dynamics can only be 
probed. Later, the connection between the optically heterodyne-detected CRS and 
the spontaneous Raman scattering will be discussed.

The effective radiation–matter interaction Hamiltonian for the light scattering is

	 H t trad mat ind- = - ⋅m ( , ) ( , ),r E r 	 (3.98)

where the induced dipole is given as

	

m m a b ind ind
n

n

t t t t( , ) ( , ) ( , ) ( , )( )r r E r E r= ⋅ + +
=

∑
1

2== :: �� �E r3( , ) .t +
	

(3.99)

The expansion coefficients in this equation are polarizability, hyperpolarizability, 
and second hyperpolarizability, respectively, for the first three terms.3 In the cases of 
the Raman and Rayleigh scatterings, the first term in Equation 3.99 is responsible for 

|g>
|e>

Coherent Raman
Scattering

k1, ω1

k1, ω1

k1, ω1

k3, ω3
k3, ω3

k3, ω3
–k2, –ω2

–k2, –ω2

k1 – k2 + k3
ω1 – ω2 + ω3

2k1 – k2 + 2k3
2ω1 – ω2 + 2ω3

Coherent Hyper-Raman
Scattering

Virtual statesVirtual states

|e>
|g>

Figure 3.2  Time-resolved coherent Raman and hyper-Raman scatterings.
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such a two-photon scattering process. Consequently, the effective radiation–matter 
interaction Hamiltonian is given as

	 H trad mat- = -a :: E r2( , ). 	 (3.100)

This is the second conjugate pair in Scheme 3.1. The electronic ground state polariz-
ability operator is defined as

	

a
m m m m

( )
| | | |

,w
w w w w

≡ ><
-

+ ><
+

≠
∑1

�
e e e e

eg ege g 	
(3.101)

where the summation is over all possible quantum states except for the ground 
state.

Coherent Raman scattering measurement has been carried out by employing one 
of the transient grating configurations.22 Two pump pulses with center frequencies w1 
and w2 and wavevectors k1 and k2 are used to create transient grating with wavevec-
tor k1 - k2 in the sample, and the transient grating oscillates in time with frequency 
w1 - w2. After a finite delay time T, a third pulse with frequency w3 and wavevec-
tor k3 is injected into the sample to stimulate a scattering process. The scattering 
signal field with wavevector k k k1 2 3- + is then detected. From the linear response 
theory, the two pump pulse-matter interactions can be treated with a single effective  
radiation–matter interaction Hamiltonian in Equation 3.100. The interaction between 
the w1-field propagating in the direction of k1 and molecular polarizability creates 
an induced dipole, which then interacts with the w2-field propagating toward -k2 
direction. Since the two pump pulses overlap in time, there is no time-ordering of 
these two radiation–matter interactions. However, due to the phase-matching condi-
tion, one can selectively measure a specific signal field emitting toward the specific 
direction of k k k1 2 3- + . Now, the third pulse field component propagating in the 
direction of k3 again creates an oscillating induced dipole. In this case of the CRS 
spectroscopy, the cause operator, its conjugate external field, and effect operator are 
given as

	
ˆ ( , ), ( , ) ˆ ( , ).A t F t B t= ⋅ = = ⋅a E r E r E r1 2 3and αα

	
(3.102)

Therefore, the coherent light-scattering process is to measure the expectation value 
of the electric dipole induced by the third field when the molecule effectively inter-
acts with the first two external fields via Equation 3.100.

The electric field in a CRS experiment consists of three modes,

E r e ek r k r( , ) ( )e ( )et E t T E t Ti i t i i= + + +⋅ - ⋅ -
1 1 2 2

1 1 2 2w w tt i i tE t c c+ +⋅ -e k r
3 3

3 3( ) e . ..w
	 (3.103)

The effective radiation–matter interaction Hamiltonian that creates Raman-active 
vibrational coherences in the optical sample is

	 H t T t Trad mat
i i

-
- ⋅ - -= - + +a :: E E k k r

2 1
1 2 1 2* ( ) ( )( ) ( )e w w tt . 	 (3.104)
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The induced dipole that is responsible for the creation of scattering field is then

	 m aind
i i tt t( , ) ( )e .r E k r= ⋅ ⋅ -

3
3 3w

	 (3.105)

From the linear response theory, one can find that the expectation value of the above 
induced dipole operator at time t is

	
aE E2 1

*

m aind t t( , ) ( )r E= < ⋅ >3 0r

= - + ⋅ - - +
∞

∫e ( ) ( )( ) ( )i i t E t dk k k r e1 2 3 1 2 3
3

0
3

w w w
αατf τ � ee e2 1 2 1

1 2E t T E t T i* ( )( ) ( )e .+ - + - -τ τ w w τ

		
		  (3.106)

Here, the polarizability–polarizability response function, which is a fourth-rank  
tensor, is defined as

	
f τ q τ τ rαα ( ) ( ) [ ( ), ( )] ( )≡ < -∞ >i

�
a a 0

	
= -- - -i

e ege eg
i g i geg eg

�
q τ w τ τ w τ τ( ) { }.( ) ( )*

a a
	

(3.107)

It is noted that the expectation value ofmind t( , )r is linearly proportional to each of 
the three electric field amplitudes. Therefore, the CRS process shown here is a third-
order nonlinear optical spectroscopy with respect to the external electric field ampli-
tude. However, since the timescale of the electronic coherence evolution is extremely 
short in comparison with the nuclear dynamics in the electronic ground state, it was 
possible to reduce the third-order nonlinear optical process to a linear response opti-
cal process. The CRS polarization, P r rCRS indt t( , ) ( , ),= m given in Equation 3.106 is 
then written as

	 P r P k k k r
CRS CRS

i i tt t( , ) ( )e ,( ) ( )= - + ⋅ - - +1 2 3 1 2 3w w w
	 (3.108)

where the temporal envelope of the CRS polarization is given as

	
P e e eCRS t E t d E t T E t( ) ( ) ( ) ( ) (* *= + - +

∞

∫3
0

3 2 1 2 1τf τ ταα � TT i- -τ w w τ)e .( )1 2

	
(3.109)

Now, the above third-order polarization acts like a source for generating an electric 
field. From Maxwell’s equations, one can obtain the relationship between the nonlin-
ear polarization and thus generated electric field. Detailed derivation along this line 
is presented in the Appendix. From Equation A.3.6, we find that the CRS electric 
field is given as

E e e eCRS st i E t d E t T E( ) ( ) ( ) ( )* *∝ + -
∞

∫w τf τ ταα3
0

3 2 1 2 1� (( )e .( )t T i+ - -τ w w τ1 2

	
(3.110)
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Depending on the detection method, either homodyne or heterodyne, the inten-
sity (| ( )| )ECRS t 2 or amplitude ( ( ))ECRS t can be measured experimentally. In the fre-
quency domain, the CRS is induced by temporally broad fields so that the pulse 
envelop functions are assumed to be almost constant in comparison to the time scale 
of Raman response function at least. In this case, the frequency-domain CRS field 
intensity is found to be

	
S dCRS

i( ) ( ) e .* ( )w w τf ταα
w w τ

1 2
0

3 2 1

2

1 2- ∝
∞

-∫ �e e e
	

(3.111)

For the sake of comparison, we provide an expression for the spontaneous Raman 
scattering:

	
sSRS

id( ) ( ) ( ) ( ) e ,( )w w τ τ r w w τ
1 2 0 1 2- ∝ < -∞ >

-∞

∞
-∫ a a

	
(3.112)

which is a fourth-rank tensor.

Exercise 3.6
The Kramers-Heisenberg equation for light scattering is well known and can be 
found in many literatures. Show that the Kramers-Heisenberg theory is consis-
tent with the Fourier transform expression of the spontaneous Raman scattering 
in Equation 3.112.

Using the results in Section 3.3, one can perform the rotational averaging of the 
fourth-rank tensorial polarizability-polarizability response function and find 
the relationship between a specific tensor element in a laboratory-fixed frame to 
those in a molecule-fixed frame. The conventional depolarized Raman signal cor-
responds to the YZYZ tensor element of sSRS in Equation 3.112, and the spectrum 
SSRS

YZYZ ( )w w w= -1 2 peaks when the frequency w becomes identical to a molecular 
vibrational frequency. Using the fluctuation-dissipation theorem, one can obtain the  
relationship between the YZYZ tensor element of the CRS susceptibility and the 
depolarized Raman spectrum SSRS

YZYZ ( )w w1 2- as20

	
c w c ww

CRS
YZYZ k T

SRS
YZYZe B( ) ( ) Im ( )/∝ - [ ]- -1 1�

	 (3.113)

where

	
c w τf ταα

wτ
CRS
YZYZ YZYZ id( ) ( )e .=

∞

∫0

�

	
(3.114)

Here,
�
fαα

YZYZ represents the YZYZ tensor element of the rotationally averaged polariz-
ability-polarizability response function of molecules in an isotropic medium.

Exercise 3.7
What are the Raman selection rules? For a solution sample, what are the rota-
tionally invariant CRS susceptibility tensor elements?
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3.6  Hyper-Raman Scattering

Hyper-Raman scattering spectroscopy in frequency domain has been found to be 
useful for measuring the transition probability involving a three-photon process. 
Two photons are absorbed by molecules, and one photon with twice the energy of the 
absorbed photon is emitted. If the difference between the emitted field frequency and 
twice the absorbed field frequency is close to the frequency of a hyper-Raman-active 
mode, the hyper-Raman scattering is resonantly enhanced. In this case, the second-
order induced dipole should be used to describe the effective radiation–matter inter-
action, and the induced dipole is

	 m bind t t( ) ( , ) ( , ),2 2r E r≅ :: 	 (3.115)

and the effective radiation–matter interaction is described as

	 H trad mat- = -b�E r3( , ). 	 (3.116)

Depending on the definition of the first hyperpolarizability b, there appears a constant 
factor 1/2 or 1/6 in literatures—note that it depends on whether the Taylor expansion 
of radiation–matter interaction energy or of electric field-induced dipole with respect 
to electric field is considered. However, such a constant factor will be omitted in 
the following description of the hyper-Raman scattering spectroscopy in the present 
section.

We will specifically consider the coherent hyper-Raman scattering (CHRS) 
experiment based on a transient grating configuration (See Figure 3.2). Two pump 
pulses with center frequencies w1 and w w2 12( )≈ and wavevectors k1 and k2 are used 
to create vibrational transient grating with wavevector 2k1 - k2 in the sample, and 
thus generated transient grating oscillates in time with frequency 2 1 2w w- . In this 
particular case, the frequency-dependent hyperpolarizability operator is defined as5

b m m m( , ) | | | |
( )( )

w w
w w w w1 2 2

1 2

1 1≡ >< ><
- -



�
e e f f

fg egff ge g ≠≠
∑∑

	
+

- -
+

- +
+

+
1 1 1

2 1 1 1 1( )( ) ( )( ) ( )(w w w w w w w w w wfg eg fg eg fg ww weg - 1)

	

+
+ +

+
+ +




1 1

2 1 1 2( )( ) ( )( )
.

w w w w w w w wfg eg fg eg 	

(3.117)

It should be noted that the k1 field interacts twice with the molecule, and that the fre-
quency of the w2-field is close to 2w1 but not exactly 2w1. After a finite delay time T, 
a third pulse with frequency w w3 1( )≈ and wavevector k3 is injected into the sample 
to stimulate the CHRS process. The intensity or amplitude of the signal field with 
wavevector 2k1 - k2 + 2k3 is detected. The first three radiation–matter interactions are 
therefore treated with the effective radiation–matter Hamiltonian in Equation 3.116.  

84291_Book.indb   54 5/11/09   2:12:20 PM



Linear Response Spectroscopy	 55

That is to say, the two interactions between the w1-field and molecular hyperpolar-
izability create an induced dipole, which then interacts with the w2-field. Now, the 
third (k3-) pulse again creates an induced dipole by two interactions with the same 
molecule, and thus the induced dipole radiates the scattering field whose frequency 
is 2 21 2 3w w w- + . In this case of the CHRS spectroscopy, the cause operator, its con-
jugate external field, and effect operator are given as

	
ˆ ( , ), ( , ), ˆ ( , ).A t F t B t= = =b b:: ::E r E r E r1

2
2 3

2and
	 (3.118)

The electric field used for such a CHRS experiment is

E e ek r k r( , ) ( )e ( )er t E t T E t Ti i t i i= + + +⋅ - ⋅ -
1 1 2 2

1 1 2 2w w tt i i tE t c c+ +⋅ -e k r
3 3

3 3( ) e . ..w
	 (3.119)

The effective radiation–matter interaction Hamiltonian that creates hyper-Raman-
active vibrational coherences in the optical sample is

	 H E t T E t Trad mat
i

-
- ⋅= - + +b�e e e k k r

2 1 1 2 1
2 2 1 2* * ( )( ) ( )e -- -i t( ) .2 1 2w w

	 (3.120)

The induced dipole that is responsible for the creation of CHRS field is then

	 m bind
i i tt E t( , ) ( )e .r e e k r= ⋅ -:: 3 3 3

2 2 23 3w
	 (3.121)

From the linear response theory, one can find that the expectation value of the 
above induce dipole at time t is given by

	 bE E2 1
2*

	
m bind t t( , ) ( )r E= < >3

2
0r

	
= - + ⋅ - - +

∞

∫e ( ) (( ) ( )i i t E t d2 2 2 2
3
2

0

1 2 3 1 2 3k k k r w w w
ββτf ττ) *�e e e e e3 3 2 1 1

	
× + - + - -E t T E t T i

2 1
2 2 1 2* ( )( ) ( )e .τ τ w w τ

	 (3.122)

Here, the hyperpolarizability–hyperpolarizability response function, which is a 
sixth-rank tensor, is defined as

f τ q τ τ r q τββ( ) ( ) [ ( ), ( )] ( ) ( ) {≡ < -∞ > = -i i
ege eg� �

b b b b0 ii g i geg egew τ τ w τ τ- --( ) ( )*
}.

	
(3.123)

From Equation 3.122, one can find that the CHRS process is a fifth-order nonlin-
ear optical spectroscopy with respect to external electric field amplitude. The coher-
ent hyper-Raman polarization, P r rCHRS indt t( , ) ( , ),= m given in Equation 3.122 is then 
written as

	 P r k k k r
CHRS CHRS

i it t( , ) ( )e ( ) (= - + ⋅ - - +P 2 2 2 21 2 3 1 2w w w33 )t
	 (3.124)
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where the temporal envelope of the CHRS polarization is given as

P e e e e eCHRS t E t d E t T( ) ( ) ( ) (* *= ⊗ + -
∞

∫3
2

0
3 3 2 1 1 2τf τββ

�
ττ τ w w τ) ( )e .( )E t T i

1
2 2 1 2+ - -

	 	
	

	
(3.125)

Solving the corresponding Maxwell equation with the above CHRS polarization 
treated as a source term, the CHRS electric field generated is given as

	 E PCHRS s CHRSt i t( ) ( ).∝ w 	 (3.126)

In frequency domain, the CHRS is induced by temporally broad fields so that the 
pulse envelope functions are assumed to be constant in comparison to the time scales 
of hyper-Raman nuclear motions. The frequency-domain CRS field intensity is then 
found to be

	
S dCHRS

i( ) ( ) e* (2 1 2
0

3 3 2 1 1
2 1 2w w τf τββ

w w- ∝ ⊗
∞

-∫
�

e e e e e )) .τ
2

	
(3.127)

The spontaneous hyper-Raman scattering signal, which is a sixth-rank tensor, is 
expressed as

	
SSHRS

id( ) ( ) ( ) ( ) e .( )w w τ τ r w w τ
1 2

20 1 2- ∝ < -∞ >
-∞

∞
-∫ b b

	
(3.128)

Using the fluctuation-dissipation theorem, one can find the relationship between the 
spontaneous hyper-Raman scattering spectrum and the Fourier-transformed CHRS 
signal.

Exercise 3.8
What are the hyper-Raman selection rules? Compare them with those of IR 
absorption and Raman scattering.

3.7 IR -Raman Surface Vibrational Spectroscopy

The IR-vis sum frequency generation (IV-SFG) is a three-wave-mixing process, and 
it has been found to be a useful surface vibrational spectroscopy.6, 23 An IR beam that 
is tuned to be in resonance with a certain vibrational mode of molecules adsorbed 
on surface or at interface is used to create a vibrational coherence. Then, an elec-
tronically nonresonant visible beam interacts with the molecule again, and thus cre-
ated electronic coherence or generated induced dipole radiates IR-vis sum frequency 
field. Therefore, the IV-SFG can be viewed as an IR excitation–Raman detection 
technique. Thus, it will be referred to as IR-Raman vibrational spectroscopy. In 
another section we will consider the other case of the so-called Raman-IR surface 
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vibrational spectroscopy, where a vibrational coherence is created by a Raman pro-
cess and then the radiated IR signal field is detected.

The IV-SFG has been known as one of the second-order optical processes, because 
the IV-SFG signal field amplitude is proportional to both IR and visible field ampli-
tudes. However, still it can be considered as a linear response spectroscopy, since it 
probes the linear response of the molecular system with respect to the incident IR 
beam. Note that the difference between this and conventional IR spectroscopy is 
that the probing of vibrational coherence dynamics is performed by using a stimu-
lated Raman measurement. In this section, we will mainly consider the time-domain 
coherent IV-SFG measurement.7 We assume that the IR pulse precedes the visible 
pulse by a finite delay time T. The first radiation–matter interaction Hamiltonian is 
as usual given as

	 H t trad mat IR- ( ) ( , ),= - ⋅m E r 	 (3.129)

where

	 E r e k r
IR IR IR

i i tt E t T c cIR IR( , ) ( )e . .= + +⋅ - w
	 (3.130)

The IV-SFG polarization is the expectation value of the induced dipole at time t, 
where the visible beam-induced dipole operator is

	 m aind vis
i i tt t vis vis( , ) ( )e .r E k r= ⋅ ⋅ - w

	 (3.131)

Here, the E rvis t+ ( , ) component is only considered, since the corresponding radia-
tion–matter interaction is an absorptive process. For this surface IR-Raman spec-
troscopy, the cause operator, its conjugate external field, and effect operator are thus 
given as

	
ˆ ( , ) ˆ ( , ).A F t B tIR vis= = = ⋅ +m a, , andE r E r

	
(3.132)

The expectation value of the above induced dipole in Equation 3.131 is then found 
to be

	
mEIR

P r EIR Raman vist t- ( , ) ( )= < >a r 0

	
= ⋅ - +

∞

∫e ( ) ( ) :( ) ( )i i t
vis

IR vis IR vis E t dk k r+ w w
αmτf τ

0
ee evis IR IR

iE t T IR( )e .+ - τ w τ

	
(3.133)

Note that the phase-matching condition suggests that the IV-SFG field radiated by 
the above polarization propagates in the direction of k kIR vis+ and oscillates with 
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frequency w wIR vis+ . Here, the dipole-polarizability response function, which is a 
third-rank tensor, is defined as

	
f τ q τ τ rαm ( ) ( ) [ ( ), ( )] ( ) .≡ < -∞ >i

�
a m 0

	
(3.134)

For a two-level system, we have

	
f τ q ταm

w τ τ w τ τ( ) ( ) { }.( ) ( )*= -- - -i
e ege eg

i g i geg eg

�
a m

	
(3.135)

This result shows that the IV-SFG-active vibrational mode should be both Raman- 
and IR-active, which is a critical selection rule for the IV-SFG.

From Equation 3.133, the temporal envelop of the IV-SFG polarization is given as

	
P e eIR Raman vis vis IR IRt E t d E t T-

∞

= + -∫( ) ( ) ( ) : (τf ταm
0

ττ w τ)e .i IR

	
(3.136)

The signal field amplitude is, with the phase-matching geometry,

	
E e eIR Raman s vis vis IR IRt i E t d E t-

∞

∝ ∫( ) ( ) ( ) : (w τf ταm
0

++ -T i IRτ w τ)e .
	

(3.137)

Note that the signal field amplitude depends on the delay time T. If the IR pulse 
width is much smaller than the time scales of nuclear vibrations, one can assume 
that E t T E t TIR IR( ) ( ).+ - = + -τ δ τ Then, the signal field amplitude becomes sim-
plified as

	
E e eIR Raman s vis vis IRt i E t t T- ∝ +( ) ( ) ( ) : .w fαm 	

(3.138)

If the temporal envelope of the incident visible pulse is short enough to replace that 
with a Dirac’s delta function, the measured signal field amplitude with respect to 
the delay time T is just linearly proportional to the dipole-polarizability response 
function, fαm ( ) : .T vis IRe e One can easily obtain the IV-SFG susceptibility by using 
Equations 3.41 and 3.135 so that we won’t provide any further discussion on the 
frequency-domain IV-SFG. Before this section is closed, it should be mentioned that 
the dipole-polarizability response function for molecules adsorbed on surface or at 
interface should be averaged over all possible orientations of adsorbed molecules. 
Let us denote the orientation distribution function as P( , ).q f Then, the averaged sig-
nal field that is directly related to experimental observable is given as

	

�
E EIR Raman IR Ramant d d t P- -= ∫∫( ) sin ( ; , )( )1

4
2

p
q q f q f (( , ).q f

	
(3.139)

Thus, the surface-specific vibrational spectra via IV-SFG measurements can provide 
detailed information on the orientation distribution of adsorbed molecules on surface.
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3.8 R aman-IR Surface Vibrational Spectroscopy

The IV-SFG spectroscopy discussed earlier is to measure the vibrational coher-
ence created by the interaction between an IR field and a resonant vibrational mode. 
Instead, it is possible to use two (or one impulsive) electronically nonresonant beams 
to create vibrational coherences of Raman-active modes and then to detect coher-
ently radiated IR signal field. The energy-level diagram for such a Raman-IR (sur-
face difference frequency generation) experiment is shown in Figure 3.3. In this case, 
the effective radiation–matter interaction Hamiltonian is

	 H trad mat- = -a :: E r2( , ). 	 (3.140)

Particularly, let us consider the case when two pump pulses with center frequen-
cies w1 and w2 and wavevectors k1 and k2 are used to create transient grating with 
wavevector k1 - k2 in the sample on surface or at interface. Then, the coherently 
radiated field toward the direction of k1 - k2 with frequency w1 - w2 is detected. 
The interaction between the w1-field propagating in the k1 direction and molecu-
lar polarizability creates an induced dipole, which then interacts with the w2-field 
propagating in the -k2 direction. Since the two pump pulses overlap in time, there 
is no time-ordering of these two radiation–matter interactions. However, due to the 
phase-matching condition, the signal field emitting in the specific direction of k1 - k2 
can be selectively measured.

For this surface Raman-IR spectroscopy, the cause operator, its conjugate exter-
nal field, and effect operator are given as

	
ˆ ( , ), ( , ), ˆA t F t B= ⋅ = =a mE r E r1 2 and .

	 (3.141)

Here, the total electric field used for this CRS experiment is given as

	 E e ek r k r(r ), ( )e ( )e .t E t E t ci i t i i t= + +⋅ - ⋅ -
1 1 2 2

1 1 2 2w w cc.. 	 (3.142)

|e>
|g>

|e>
|g>

Virtual states Virtual states

IR-Raman
(IR-vis SFG)

Raman-IR
(vis-vis DFG)

kvis, ωvis –k2, –ω2k1, ω1kIR + kvis, ωIR + ωvis

k1 – k2, ω1 – ω2kIR, ωIR

Figure 3.3  Time-resolved IR-Raman (IR-vis sum frequency generation) and Raman-IR 
(vis–vis difference frequency generation) spectroscopy.
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Since the effective radiation–matter interaction Hamiltonian that creates Raman-
active vibrational coherences in the optical sample is

	 H E t E trad mat
i i

-
- ⋅ - -= -a :: e e k k r

2 1 2 1
1 2 1 2* * ( ) (( ) ( )e w w ))t

	 (3.143)

the Raman-IR polarization, from the linear response theory, is found to be

P rRaman IR t-
( ) ( , )2

	

	 aE E2 1
*

	
= < >m r( )t0

	
= -⋅ - +

∞

∫e ( ) : ( )( ) ( ) * *i i t d E tk +k r e e1 2 1 2

0
2 1 2

w w
mατf τ τ EE t i

1
1 2( ) e .( )- -τ w w τ

	
(3.144)

Here, the polarizability-dipole response function, which is a third-rank tensor, is 
defined as

	
f τ q τ τ rmα ( ) ( ) [ ( ), ( )] ( ) .≡ < -∞ >i

�
m αα 0

	
(3.145)

Note that the selection rule of this Raman-IR spectroscopy is that the vibrational 
degrees of freedom should be both IR- and Raman-active, which is identical to that 
of the IR-Raman spectroscopy discussed earlier.

The present Raman-IR spectroscopy is surface-specfic Raman spectros-
copy. Therefore, noting that the IR-Raman spectroscopy is a surface-specific IR  
spectroscopy, the Raman-IR spectroscopy can provide complementary infor-
mation on the Raman-active modes of molecules on surface or at interface. In 
addition, by using a femtosecond laser pulse to create a spectrally wide range of 
vibrational coherences and by detecting the dispersed spectrum of the emitted IR 
signal field, one can obtain the vibrational spectrum in a broad frequency range 
in femtosecond time scale. Much like the CRS spectroscopy that has been used 
to study vibrational dynamics of molecules in solutions, the Raman-IR technique 
discussed in this section is a surface Raman spectroscopy that should be of use 
for studying vibrational dynamics of molecules on surface and at interface with a 
broken centrosymmetry.

We thus have a series of one-dimensional spectroscopic techniques that are 
capable of providing complementary information on vibrational dynamics. The IR 
absorption and Raman scattering are useful vibrational spectroscopic methods for 
molecules in an isotropic medium. On the other hand, the IR-Raman and Raman-IR 
three-wave-mixing spectroscopic methods discussed above are surface vibrational 
spectroscopy and form complementary tools.
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APPENDIX: Nonlinear Polarization  
and Generated Signal Electric Field

In this appendix, a theoretical description of the relationship between the nonlinear 
polarization and signal electric field generated is presented. Let us consider the case 
when the nonlinear polarization created in the optical medium is given as

	 P r P k r( ) ( )( , ) ( )exp( ),n n
s st t i i t= ⋅ - w 	 (A.3.1)

where ks and ws are the wavevector and frequency of the material polarization. Let 
us assume that the direction of ks vector is taken to be along the Z-axis and that the 
optical sample thickness is L. The above nonlinear polarization is then the source for 
generating a new electric field. In the limiting case when the signal field is weakly 
absorbed by the optical medium, the linear susceptibility is purely real and the 
Maxwell equation for the electric field is

	
∇ × ∇ × + ∂

∂
= - ∂

∂
E r E r P r( , ) ( , ) ( , ).( )t

n
c t

t
c t

tn
2

2 2 2 2

42 2p
	

(A.3.2)

Note that the refractive index n is related to the real part of the linear susceptibility 
as Equation 3.93. For the nonlinear polarization given in Equation A.3.1, we look for 
a solution for E r( , )t of the form:

	 E r E k r( ) ( )( , ) ( )exp( ) . ..n n
s st t i i t c c= ′ ⋅ - +w 	 (A.3.3)

In general, due to the frequency dependency of the refractive index n( )w , the 
wavevector of the newly generated electric field, ′ks , can be slightly different from 
ks. Now, assuming that the temporal envelopes of P r( ) ( , )n t and E r( ) ( , )n t , which were 
denoted as P( ) ( )n t and E( ) ( )n t , respectively, are slowly varying functions in time in 
comparison with the optical period, we get

	
ik

z
t

c
t i k zs

n s n
s

' ( ) ( )( ) ( )exp{ },
∂
∂

= -E P
2 2

2

pw D
	

(A.3.4)

where Dks s s= - ′| |k k . The electric field amplitude at the rear boundary at z = L, is 
obtained by taking integration of Equation A.3.4 from 0 to L, and we get

	
E P( ) ( )( )

( )
( )exp( / )

sin(
n s

s

n
s

st
i L

n c
t i k L

k L
= 2

2
p w
w

D
D // )

/
.

2

2Dk Ls 	
(A.3.5)

The phase-matching condition is the case when sin( / )/( / )D Dk L k Ls s2 2  can be approx-
imated as a Dirac delta function. In this ideally phase-matched case, we have

	 E P( ) ( )( ) ( ).n
s

nt i t∝ w 	 (A.3.6)

Note that the signal electric field amplitude is linearly proportional to the nonlinear 
polarization amplitude.
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4 Second-Order Response 
Spectroscopy

If a spectroscopic observable is linearly proportional to an effective radiation–
matter interaction and is fully described by the corresponding linear response 
function, it was considered to be a linear response spectroscopic technique. In 
the chapter entitled “Linear Response Spectroscopy,” a few different linear spec-
troscopic methods were discussed in detail. In time-domain experiments, one 
can measure the linear response of the optical sample as a function of time T.  
In principle, the same molecular responses and spectroscopic properties are 
included in the linear susceptibility in frequency domain, because the frequency- 
dependent susceptibility is related to the time-domain response function via 
Fourier-Laplace transformation.

Now, two-dimensional (2D) spectroscopy is defined as a method that the spectro-
scopic observable is a function of two different time variables or conjugate frequency 
variables that are experimentally controlled.1–5 There are numerous 2D spectroscopic 
methods differing from one another by the sequence of radiation–matter interactions 
inducing multiple optical transitions between matter’s quantum states.1, 6 Depending on 
the number of effective field-matter interactions, one can classify those multidimensional 
spectroscopic methods as second-, third-, or even higher-order nonlinear spectroscopy.

One of the interesting 2D spectroscopies is doubly resonant SFG, where two dif-
ferent incident field frequencies w1 and w2 are tuned to be in resonances with two 
different electronic or vibrational transitions. Then, the measured SFG signal field 
amplitude or intensity becomes a function of the two frequencies w1 and w2. For 
instance, if w1 and w2 are close to two vibrational transition frequencies wa and wb, 
the SFG spectrum in a two-dimensionally displayed frequency space would exhibit 
a peak at w w1 = a and w w2 = b. It was shown that such a cross-peak when w wa b≠  
results from mechanical and/or electric anharmonicity-induced couplings, which are 
critically dependent on the structure and dynamics of molecules in general. This will 
be discussed in a later chapter. The SFG spectroscopy involves two radiation–matter 
interactions. However, there are many different types of 2D spectroscopic methods, 
much like the cases of various linear spectroscopic methods that are different from 
one another by the involved effective radiation–matter interactions chosen from the 
list in Scheme 3.1.

In this book, the second-order response spectroscopy refers to the case when 
a spectroscopic observable is second order with respect to the effective radiation- 
matter interaction Hamiltonians listed in Scheme 3.1. Then, the corresponding sec-
ond-order response in time is a function of two time variables, t1 and t2. The second-
order susceptibility is thus a 2D function of the conjugate Fourier frequencies w1 and 
w2. Here, it should be mentioned that the second-order response spectroscopy does not 
refer to those whose signal intensity is proportional to the square of incident electric  
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field intensity. Bearing this in mind, let us consider the radiation–matter interaction 
Hamiltonian associated with the second-order response spectroscopy,

	 H t t trad mat- ( ) ˆ ( , ) ˆ ( , )= - ⋅ - ⋅V F r V F r1 1 2 2 	 (4.1)

where seven possible conjugate pairs of V̂  and F r( , )t  were discussed in Chapter 
3 (see Scheme 3.1). From the definition of the second-order response spectroscopy 
above, the signal amplitude (intensity) is then linearly proportional to external field 
amplitudes F1 and F2 (intensities |F1|2 and |F2|2). Here, the external field F r( , )t  can be 
E r B r E r E r E r B r B r( , ), ( , ), ( , ), ( , ), ( , ) ( , ), ( ,t t t t t t∇ 2 tt t t t t) ( , ), ( , ) ( , ), ( ( , ))E r E r E r E r∇ ∇
E r( , )t , or E r3( , )t , depending on the effective radiation–matter interaction Hamil- 
tonian that is relevant to specific experiment of interest.

Although one particular type of 2D spectroscopic techniques, which was based 
on the second-order response measurement, was mentioned above (e.g., SFG), there 
is another type of 2D spectroscopy that has been extensively used. Two representa-
tive examples are 2D pump–probe and photon echo methods, and they are based on 
a four-wave-mixing scheme.1–4, 7 Using three laser pulses to create two electronic or 
vibrational coherences separated in time T, one can measure the correlation ampli-
tude of the two coherences in time. This is known as photon echo.8–10 The 2D photon 
echo spectrum have been obtained by taking double Fourier-Laplace transforma-
tions of the time-resolved photon echo signal.2, 3, 11 However, in this case the spec-
troscopic observable, for example, heterodyne-detected photon echo spectrum, is 
produced by three radiation–matter (electric dipole-electric field) interactions. We 
shall classify such type of 2D spectroscopy as a third-order response measurement 
method, because it involves three radiation–matter interactions even though its 2D 
representation in the frequency domain has been reported for the sake of simplicity 
in presenting the complicated four-dimensional data, that is, signal amplitude versus 
three conjugate Fourier frequencies.

In this chapter, we shall focus on the second-order response spectroscopy. Depen- 
ding on the choice of the two effective radiation–matter interaction energy operators  
in Equation 4.1, there are a number of different second-order response spectroscopic 
methods in general. Among them, only a few simple cases will be discussed in detail, 
but the other possibilities can be easily explored by using the general theoretical 
framework presented in this chapter.

4.1  Second-Order Response Function

The observable in a second-order response spectroscopy is assumed to be repre-
sented by an effect operator B̂. The second-order response spectroscopy involves 
two actions of cause operators that could be identical to or different from each other. 
The two cause operators are denoted as Â1 and Â2 and the conjugate external fields 
are F t1( ) and F t2( ), respectively. The cause operators can induce quantum transitions 
between the system’s two different stationary states. Then, the total Hamiltonian can 
be written as

	
ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ).H t H t H t H t A F t A F t= + ′ = - -0 0 1 1 2 2 	 (4.2)
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The expectation value of B̂ is measured at time t, when the matter interacted with 
both F t1( ) and F t2( ). We now look for the convolution expression for the expecta-
tion value of the effect-operator B̂ at time t, that is, B t( ), in terms of the second-
order response function and external fields. In particular, we will consider the case 
when B t( ) is linearly proportional to both F t1( ) and F t2( ). Without loss of generality, 
we shall assume that the radiation–matter interaction F t1( ) field precedes that with
F t2( ) field. In frequency domain, one should include all possible permutations of 
radiation–matter interaction sequences.

From the second-order time-dependent perturbation theory (see Equations 2.80 
and 2.92), we have

B t B tA A( ) ˆ ( )( )= < >r
2 1

2

	
= < >ˆ ( )B tr 0

	
= 



 < ′∫ ∫i

d d BV t L V
t

t

t�

2

2 1 0 2 2 0 2
0 0

2

τ τ τ τ τ
τ

ˆ ( , ) ( ) ( ,, ) ( ) ( , ) ( )τ τ τ r1 1 0 1 0 0′ >L V t t

	
= 



 <∫ ∫i

d d B t A A
t

t

t�

2

2 1 2 2 1
0 0

2

τ τ τ
τ

[[ ˆ( ), ˆ ( )], ˆ (ττ r τ τ1 0 2 2 1 1)] ( ) ( ) ( ).t F F>
	

(4.3)

Now, changing the integration variables and assuming t0 = -∞, we find that

	
B t dt dt t t F t t F t t tBA A( ) ( , ) ( ) (= - - -

∞ ∞

∫ ∫2
0

1
0

2 1 2 2 1 22 1
f 11).

	
(4.4)

The second-order response function is defined as

	
f q qBA A t t

i
t t B t t

2 1 2 1

2

2 1 2 1( , ) ( ) ( ) [[ ˆ( ), ˆ= 



 < +
�

AA t A2 1 1 0( )], ˆ ( )] ( ) .r -∞ >
	

(4.5)

Due to the causality condition, two heavy-side step functions are included in Equa- 
tion 4.5. Expanding the two commutators in Equation 4.5, one can rewrite it as

	
f q qBA A t t

i
t t B t t A

2 1 2 1

2

2 1 2 1 2( , ) ( ) ( ){ ˆ( ) ˆ= 



 < +
�

(( ) ˆ ( ) ( )t A1 1 0 r -∞ >

	 - < + -∞ >ˆ ( ) ˆ( ) ˆ ( ) ( )A t B t t A2 1 2 1 1 0 r

	 - < + -∞ >ˆ ( ) ˆ( ) ˆ ( ) ( )A B t t A t1 2 1 2 10 r

	 + < + -∞ >ˆ ( ) ˆ ( ) ˆ( ) ( ) }.A A t B t t1 2 1 2 10 r 	 (4.6)
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Inserting Equation 4.6 into Equation 4.4 for B t( ) gives four different terms and the 
corresponding diagrams are

	
< -∞ >ˆ ( )B r

	
< -∞ >ˆ ( )B r

	
< -∞ >ˆ ( )B r

	
< -∞ >ˆ ( ) .B r

	
(4.7)

The physical meaning of the second-order response function in Equation 4.4 can be 
understood by considering the limiting case when the first pulsed field arrives at the 
optical sample first at t = -T and the second pulse does at t = 0. Then, the external 
fields are approximately written as

	 F t F t T e i t
1 1

1( ) ( )= + -δ w

	 F t F t e i t
2 2

2( ) ( ) .= -δ w
	 (4.8)

In this impulsive limit, we have

	
B t F F t T i TBA A( ) ( , ) exp( ).= 1 2 12 1

f w
	 (4.9)

This shows that the second-order response function describes the average B value 
of matter that has experienced two time-separated external perturbations by F1 and 
F2 at t = 0 and t = T. Since there are two controllable time delays between the first 
and second pulsed fields and between the second pulsed field and the measurement 
time t, the observable B t( ) is a function of two time variables, that is, B t T( , ). Then, 
two-dimensional Fourier transformation of B t T( , ) with respect to t and T gives the 
2D spectrum �B t T( , ).w w This is why the second-order response spectroscopy is a 
2D technique that is capable of providing critical information on nonlinear optical 
properties as well as on structure and dynamics of molecules under investigation. 
In a later chapter we will show that the second-order response spectroscopy can be 
of use to delineate hidden secondary spectroscopic properties such as electric and 
mechanical anharmonicity-induced couplings between two different vibrational 
modes.

Now, because of the causality conditions, one can rewrite Equation 4.4 as

	
B t dt dt t t F t t F t tBA A( ) ( , ) ( ) (= - -

-∞

∞

-∞

∞

∫ ∫2 1 2 1 2 2 1 22 1
f -- t1). 	 (4.10)
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Considering the Fourier transforms of the two external fields and of the second-order 
response function,

	
�F dt F t ei t
1 1( ) ( )w w=

-∞

∞

∫

	
�F dtF t ei t
2 2( ) ( )w w=

-∞

∞
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c w w f w
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2 1 2 1
2 2

2 1 2 1 2 1( , ) ( , )=
-∞

∞

-∞

∞

∫ ∫ ++i tw1 1 ,
	

(4.11)

one can rewrite the expectation value of the effect operator B̂ as

B t d d FBA A( ) ( , )= 



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-∞

∞

-∞

∞

∫ ∫1
2

2

2 1 2 1 12 1p
w w c w w w �

22 2 1 1
2 1( ) ( ) .( )w w w w�F e i t- +

	
(4.12)

In the case when the measured value is detected in frequency domain, the spectrum 
of B t( ) can be directly measured and it is given as

	

� �B d d FBA A( ) ( , )w
p

w w c w w w= 

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(4.13)

Complete information on the second-order response of molecular system against 
the external perturbation ˆ ( )( ˆ ( ) ˆ ( ))′ = - -H t A F t A F t1 1 2 2 is thus included in either the 
second-order response function fBA A t t

2 1 2 1( , ) in time domain or the 2D susceptibility 
c w wBA A2 1 2 1( , ) in frequency domain. Since the impulsive limit of the second-order 
response spectroscopy was already discussed above, let us consider the other limit-
ing case that the temporal envelope functions of the external fields are constant in 
time. Assuming that the two field frequencies are denoted as W1 and W2, we have

	 �F iF1 1 1 12( ) { ( ) ( )}w p δ w δ w= - - +W W

	
�F iF2 2 2 22( ) { ( ) ( )}.w p δ w δ w= - - +W W 	 (4.14)

Then,

	
B t F F eBA A

i t
BA A( ) ( , ) (( )= - + + --

1 2 2 1 1 22 1
2 1

2 1
c cW W W WW W WW W W W

1 1
2 1, ) ( )-{ - -e i t

	
- + - - - -- +c cBA A

i t
BA Ae

2 1
2 1

2 12 1 1 2 1 1( , ) ( , )( )W W W W W WW W eei t( ) .W W2 1+ }
	 (4.15)

84291_Book.indb   67 5/11/09   2:12:51 PM



68	 Two-Dimensional Optical Spectroscopy

Using a specific experimental scheme, one can measure one of the four terms 
separately. In particular, the first and second terms describe difference frequency 
generation (DFG) processes because its oscillation frequency is identical to the dif-
ference of the two external field frequencies. On the other hand, the third and fourth 
terms are related to SFGs.

4.2  Three-Level System and Line-Broadening Function

The linear response spectroscopy discussed in a previous chapter has been found 
to be useful to probe a single quantum transition between two stationary states of 
matter. However, the second-order response requires at least two radiation–matter 
interaction-induced transitions so that a three-level system (3LS) can be the simplest 
but useful model to be considered. The 3LS Hamiltonian is written as

	
ˆ | | | | .H e e f fLS eg fg3 = > < + > <� �w w

	 (4.16)

Here, in addition to the ground and excited states, | g > and | e >, the ket vector of the 
third state denoted as | f > is needed.

For example, doubly resonant SFG involves a sequence of transition from g 
to e to f state, where the third state is one of the high-lying excited states that 
is accessible from e as well as from g via electric-dipole-induced optical transi-
tions. The above 3LS is also a good model for vibrational states of an anharmonic 
oscillator. Most of 2D vibrational spectroscopy of anharmonic oscillators involves 
vibrational transitions up to the second excited state, which is either overtone or 
combination state. For a single anharmonic oscillator, the fundamental transition 
frequency is w w weg e g= - . The frequency difference between the second excited 
(overtone) state and the first excited state, w w wfe f e= - , is slightly different from 
weg due to the overtone anharmonicity of the potential function.

When three-level chromophores are dissolved in solution, system–bath interac-
tions cause fluctuations of transition frequencies, dephasing, relaxation, spectral dif-
fusion, and so on. The matter Hamiltonian therefore consists of three terms,

	
ˆ ˆ ˆ ˆ .H H H Hmat LS B SB= + +3 	 (4.17)

The system–bath (chromophore–bath) interaction Hamiltonian, denoted as ĤSB, is 
assumed to be diagonal with respect to the system eigenstates as

	
ˆ ( ) | | ( ) | |,H V e e V f fSB eg fg= >< + ><q q

	 (4.18)

where the bath degrees of freedom are denoted as q and the potential energy differ-
ences between a pair of system states are defined as

	
V V Veg e g( ) ( ) ( )q q q= -

	
V V Vfg f g( ) ( ) ( )q q q= -

	
V V Vfe f e( ) ( ) ( ).q q q= -

	 (4.19)
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Therefore, we have

	

ˆ { ( ) ( )} | | ˆ ˆ

, ,

H V H m m H Hmat m m B

m g e f

= + + >< = + ′
=
∑ �w q q 0

	

(4.20)

where

	

ˆ { ( ) ( )} | |
, ,

H V H m mg g B

m g e f

0 = + + ><
=
∑�w q q

	

ˆ { ( )} | | .
, ,

′ = + ><
=
∑H V m mmg mg

m g e f

�w q

	

(4.21)

We will consider the ground-state adiabatic Hamiltonian ˆ ( )Hg q , which is defined as 
ˆ ( ) ( ) ( ),H V Hg g g Bq q q= + +�w as the reference Hamiltonian. Then, ˆ ( )He q and ˆ ( )H f q   

can be written as

	
ˆ ( ) ˆ ( ) ( )H H Ve g eg egq q q= + +�w

	
ˆ ( ) ˆ ( ) ( ).H H Vf g fg fgq q q= + +�w 	 (4.22)

Treating ˆ ( )Hg q as the zero-order Hamiltonian and taking the last two terms on the 
right-hand side of Equation 4.22 as the perturbation Hamiltonian, we find that in the 
interaction picture, the forward and backward time evolution operators determined 
by ˆ ( )He q and ˆ ( )H f q are
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exp ˆ exp( )exp ˆ exp-
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i
d Uf fg
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
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0 





exp ˆ ,

i
H tg� 	

(4.23)

where, for j = e and f,

	
w wjg jg jgV= + < >( ) /q �

	
U V Vjg jg jg≡ - < >( ) ( )q q

	  
U t U t

i
H t U

i
Hjg jg B jg B( ) ( ( )) exp ˆ ( )exp ˆ= = 



 -q q

� �
tt



 .

	
(4.24)
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Here, < >Veg( )q and < >Vfg( )q are the average values over the ensemble, when the 
system is on the ground state.

The initial density operator may be written as a product of the system and bath 
density operators as

	
r r r( ) ( ) ( ).-∞ = -∞ -∞S B 	 (4.25)

For the sake of simplicity, we will assume that �weg Bk T>> and �w fg Bk T>> . Thus, 
the populations of the two excited states at thermal equilibrium state will be ignored. 
Therefore, the initial density operator is

	
r r( ) | ( ) |-∞ = > <g gB q

	
= >

< >
<

-

-
| | .

ˆ ( )

ˆ ( )
g

e
e

g
H

H
B

B

B

β

β

q

q
	

(4.26)

Using the operator identities in Equation 4.23 and using the cumulant expansion 
method briefly outlined earlier, one can find that the second-order response function 
is given as the sum of four different terms,

	

f q qBA A gf fet t
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2
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(4.27)

where the two line-shape functions associated with different second-order transition 
pathways are
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(4.28)

Note that each term in Equation 4.27 is written as a product of transition strength, 
coherence oscillation term, and line-shape function, that is,

	

i
t t B A A i tgf fe eg fg�





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2

2 1 2 1 2q q w( ) ( )[ ] [ ] [ ] exp( -- i t G t tegw 1 1 2 1) ( , )

	
Transition strength Coherence oscillation Line shape
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The first two terms on the right-hand side of Equation 4.27 correspond to the fol-
lowing two time-correlation functions (see Equation 4.6),

	

i
t t B t t A t A

�




 < + -∞
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(4.29)

Furthermore, they can be represented by the following two diagrams:

	
< >< >ˆ | |B g g 	

	      < >< >ˆ | | .B g g 	
(4.30)

In the first diagram, the system is on the coherence reg
( )1  during the first t1 period. 

Then, after an additional radiation–matter interaction, it is promoted to another 
coherence r fg

( )2  during the t2 period. Thus, the expectation value from the first dia-
gram is an oscillating function ( exp( ))≈ -i tfgw 2 with frequency w fg. On the other 
hand, the second diagram, even though the first coherence is identical to that of the 
first diagram, shows that the system is on the coherence ref

( )2 during the t2 period. 
Therefore, the B t( ) from the second diagram oscillates differently as exp( )-i tefw 2 . 
Thus, these two contributions to B t( )  are distinctively different from each other in 
their oscillating patterns.

The second-order cumulant expansion method can be used to obtain the two line-
shape functions in Equation 4.28 and the resultant expressions are found to be1, 12, 13
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(4.31)
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(4.32)

f      e
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where

	
C t U t Uff fg fg B B( ) ( ) ( )= < >1

0
2�

r

	
C t U t Uee eg eg B B( ) ( ) ( )= < >1

0
2�

r

	
C t U t Ufe fg eg B B( ) ( ) ( ) .= < >1

0
2�

r
	

(4.33)

Exercise 4.1
Derive Equations 4.31 and 4.32 from Equation 4.28. Hints: (1) Expand the posi-
tive and negative time-ordered exponential operators. (2) Ignore the first-order 
expansion terms with respect to Ujg (for j = e and f) because they vanish when 
the fluctuating difference potentials obey Gaussian statistics. (3) Consider terms 
that are second-order with respect to Ujg (for j = e and f). (4) Rewrite the series 
as normal exponential functions as an approximation.

The third frequency–frequency correlation function C tfe( ) in Equation 4.33 describes 
how strongly the fluctuating transition frequency between g and f correlates with that 
between g and e. If such a cross-correlation amplitude is small in comparison to 
C ff ( )0 and Cee( )0 , that is,

	
C C Cff ee fe( ) ( ) ( ),0 0 0≈ �

	 (4.34)

the line-shape functions in Equations 4.31 and 4.32 are simplified as

	
G t t g t g tff ee1 2 1 2 1( , ) exp{ ( ) ( )}= - -

	
G t t g t g t tff ee2 2 1 2 1 2( , ) exp{ ( ) ( )}.*= - - +

	 (4.35)

Here, the line-broadening functions, associated with time-correlationsU tfg( ) and
U teg( ), are defined as

	
g t d d Cff

t
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2
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1
0

1

2

	
g t d d Cee

t

ee( ) ( ).= ∫ ∫τ τ τ
τ

2
0

1
0

1

2

	
(4.36)

The approximation in Equation 4.34 will be called the uncorrelated frequency  
fluctuation (UFF) approximation.14
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The line-shape functions discussed above ignored the lifetime-broadening effects. 
By denoting the lifetimes of e and f states as Te  and Tf  , respectively, the line-shape 
functions should be corrected as (for j = 1 and 2)

	
G t t G t t t T t Tj j f e( , ) ( , ) exp( / / ).2 1 2 1 2 12 2→ - -

	 (4.37)

The lifetime-broadening process, which is induced by radiative, nonradiative, 
intramolecular vibrational energy relaxation and so forth, is an important fac-
tor in describing detailed spectral line shape. However, throughout this book, we 
will take it into account in an ad hoc manner as shown above, and unless it is 
necessary, such an exponentially decaying factor will be omitted for the sake of 
simplicity. It is also noted that the pure dephasing timescale is quite often much 
shorter than lifetimes of excited states. Thus, the entire line-broadening function 
associated with the second-order response spectroscopy such as SFG is usually 
determined by the system–bath interaction-induced dephasing that is described in  
Equations 4.31 and 4.32.

In the Markovian limit, one can replace the time correlation functions in Equation 
4.33 with very quickly decaying exponential functions as, with large Gff  and Gee,

	
C t C t C t Cff ff ff ee ee ee( ) ( )exp( ) ( ) ( )exp(= - = -0 0G Gand tt).

	 (4.38)

Using the UFF approximation in Equation 4.34, one finds that the two line-shape 
functions G t t1 2 1( , )  and G t t2 2 1( , ) are simplified as

	
G t t t tff ee1 2 1 2 1( , ) exp{ }= - -g g

	
G t t t tff ee ee2 1 2 2 1( , ) exp{ [ ] },= - + -g g g

	 (4.39)

where the dephasing constants are defined as g ff ff ffC= ( )/0 G and g ee ee eeC= ( )/ .0 G In 
this simple case, the two-dimensional Fourier-Laplace transform of G t tj ( , )2 1 , which 
is defined as
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2 1 2

0
1

0
2 1

2 2 1 1=
∞ ∞

+∫ ∫ 	
(4.40)

is

	

�
G

i iff ee
1 2 1

2 1

1
( , )

( )( )
w w

w g w g
= -

+ + 	
(4.41)

	

�
G

i iff fe ee ee
2 2 1

2 1

1
1 2

( , )
( [ ( ) ])( )

.w w
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From these results, the second-order susceptibility in 2D frequency space is
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(4.43)

As will be shown later in this chapter, the first term on the right-hand side of Equation 
4.43 is directly related to the SFG in the case when w wfg eg> and the generated field 
frequency is the sum of the two incident beam frequencies.

In the inhomogeneous broadening limit, the two line shape functions in Equation 
4.35 can be written as

	
G t t t tff ee1 2 1

2
2
2 2

1
21

2
1
2

( , ) exp= - -{ }D D

	
G t t tff fe ee ee2 2 1

2 2
2
2 21

2
1 2

1
2

( , ) exp ( )= - - +  -D D Dδ tt12{ }.
	

(4.44)

Then, 2D Fourier-Laplace transformation of the second-order response function in 
this case can be performed to obtain the corresponding susceptibility.

Exercise 4.2
Obtain the expression for the second-order susceptibility in this inhomogenous 
broadening limit.

Despite that the two line-broadening cases were discussed previously, a more general 
approach is to use the spectral density representation of the system–bath interaction, 
which was already discussed and applied to the linear response function in a previ-
ous chapter. We shall not provide any further discussion along this line, but the fol-
lowing exercise deals with such an extension.

Exercise 4.3
The three time-correlation functions in Equation 4.33 can be expressed as inte-
grals of spectral densities r w r wff ee( ), ( ), and r wfe( ), respectively. In the limiting 
case when there is no cross-correlation between two different fluctuating differ-
ence potentials, that is, C tfe( ) = 0 for f e≠ , what are the expressions for G t t1 2 1( , ) 
and G t t2 1 2( , ) in terms of the two spectral densities, r wff ( ) and r wee( )?
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4.3  Sum frequency Generation

One of the most widely used second-order response measurement methods is the 
sum frequency generation (SFG) spectroscopy. The first interaction of matter with 
E1 electric field component ( ( , ))E r1

+ t propagating in the direction of k1 induces an 
absorptive transition from g to e, and the second one with E2 electric field component
( ( , ))E r2

+ t propagating along the k2 direction subsequently induces another absorp-
tive transition from e to f. Then, thus created coherence r fg

( )2 radiates electric field 
whose frequency is the sum of the E1 and E2 field frequencies (see Figure 4.1). Since 
all three radiation–matter interactions including the last spontaneous emission pro-
cess are between electric dipole and electric fields, the two cause operators, their 
conjugate fields, and effect operator are

	
ˆ ( ) ( )eA F t E t i i t

1 1 1 1
1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )eA F t E t i i t

2 2 2 2
2 2= ⋅ ⋅ -m e k r w

	 B = m. 	 (4.45)

Using the second-order response function theory in Section 4.1, one finds that the 
expectation value of the effect-operator, which is the second-order SFG polarization, 
is given as

P r k k r
SFG

i i tt dt dt( , ) e ( ) ( )= ⋅ - +
∞ ∞

∫ ∫1 2 1 2
2

0
1

0

+ w w
mmmf (( , ) : ( ) ( )

e ( )

t t E t t E t t t

i t i

2 1 2 1 2 2 1 2 1

1 2 2

e e - - -

× + +w w w11 1t , 	
(4.46)

where the third-rank tensorial all-electric-dipole second-order response function is 
defined as

	
f q qmmm( , ) ( ) ( ) [[ ( ), (t t

i
t t t t t2 1

2

2 1 2 1 1= 



 < +
�

mm m ))], ( )] ( ) .m 0 r -∞ >
	

(4.47)

|g> |g>

|e>

|e>

SFG

| f>

|f>

DFG

k2, ω2

k1, ω1 k1, ω1k1 + k2, ω1 + ω2

–k2, –ω2

k1 –  k2, ω1 – ω2

Figure 4.1  Energy level diagrams of SFG and DFG. Thin arrows represent the radiation–
matter interaction-induced transitions. The thick arrow is the radiative transition.
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Using Equation A.3.6, we find that the rotationally averaged signal field ampli-
tude is, with the phase-matching geometry of ks = k1 + k2,

	

� �
E e eSFG st i dt dt t t E t t( ) ( , ) : (= -

∞ ∞

∫ ∫w fmmm2
0

1
0

2 1 2 1 2 22 1 2 1
1 2 2 1 1) ( )e .( )E t t t i t i t- - + +w w w

		
		  (4.48)

If molecules under investigation are adsorbed on a metal surface with anisotropic 
orientational distribution, the rotationally averaged second-order response func-
tion becomes nonzero even within the electric dipole approximation. This is the 
main reason why the SFG spectroscopy has been extensively used to study surface- 
specific electronic or vibrational dynamics of molecules on surface or at interface.

The IV-SFG spectroscopy discussed in another chapter is one of the SFG tech-
niques.15 However, since the visible beam used in the IV-SFG is electronically 
nonresonant, it was classified as one of the linear response measurement meth-
ods. Another important application of SFG is to generate a second-harmonic beam 
by injecting an electronically nonresonant beam to nonlinear optical material.16 
Although the second-harmonic generation (or SFG in general) is useful in a number 
of spectroscopic applications, we will not consider them here. Instead, we will spe-
cifically consider the case when the two excited states |e> and |f> are real eigenstates 
of the matter Hamiltonian. Therefore, the SFG considered here is a doubly reso-
nant process. When E E Ef e g fg> > +, ,w w w1 2 � and w w1 � eg , only the first term in  
Equation 4.27 is important due to the double-resonance condition. Then, we get

	

�

�
E e eSFG

s
gf fe egt

i
dt dt G t( ) : ( ,= -

∞ ∞

∫ ∫w
2 2 1 2

0
1

0
1 2m m m tt1)

	
× - - - + - + -E t t E t t t i t i tfg eg

2 2 1 2 1
1 2 2 1 1( ) ( )e ( ) ( )w w w w w ..

	 (4.49)

In a later chapter, this result will be used to show that the doubly resonant SFG is a 
2D second-order spectroscopy for studying chiral molecules in solutions.

Exercise 4.4
In the Markovian limit, the line-shape function G1(t2, t1) is given as an exponen-
tially decaying function with respect to t1 and t2 (see Equation 4.39). Suppose 
that the temporal envelope functions of the two incident pulses peak at t = 0 and 
t = T for E1 and E2, respectively, and that the envelop functions are Gaussian. 
Assuming that the two pulses are not strongly overlapped in time, obtain the 
SFG electric field amplitude using Equation 4.49. What information on the 
molecular system can be extracted from the T-dependent experiment?

4.4  Difference frequency Generation

Difference frequency generation (DFG) is another three-wave-mixing spectros-
copy involving two radiation–matter interactions between molecules’ electric 
dipole and external electric field. Similar to the SFG, the first interaction of matter 
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with E r1
+ ( , )t propagating in the k1 direction induces an absorptive transition from 

g to e state, and the second one with E2
- ( , )r t  propagating in the direction of –k2 

induces a stimulated emissive transition from e to f—note that E E Ee f g> > . Then, 
thus created coherence r fg

( )2 radiates electric field whose frequency is the difference 
of the E1 and E2 field frequencies (see Figure 4.1). The effective radiation–matter 
interactions and the effect operator are, in this case,

	
ˆ ( ) ( )eA F t E t i i t

1 1 1 1
1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )e* *A F t E t i i t

2 2 2 2
2 2= ⋅ - ⋅m e k r+ w

	 B̂ = m. 	 (4.50)

Using the second-order response function theory in Section 4.1 with the above cause 
and effect operators with conjugate external fields, one can find that the second-order 
DFG polarization is given as

	
P r k k r

DFG
i i tt dt dt( , ) e ( ) ( )= ⋅ - -

∞ ∞

∫ ∫1 2 1 2
2

0
1

0

- w w
mmmf (( , ) : *t t2 1 2 1e e

	
× - - - - +E t t E t t t i t i t

2 2 1 2 1
1 2 2 1 1* ( )( ) ( )e ,w w w

	 (4.51)

where the third-rank tensorial all-electric-dipole response function is identical to 
that used to describe the SFG. Note that the second-order DFG polarization propa-
gates in the direction of k1-k2 vector and oscillates with frequency of w w1 2- . Thus, 
the DFG signal field amplitude is given as

	

� �
EDFG st i dt dt t t E t( ) ( , ) : (* *=

∞ ∞

∫ ∫w fmmm2
0

1
0

2 1 2 1 2e e -- - - - +t E t t t i t i t
2 1 2 1

1 2 2 1 1) ( )e .( )w w w

		
		  (4.52)

Since the DFG is a three-wave mixing, it can be applied to molecular systems with 
broken centrosymmetry, such as adsorbed molecules on surface or at interface.

The electronically nonresonant DFG has been widely used to obtain radiation 
with frequency smaller than that of commercially available laser. However, if the 
two excited states f and e are eigenstates of the molecular Hamiltonian, the dou-
bly resonant DFG can be considered to be a 2D spectroscopy. In this case, the two 
optical transitions in the following sequence g  e  f are enhanced by resonance 
conditions, and the DFG signal electric field amplitude is given as

	

�

�
E e eDFG

s
gf fe egt

i
dt dt G t( ) : (*= -

∞ ∞

∫ ∫w
2 2 1 2

0
1
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	 (4.53)
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The doubly resonant DFG has not been used as a 2D second-order spectroscopy for 
molecular systems on surface nor for chiral molecules in an isotropic medium. The 
latter possibility will be discussed in detail in another chapter.

4.5 IR –IR-vis Four-Wave Mixing

The SFG and DFG are potentially useful 2D optical spectroscopic techniques. As an 
example, two IR beams can be used to generate sum frequency field from adsorbed 
molecules on a surface, and then the measured spectrum as a function of the two 
IR-beam frequencies can provide information on the overtone and combination band 
frequencies and anharmonicity-induced mode-mode couplings. Nevertheless, most 
of the SFG and DFG experiments have focused on studying structures and dynamics 
of molecular systems on surface only.

However, the IR–IR-vis (IIV) SFG or DFG, where the visible field is electroni-
cally nonresonant, was shown to be a useful 2D vibrational spectroscopy for mol-
ecules in solutions.1, 5, 17–20 The first two IR beams induce doubly resonant-enhanced 
transitions between vibrational states on the electronic ground state. Then, the last 
electronically nonresonant visible beam is used to stimulate a Raman scattering pro-
cess to generate the coherent IIV four-wave-mixing signal field. In this particular 
case, the two cause-operators are electric dipole operator, and the effect-operator 
is the induced dipole that is produced by the radiation–matter interaction with the 
electronically nonresonant visible electric field. The energy level diagrams for two 
IIV four-wave-mixing processes are shown in Figure 4.2.

For the IIV SFG, we have

	
ˆ ( ) ( )eA F t E tIR IR

i i tIR IR
1 1 1 1

1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )eA F t E tIR IR

i i tIR IR
2 2 2 2

2 2= ⋅ ⋅m e k r- w

	
ˆ ( , ) ( )e .B t tind vis

i i tvis vis= = ⋅ ⋅ -m ar E k r w
	 (4.54)

|e>

|g>

Virtual states Virtual states

IR–IR-vis SFG

| f>

|g>

|e>

IR–IR-vis DFG

| f>

kvis kvis

kIR2 –kIR2

kIR1 kIR1

kIR1 + kIR1 + kvis
ωIR1 + ωIR2 + ωvis

kIR1 – kIR2 + kvis
ωIR1 – ωIR2 + ωvis

Figure 4.2  Energy-level diagrams of infrared–infrared visible SFG and DFG.
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On the other hand, for the IIV DFG scheme in Figure 4.2, the corresponding interac-
tion Hamiltonians and effect operator are

	
ˆ ( ) ( )eA F t E tIR IR

i i tIR IR
1 1 1 1

1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )e* *A F t E tIR IR

i i tIR IR
2 2 2 2

2 2= ⋅ - ⋅m e k r+ w

	
ˆ ( , ) ( )e .B t E tind vis vis

i i tvis vis= = ⋅ ⋅ -m ar e k r w
	 (4.55)

Since the theoretical result for the IIV DFG is essentially identical to that for the IIV 
SFG except that k kIR IR2 2→ - and w wIR IR2 2→ - , the IIV SFG will be mainly dis-
cussed hereafter.

The second-order response function theory is used to obtain the IIV-SFG 
polarization,

P r k k k r
IIV SFG

i it IR IR vis IR IR-
⋅ - + +=( , ) e ( ) (1 2 1 2+ + w w wwvis t)

×
∞ ∞

∫ ∫E t dt dt t t Evis vis IR IR IR( ) ( , )2
0

1
0

2 1 2 1fαmm �e e e 22 2 1 2 1
1 2 2 1 1( ) ( )e .( )t t E t t tIR

i t i tIR IR IR- - - + +w w w

	
		  (4.56)

Here, the second-order response function fαmm( , )t t2 1  is

	
f q qαmm( , ) ( ) ( ) [[ ( ), (t t

i
t t t t t2 1

2

2 1 2 1 1= 



 < +
�

a m ))], ( )] ( ) .m 0 r -∞ >
	

(4.57)

When E E Ef e g IR IR fg> > + ≅, ,w w w1 2 and w wIR eg1 ≅ , only the first term in Equation 
4.7 for the second-order response function is important due to the double-resonance 
condition. Then, one can find that the generated signal electric field amplitude is 
given as

E e e eIIV SFG
s

gf fe eg vis IR IRt
i

- = -( ) :
w
�2 2 1a m m

× - -
∞ ∞

∫ ∫E t dt dt G t t E t t E t tvis IR IR( ) ( , ) ( ) (2
0

1
0

1 2 1 2 2 1 22 1
1 2 2 1 1- + - + -t i t i tIR IR fg IR eg)e .( ) ( )w w w w w

		
		  (4.58)

The IIV SFG is a four-wave-mixing 2D vibrational spectroscopy, and its selection rule 
can be deduced from the above result in Equation 4.58. That is to say, the vibrational 
modes involved in the first two transitions should be IR-active. The transition from 
f to g should be Raman-allowed. Unlike the three-wave-mixing SFG and DFG, the 
IIV SFG spectroscopy is applicable to isotropic solution samples because the associ-
ated response function is a fourth-rank tensor. By using the results in Section 3.3, 
the rotational average of EIIV SFG t- ( ) for randomly oriented molecules in an isotropic 
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medium can be easily obtained. For instance, consider the case when the three inci-
dent beams are all linearly polarized along the X-axis in a laboratory-fixed frame. 
Also, the X-component of EIIV SFG t- ( ) is assumed to be measured. Then, we have

[ ( )] [ ]
�

�
EIIV SFG X

s
gf fe eg XXXXt

i
- = - w

2
a m m

	
× - -

∞ ∞

∫ ∫E t dt dt G t t E t t E t tvis IR IR( ) ( , ) ( ) (2
0

1
0

1 2 1 2 2 1 22 1
1 2 2 1 1- + - + -t i t i tIR IR fg IR eg)e .( ) ( )w w w w w

		
		  (4.59)

This result is quite general, but it is necessary to fully understand how the transition 
strength a m mgf fe eg can be quantitatively calculated for a specific molecular system. 
This will be discussed in a later chapter.

In the present section, we provided a theoretical description of IIV four-wave-mix-
ing process by using the second-order response function theory. Since it is possible 
to experimentally control the delay times among the three pulses, that is, two time-
separated IR pulses and a delayed visible pulse, the measured IIV four-wave-mixing 
signal is naturally a 2D function with respect to these two delay times. Then, its 2D 
Fourier-Laplace transform is 2D IIV SFG or IIV DFG spectrum. In particular, if two 
vibrational modes are coupled to each other and they are resonantly excited by the 
two IR pulses, the measured 2D IIV four-wave-mixing spectrum can provide criti-
cal information on mechanical and/or electrical anharmonicity-induced couplings 
between the two modes. For a coupled multi-chromophore system, this method can 
be of use in estimating couplings, which are in turn used to study mode-to-mode 
intramolecular vibrational energy relaxation pathways as well as to determine its 3D 
structure and absolute configuration.
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5 Third-Order Response 
Spectroscopy

Third-order response spectroscopy is usually based on a four-wave-mixing process 
within the electric dipole approximation.1 Photon echo spectroscopy is one of the 
most extensively used techniques.2, 3 The stimulated photon echo method utilizes 
three pulses to create the third-order polarization, which is then the source of the 
echo signal field. In this case of the photon echo, the three radiation–matter inter-
actions are all electric dipole–electric field interactions.3 Experimentally, one can 
measure the echo signal electric field amplitude as a function of two delay times dur-
ing which the system evolves on a coherence.4–6 Then, its 2D Fourier transformation 
gives 2D photon echo spectrum, which contains vital information on the electronic 
or vibrational couplings between two different quantum transitions.7

The radiation–matter interaction Hamiltonian associated with any arbitrary third-
order response spectroscopy is therefore given as

	 H t t t trad mat- ( ) ˆ ( , ) ˆ ( , ) ˆ ( ,= - ⋅ - ⋅ - ⋅V F r V F r V F r1 1 2 2 3 3 )). 	 (5.1)

From the definition of the generalized third-order response spectroscopy, the sig-
nal field amplitude (intensity) should be linearly proportional to each external field 
amplitude Fj (intensity |Fj|2). Depending on the choice of the three effective radia-
tion–matter interaction Hamiltonians, there are a number of different third-order 
multidimensional spectroscopic methods in general. Among them, only a few simple 
cases will be discussed in detail in this chapter, but the other methods probing third-
order molecular responses can be easily explored by using the general theoretical 
framework presented in this chapter.

5.1  Third-Order Response Function

The third-order response spectroscopy involves three actions of cause operators that 
could be identical to or different from one another. The three cause operators will 
be denoted as ˆ , ˆ ,A A1 2 and Â3 and the corresponding conjugate external fields are F t1( ),  
F t2( ), and F t3( ), respectively. Then, the total Hamiltonian for third-order nonlinear 
optical processes can be written as

	
ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆH t H t H t H t A F t A F t A= + ′ = - - -0 0 1 1 2 2 33 3F t( ). 	 (5.2)

The observable is then the expectation value of the effect operator B̂ at time t. That 
can be written as a triple convolution of the third-order response function with 
three conjugate external fields. Without loss of generality, we shall assume that the 
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radiation–matter interactions are time-ordered and the first interaction of the molec-
ular system is with F t1( ) and so on. In the frequency domain experiment, one should 
include all possible permutations of radiation–matter interaction sequences because 
there is no time-ordering among the three radiation–matter interactions.

From the third-order time-dependent perturbation theory, we have

B t B tA A A( ) ˆ ( )( )= < >r
3 2 1

3

= < >ˆ ( )B tr 0

= 



 < ′∫ ∫ ∫i

d d d BV t L
t

t

t t�

3

3 2 1 0 3
0 0

3

0

2

τ τ τ τ
τ τ

ˆ ( , ) (ττ τ τ τ τ τ τ

τ r

3 0 3 2 2 0 2 1 1

0 1 0

) ( , ) ( ) ( , ) ( )

( , )

' 'V L V L

V t

′ ′

× (( )t0 >

= 



 <∫ ∫ ∫i

d d d B t A
t

t

t t�

3

3 2 1 3
0 0

3

0

2

τ τ τ
τ τ

[[[ ˆ( ), ˆ (ττ τ τ r

τ τ τ

3 2 2 1 1 0

3 3 2 2 1 1

)], ˆ ( )], ˆ ( )] ( )

( ) ( ) (

A A t

F F F

>

× )). 	
(5.3)

Exercise 5.1
Derive Equation 5.3. The third-order time-dependent perturbation theory was dis-
cussed in Section 2.6, where the third-order time evolution operator in the second 
line of Equation 5.3 was shown to consist of eight different contributions. They 
correspond to the eight time-correlation functions obtained by taking expansion 
of the three commutators in the last line of Equation 5.3. Which diagram among 
the eight in Equation 2.91 corresponds to which time-correlation function?

Now, changing the integration variables and assuming t0 = -∞, we find that

	
B t dt dt dt t t t F t tBA A A( ) ( , , ) (= -

∞ ∞ ∞

∫ ∫ ∫3
0

2
0

1
0

3 2 1 33 2 1
f 33 2 3 2 1 3 2 1) ( ) ( ).F t t t F t t t t- - - - -

		
		  (5.4)

The third-order response function is defined as

f q q qBA A A t t t
i

t t t
3 2 1 3 2 1

3

3 2 1( , , ) ( ) ( ) ( ) [[[= 



 <
�

ˆ̂ ( ), ˆ ( )], ˆ ( )],

ˆ ( )] ( )

B t t t A t t A t

A

3 2 1 3 2 1 2 1

1 0

+ + +

-∞r >> .
	

(5.5)

The third-order response function describes the average B value of molecules at  
t = t1 + t2 + t3, which have experienced time-separated three external perturbations by 
F1, F2, and F3 at t = 0, t1, and t1 + t2.
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Due to the causality condition, one can rewrite Equation 5.4 as

	
B t dt dt dt t t t FBA A A( ) ( , , ) (=

-∞

∞

-∞

∞

-∞

∞

∫ ∫ ∫3 2 1 3 2 1 33 2 1
f tt t F t t t F t t t t- - - - - -3 2 3 2 1 3 2 1) ( ) ( ).

		
		  (5.6)

Defining the Fourier transforms of the external fields and the nonlinear response 
function as

	
�F dtF t e jj j

i t( ) ( )w w= = ~
-∞

∞

∫ (for 1 3)
	

(5.7)

c w w w fBA A A BA A Adt dt dt
3 2 1 3 23 2 1 3 2 1( , , ) =

-∞

∞

-∞

∞

-∞

∞

∫ ∫ ∫ 11
3 3 2 2 1 1

3 2 1( , , ) ,t t t ei t i t i tw w w+ +

	
(5.8)

it is possible to rewrite the expectation value of the effect operator B̂ as frequency 
integrals,

	
B t d d d BA A A( ) (= 



 -∞

∞

-∞

∞

-∞

∞

∫ ∫ ∫1
2

3

3 2 1 33 2 1p
w w w c w ++ + +w w w w w2 1 2 1 1, , )

	
× - + +� � �F F F e i t

3 3 2 2 1 1
3 2 1( ) ( ) ( ) .( )w w w w w w

	 (5.9)

If B t( ) is detected in frequency domain, the spectrum of B t( ) can be directly mea-
sured, and it is given as

�B d d d BA A A( ) (w
p

w w w c w= 



 -∞

∞

-∞

∞

-∞

∞

∫ ∫ ∫1
2

2

3 2 1 3 2 1 33 2 1 2 1 1+ + +w w w w w, , )
	

(5.10)

	
× - - -� � �F F F3 3 2 2 1 1 3 2 1( ) ( ) ( ) ( )w w w δ w w w w

	
= 



 +

-∞

∞

-∞

∞

∫ ∫1
2

2

2 1 2 1 13 2 1p
w w c w w w wd d FBA A A ( , , ) �33 2 1 2 2 1 1( ) ( ) ( ).w w w w w- - � �F F

		
		  (5.11)

The third-order response function fBA A A t t t
3 2 1 3 2 1( , , )  in time domain or the corre-

sponding susceptibility c w w wBA A A3 2 1 3 2 1( , , )  in frequency domain contains complete 
information on the third-order response of the molecular system against the external 
perturbation ˆ ( ) ( ˆ ( ) ˆ ( ) ˆ ( )).′ = - - -H t A F t A F t A F t1 1 2 2 3 3 In the impulsive limit, the three 
pulsed fields are approximately written as

	 F t F t T T e i t
1 1 2 1

1( ) ( )= + + -δ w

	 F t F t T e i t
2 2 2

2( ) ( )= + -δ w

	 F t F t e i t
3 3

3( ) ( ) .= -δ w
	 (5.12)
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Then, the expectation value is just linearly proportional to the third-order response 
function as

	
B t F F F t T T i T i T TBA A A( ) ( , , ) exp{ (= + +1 2 3 2 1 2 2 1 2 13 2 1

f w w ))}.
	 (5.13)

Thus, fBA A A t t t
3 2 1 3 2 1( , , )  is, as expected, the response of the molecular system when it 

interacts with three impulsive fields that are separated in time by T1 and T2.
In the case of the frequency-domain measurement with three continuous waves, 

we have

	
�F iF1 1 1 12( ) { ( ) ( )}w p δ w δ w= - - +W W

	
�F iF2 2 2 22( ) { ( ) ( )}w p δ w δ w= - - +W W

	
�F iF3 3 3 32( ) { ( ) ( )}.w p δ w δ w= - - +W W 	 (5.14)

Then, we get

	
B t i F F F eBA A A

i( ) ( ) ( , , ) (= - + + + -
1 2 3 3 2 1 2 1 13 2 1

c W W W W W W W33 2 1+ +{ W W )t

	
- + - - - - + -cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) ( )W W W W W W W W W

	
- - + - + - - +cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) ( )W W W W W W W W W

	
- - + + + - - + +cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) ( )W W W W W W W W W

	
+ - - - - - - - -cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) ( )W W W W W W W W W

	
+ - + - - - - - + -cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) ( )W W W W W W W W W

	
+ - - + - + - - - +cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) ( )W W W W W W W W W

	
- - - - - - - }+ +cBA A A

i te
3 2 1

3 2 1
3 2 1 2 1 1( , , ) .( )W W W W W W W W W

	 (5.15)

Using different experimental methods, one can selectively measure one or just a few 
terms in Equation 5.15. For instance, the first term describes the third-harmonic gen-
eration if the three incident field frequencies are the same and the measured signal is 
the third-harmonic electric field.

Exercise 5.2
Degenerate four-wave-mixing spectroscopy involves three radiation–matter 
interactions with external electric fields having the same center frequency.8 If 
such a degenerate four-wave-mixing experiment is performed in the frequency 
domain, how many possible combinations (permutations) are to be considered 
in Equation 5.15? In particular, what is the susceptibility associated with the 
third-harmonic generation?
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5.2  Four-Level System and Line-Broadening Function

In general, the three radiation–matter interactions can induce quantum transitions 
among four different stationary states including the initial ground state. We shall 
therefore consider a four-level system as a model for third-order response spectros-
copy.9, 10 The four-level-system Hamiltonian is

	
ˆ | | | | | | .H a a b b c cLS ag bg cg4 = > < + > < + > <� � �w w w

	 (5.16)

Due to the system–bath interaction that is responsible for fluctuations of transition  
frequencies in the reduced density matrix representation, the total matter Hamilto-
nian is

	
ˆ ˆ ˆ ˆ .H H H Hmat LS B SB= + +4 	 (5.17)

The system–bath (chromophore–bath) interaction Hamiltonian, denoted as ĤSB, is 
assumed to be diagonal with respect to the system eigenstates as

	
ˆ ( ) | | ( ) | | ( ) | |H V a a V b b V c cSB ag bg cg= >< + >< + ><q q q

	 (5.18)

where the bath degrees of freedom are denoted as q and the potential energy differ-
ences are defined asV V Vjg j g( ) ( ) ( )q q q= - for j = a, b, and c.

Therefore, we have

	

ˆ { ( ) ( )} | | ˆ ˆ

, , ,

H V H m m H Hmat m m B

m g a b c

= + + >< = + ′
=
∑ �w q q 0

	

(5.19)

where

	

ˆ { ( ) ( )} | |
, , ,

H V H m mg g B

m g a b c

0 = + + ><
=
∑�w q q

	

ˆ { ( )} | | .
, ,

′ = + ><
=
∑H V m mmg mg

m a b c

�w q

	
(5.20)

The ground state adiabatic Hamiltonian ˆ ( )Hg q , which is defined as ˆ ( )Hg gq = +�w
V Hg B( ) ( ),q q+ is considered to be the reference Hamiltonian. ˆ ( )H j q (for j = a, b,  
and c) can then be written as

	
ˆ ( ) ˆ ( ) ( ).H H Vj g jg jgq q q= + +�w

	 (5.21)

Treating ˆ ( )Hg q as the zero-order Hamiltonian and taking the last two terms on the 
right-hand side of Equation 5.21 as the perturbation Hamiltonian, we find that, in the 
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interaction picture, the forward and backward time evolution operators described by
ˆ ( )H j q (for j = a, b, and c) are

	
exp ˆ exp( )exp ˆ exp-
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
 = - -
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
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
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


- ∫w τ τ
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
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exp ˆi

H tg� 	
(5.22)

where

	
w wjg jg jgV= + < >-� 1 ( )q

	
U V Vjg jg jg≡ - < >( ) ( )q q

	
U t U t

i
H t U

i
Hjg jg B jg B( ) ( ( )) exp ˆ ( )exp ˆ= = 



 -q q

� �
tt



 .

	
(5.23)

The initial density operator may be written as a product of the system, and bath den-
sity operators as r r r( ) ( ) ( ).-∞ = -∞ -∞S B The energies of the excited states in com-
parison to the ground state energy are assumed to be large so that the populations of 
those excited states at thermal equilibrium will be ignored for the sake of simplic-
ity. Expanding the three commutators in the definition of the third-order response 
function in Equation 5.5, one can show that fBA A A t t t

3 2 1 3 2 1( , , ) is given by sum of eight 
different contributions as

	

f q q q
α

BA A A t t t
i

t t t
3 2 1 3 2 1

3

3 2 1

1

4

( , , ) ( ) ( ) ( )= 



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=
� ∑∑ - ∗[ ( , , ) ( , , )]R t t t R t t tα α3 2 1 3 2 1

	
(5.24)

where

	
R t t t A t A t t B t t t A1 3 2 1 2 1 3 1 2 1 2 3 1( , , ) ˆ ( ) ˆ ( ) ˆ( ) ˆ (≡ < + + + 00) ( )r -∞ >

	
R t t t A A t t B t t t A t2 3 2 1 1 3 1 2 1 2 3 20( , , ) ˆ ( ) ˆ ( ) ˆ( ) ˆ (≡ < + + + 11) ( )r -∞ >

	
R t t t A A t B t t t A t t3 3 2 1 1 2 1 1 2 3 3 10( , , ) ˆ ( ) ˆ ( ) ˆ( ) ˆ (≡ < + + + 22) ( )r -∞ >

	
R t t t B t t t A t t A t A4 3 2 1 1 2 3 3 1 2 2 1 1( , , ) ˆ( ) ˆ ( ) ˆ ( ) ˆ (≡ < + + + 00) ( ) .r -∞ >

	 (5.25)
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Using the operator identities in Equation 5.22, one can rewrite the four terms in 
Equation 5.25 as

R t t t A A B A e
abc

gc cb ba ag
iH tg

1 3 2 1 2 3 1
1( , , ) [ ] [ ] [ ] [ ]= <∑ ee e eiH t iH t iH t t tc b a2 3 1 2 3- + + >( )

 	

= - - -∑
abc

gc cb ba ag ab acA A B A i t i t[ ] [ ] [ ] [ ] exp{2 3 1 3 2w w ii t F t t tagw 1 1 3 2 1} ( , , )

R t t t A A B A e
abc

gc cb ba ag
iH tc

2 3 2 1 1 3 2( , , ) [ ] [ ] [ ] [ ] (= <∑ 11 2 3 2 3 1+ - + - >t iH t iH t t iH te e eb a g) ( )

 	

= - - -[ ] [ ] [ ] [ ] exp{A A B A i t i t igc cb ba ag ab ac gc1 3 2 3 2w w w tt F t t t
abc

1 2 3 2 1} ( , , )∑

R t t t A A B A e
abc

gc cb ba ag
iH tc

3 3 2 1 1 2 3
1( , , ) [ ] [ ] [ ] [ ]= <∑ ee e eiH t t iH t iH t tb a g( ) ( )2 3 3 1 2+ - - + >

 	

= - - -∑
abc

gc cb ba ag ab gbA A B A i t i t[ ] [ ] [ ] [ ] exp{1 2 3 3 2w w ii t F t t tgcw 1 3 3 2 1} ( , , )

R t t t B A A A e
abc

gc cb ba ag
iH tg

4 3 2 1 3 2 1( , , ) [ ] [ ] [ ] [ ] (= <∑ 11 2 3 3 2 1+ + - - - >t t iH t iH t iH te e ec b a)

 	

= - - -∑
abc

gc cb ba ag cg bgB A A A i t i t[ ] [ ] [ ] [ ] exp{3 2 1 3 2w w ii t F t t tagw 1 4 3 2 1} ( , , )

		
		  (5.26)

where the line-shape functions are
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+
τ τ τ22 3
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∫ ∫ >
( )

+

- ( )t
bg ag

t t t
U i U

e
τ τ

	
F t t t e e

i d U i d
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i d Uτ τ τ( )

+

- ( )
+

+ +
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	 (5.27)
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The four response function components, Rj (for j = 1 ~ 4), correspond to the following 
four diagrams representing specific transition pathways:

	
< >< >ˆ | |B g g

	
< >< >ˆ | |B g g

	
< >< >ˆ | |B g g

	   
< >< >ˆ | | .B g g 	 (5.28)

The physical meanings of these four different diagrams can be understood by follow-
ing the same line of argument provided in Section 4.2 for the second-order response 
function.

Here, it is again noted that each third-order response function component consists 
of three parts, for example, for R t t t1 3 2 1( , , ) ,

	

R t t t A A B A i tgc cb ba ag ab1 3 2 1 2 3 1 3( , , ) [ ] [ ] [ ] [ ] exp{= - w -- -∑ i t i t F t t tac ag

abc

w w2 1 1 3 2 1} ( , , )

	

	
Transition strength Coherence oscillation Line shape

	
The first term is given as the product of four transition matrix elements, and it describes 

the amplitude of the specific nonlinear optical transition. The second term, which is a 
complex exponential function, describes the oscillations of involved coherences during 
the three time periods from t1 to t3 (see Figure 5.1). One can easily obtain the coherence 
oscillation term by simply examining the corresponding diagram shown in Equation 
5.28. In the case of the R t t t1 3 2 1( , , ) diagram in Figure 5.1, for example, we have

Coherence during t1: |a><g|  coherence oscillation term: exp{ }-i tagw 1

Coherence during t2: |a><c|  coherence oscillation term: exp{ }-i tacw 2

Coherence during t3: |a><b|  coherence oscillation term: exp{ }-i tabw 3 .

Therefore the coherence oscillation term for R t t t1 3 2 1( , , ) is exp{- - -i t i tab acw w3 2

i tagw 1}. Finally, the third term in each R t t tj ( , , )3 2 1 , which was denoted as F t t tj ( , , ),3 2 1  
is a complex but decaying function. Essentially, the ( ( , , ))F t t tj 3 2 1 determines the line 

b     c 

a 

b   	 c

a 

b     c 

a 

c   b   a   

|g><g|>
a

cb
<B̂

t3 t2 t1

Figure 5.1  Time-ordered diagram representing the R1 component.
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shape of the third-order response function and spectrum. In order to develop a clas-
sical theory for the numerical calculations of the above nonlinear response function 
components, one can approximately replace the time-ordered exponential operators 
in Equation 5.27 with normal exponential functions with scalar difference potential 
energies instead of operators. This approximation strategy has been extensively used 
because one can obtain the trajectories of the difference potential energies by carrying 
out classical molecular dynamics simulations for any composite system consisting of a 
single solute molecule and hundreds to thousands of solvent molecules around it.

In order to obtain the approximate expressions for those line-shape functions, one 
can also use the cumulant expansion method to find the following results:

F t t t g t g t g t t tcc bb aa1 3 2 1 2 3 1 2( , , ) exp{ ( ) ( ) (= - - - + +∗ ∗
33 2 3 2 3

1 2

) ( ) ( ) ( )

( )

*- + + +

+ + -

∗ ∗g t t g t g t

g t t g

cb cb cb

ca caa ca ca ba

ba

t g t t g t g t t t

g t

( ) ( ) ( ) ( )

(

* *
1 2 3 3 1 2 3+ + - + + +

- 11 2 3+ +t g tba) ( )}*

F t t t g t t g t g t tcc bb aa2 3 2 1 1 2 3 2( , , ) exp{ ( ) ( ) (= - + - - +∗ ∗
33 1 2 3 1 2

3 2

) ( ) ( )

( ) ( )*

- + + + +

+ +

∗ ∗g t t t g t t

g t g t

cb cb

cb ca ++ + + - - + +

-

g t t t g t g t g t t

g

ca ca ca ba
* * *( ) ( ) ( ) ( )1 2 3 1 3 2 3

bba bat g t( ) ( )}*
2 3+

F t t t g t g t t g tcc bb aa3 3 2 1 1 2 3 3( , , ) exp{ ( ) ( ) ( )= - - + - -∗ ∗ gg t t t g t g t t

g t t

cb cb cb

ca

∗ ∗+ + + + +

+ +

( ) ( ) ( )

(

*

*

1 2 3 1 2 3

1 2 ++ - + - + + +

+

t g t t g t t g t g tca ca ca ba3 1 2 2 3 2 3) ( ) ( ) ( ) ( )* * *

gg t t g tba ba
* *( ) ( )}2 3 2+ -

F t t t g t g t g t g tcc bb aa cb4 3 2 1 3 2 1( , , ) exp{ ( ) ( ) ( ) (= - - - - 22 3 2 3

1 2 3 1 2

+ + +

- + + + +

t g t g t

g t t t g t t

cb cb

ca ca

) ( ) ( )

( ) ( ) ++ + - - +

+ +

g t t g t g t t

g t g t

ca ca ba

ba ba

( ) ( ) ( )

( ) ( )

2 3 2 1 2

1 2 }}.
	 (5.29)

Here, the line-broadening function g(t) was already defined before, and, for example,

	
g t d d Cba

t

ba( ) ( )= ∫∫ τ τ τ
τ

1 2
00

2

1

	
(5.30)

where

	
C t U t Uba bg ag B B( ) ( ) ( ) .= < >1

0
2�

r
	

(5.31)

Exercise 5.3
Derive Equation 5.29. Hints: (1) Expand the positive and negative time-ordered 
exponential operators in Equation 5.27. (2) Ignore the first-order terms with 
respect toU jg (for j = a ~ f) since the ensemble average ofU jg over Gaussian 
distributions vanishes. (3) Consider terms that are second-order with respect 
toU jg . (4) Rewrite the series expansions as normal exponential functions as an 
approximation.
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The fluctuation of the electronic transition frequency induces dephasing of the elec-
tronic coherence. One of the most widely used models for the electronic dephasing  
process is linear coupling model with harmonic oscillator bath, where the bath degrees 
of freedom are linearly coupled to the electronic transition. Thus, the fluctuating part 
of the electronic transition frequency is assumed to be given as δw( ) ( ),t h x tj j j= ∑
where xj is the jth bath oscillator. This is essentially identical to the Brownian oscil-
lator model, where the vibrational coordinates of the system are coupled to the bath 
degrees of freedom.3, 11

Although the effect of the general system–bath interaction on the third-order 
response function was properly taken into account by Equations 5.29, the Markovian 
limit will provide a conceptually simple picture about the dephasing effects on the 
third-order response function. The Markovian approximation to the fluctuating dif-
ference potential time-correlation functions means that

	
g t txy xy( ) ,≅ g

	 (5.32)

where gxy is the pure dephasing rate. Here, a caution should be taken when the physical 
meaning of gxy is examined. The off-diagonal element, such as gba, is not the dephas-
ing constant of the coherence, rba(t). From the definition of Cba(t), gba is related to the 
cross-correlation amplitude between the fluctuating difference potentials Ubg  and 
Uag. The usual dephasing rate of the coherence rag(t) is represented by gaa. Typically, 
the amplitude of the cross-correlation between Uxg and Uyg for x ≠ y is likely to be 
smaller than that of the auto-correlation.12 This was called the uncorrelated frequency 
fluctuation (UFF) approximation in Section 4.2.

Substituting the approximate expression Equation 5.32 into Equation 5.29, we 
have

	

R t t t A A B A i
abc

gc cb ba ag1 3 2 1 2 3 1( , , ) [ ] [ ] [ ] [ ] exp{= -∑ waab ac agt i t i t3 2 1- -w w }

	 × - - -exp( )η η gba ca aat t t3 2 1

	

R t t t A A B A i
abc

gc cb ba ag2 3 2 1 1 3 2( , , ) [ ] [ ] [ ] [ ] exp{= -∑ waab ac gct i t i t3 2 1- -w w }

	 × - - -exp( )η η gba ca cct t t3 2 1

	

R t t t A A B A i
abc

gc cb ba ag3 3 2 1 1 2 3( , , ) [ ] [ ] [ ] [ ] exp{= -∑ waab gb gct i t i t3 2 1- -w w }

	 × - - -exp( )η g gba bb cct t t3 2 1

	

R t t t B A A A i
abc

gc cb ba ag4 3 2 1 3 2 1( , , ) [ ] [ ] [ ] [ ] exp{= -∑ wccg bg agt i t i t3 2 1- -w w }

 	
× - - -exp{ },g g gcc bb aat t t3 2 1 	 (5.33)
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where

	
η g g g δ δxy xx yy xy xy x xy≡ + - - +( )( ) .2 1 T

	 (5.34)

Although the above results are based on the Markovian approximation to the energy 
gap (difference potential Ujg) fluctuation correlation, they provide a simple picture of 
each third-order response component. In Equation 5.34 are terms given as a combina-
tion of dephasing constants, for example, g g gcc bb cb+ - 2 . In order to fully calculate 
the response functions, the summations over all states a, b, and c should be performed, 
and then there is the case when c = b, for example. In this case, the diagonal den-
sity matrix evolution is involved in the nonlinear response of the molecular system. 
Therefore, the population relaxation process should be properly taken into account in 
the above third-order response function, and this can be achieved by introducing the 
inverse lifetime of the x-state as Tx in Equation 5.34. Such lifetime broadening effects 
on the third-order response function will be treated in an ad hoc manner by multiply-
ing a proper exponentially decaying function to Equation 5.29 in this and following 
chapters. In the Markovian limit, the 3D Fourier-Laplace transforms of F t t tj ( , , )3 2 1 can 
be easily performed to eventually get the 3D third-order susceptibility.

Exercise 5.4
Obtain the third-order susceptibility by taking triple Fourier-Laplace transforma-
tions of the third-order response function in Equation 5.33 in the Markovian limit. 

The results presented in this chapter are quite general for any arbitrary four-level sys-
tem. An early application of the third-order response spectroscopy was the degenerate 
four-wave-mixing technique such as pump–probe or photon echo spectroscopy of dye 
molecules in solutions. In that case, the optical chromophore was modeled as a two-
level system instead of a four-level system. Then, the complicated line-broadening  
functions in Equation 5.29 are highly simplified so that the interpretation of four-
wave-mixing signal was relatively straightforward. To show what information can be 
extracted from such a four-wave-mixing spectroscopic investigation, we shall con-
sider the photon echo spectroscopy of a model two-level system later in this chapter.

5.3 � Short-Time Approximation to the 
Third-Order Response Function

The third-order response function in Equation 5.29 is exact in the case that the dis-
tribution of difference potential Vjg (or fluctuating part of the transition frequency 
Ujg) is a Gaussian. However, its implication to the calculation of the third-order sig-
nal electric field will require complicated convolution integrals that cannot be per-
formed analytically. Although it is possible to carry out such numerical integrations 
without any difficulties, it is not always easy to understand the underlying physics 
nor to interpret the experimentally measured signal in terms of the usual dephasing 
constant, inhomogeneous width, dynamic correlation between two different transi-
tion frequency fluctuations in time, and so on. Furthermore, fitting the experimental 
data with properly modeled time-correlation functions Cxy(t)’s and with Equation 
5.29 is not an easy task. Therefore, one may find it useful to consider an approximate 
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expression for the third-order response function, which still contains most of the 
salient features of the third-order response by multilevel molecular systems. In this 
regard, the short-time approximation to the line shape functions, F t t tj ( , , )3 2 1 , has 
been found to be of use for such purposes.12–15

The short-time approximation is based on the fact that the system is in highly 
oscillating coherences during the first and third time periods, t1 and t3. Since the mea-
sured value, such as third-order polarization, is always given as triple convolutions 
over these time variables, only the short-time (slowly varying) parts of the third-order 
response during t1 and t3 are important and often sufficient to approximately describe 
the quantum decoherent processes.13, 16 This is in priciple related to the stationary 
phase approximation or to the Laplace approximation for integration over highly 
oscillating functions. Nevertheless, it is necessary to take into consideration of the 
spectral diffusion and the correlation between the excitation and probing frequencies 
to describe a number of experimentally observed phenomena such as Stokes shift 
induced by solvation dynamics, photon echo peak shift, 2D peak shape changes, and 
so on. Then, one can achieve this goal by taking a 2D Taylor expansion of the expo-
nents in Equations 5.29 with respect to t1 and t3.12 We then find, for j = 1 - 4,

F t t t f t t t t tj j j j( , , ) exp ( ) ( ) ( )3 2 1 2
2

2 1
2 2

2 3
1
2

1
2

= - -δ D 22
2 1 3 2 3+ +{ }H t t t iQ t tj j( ) ( ) .

	
(5.35)

Here, f tj ( )2 describes the dephasing of the quantum coherences or populations dur-
ing t2 period, and for j = 1 - 4 they are

	
f t g t g t g tcc aa ca1 2 2 2 22( ) ( ) ( ) Re[ ( )]*= - - +

	
f t f t g t g t g tcc aa ca2 2 1 2 2 2 22( ) ( ) ( ) ( ) Re[ ( )]*= = - - +

	
f t g tbb3 2 2( ) ( )*= -

	
f t g tbb4 2 2( ) ( ).= -

		  (5.36)

The expansion coefficients δ j t2
2( ) in Equation 5.35 represent the mean square fluctua-

tion amplitudes of the difference potentials (or transition frequency) that are associ-
ated with the off-diagonal density matrix evolutions during the first time period t1. 
Note that, in the impulsive limit, δ j t2

2( ) determines the spectral bandwidth of the 
corresponding 2D spectrum along the first frequency ( )w t1

variable that is conjugate 
frequency of t1. For j = 1 - 4, we have

	
δ1

2
2 2 20( ) Re[ ( ) ( )]t C C t C tca aa ca= ( )+ -

	
δ2

2
2 2 20( ) ( ) Re[ ( ) ( )]t C C t C tca ca cc= - - ∗

	
δ3

2
2 20 0( ) ( ) ( ) Re[ ( )]t C C C tcc cb cb= - +

	   
δ4

2
2 20 0( ) ( ) ( ) Re[ ( )].t C C C taa ba ba= - + 	 (5.37)
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Similarly, D j t2
2( ) corresponds to the mean square frequency fluctuation amplitude of 

the coherence during the third time period, t3, and they are

D1
2

2 20 0 0 0( ) Re[ ( )t C C C C C tbb cb ba ca aa= ( )- ( ) - ( )+ ( ) + + CC t C t C tcb ca ba( ) ( ) ( )]2 2 2- -

D2
2

2 20 0 0 0( ) ( ) ( ) ( ) ( ) Re [ ( )t C C C C C tbb ca cb ba ca= + - - - + CC t C t C tba aa cb( ) ( ) ( )]2 2 2- -

D3
2

2 2 20 0( ) ( ) ( ) Re[ ( ) ( )]t C C C t C taa ba bb ba= - + -

D4
2

2 20 0( ) ( ) ( ) Re[ ( )].t C C C tcc cb cb= - +
		  (5.38)

The fourth term, H tj ( ),2 in Equation 5.35 describes how the two transition fre-
quencies at t1 and t3 separated by t2 are correlated with each other. In the limit that  
H tj ( )2 = 0, the transition frequency associated with the coherence created by the first 
field-matter interaction is completely uncorrelated with that induced by the third 
field-matter interaction. It turned out that this term is critical in understanding the 
photon echo peak shift, 2D spectral peak shape change in time, and so on. As will be 
shown later in this book, if the molecular system has large static inhomogeneity such 
as the cases of impurities in glass or polymer matrix, H tj ( )2 doesn’t decay to zero at 
least in the timescale of experimental measurements, which makes the photon echo 
peak shift value finite even at long time. A more detailed discussion along this line 
will be presented later in this chapter. Now, for j = 1 - 4, we have

	
H t C t C tba aa1 2 2 2( ) Re[ ( ) ( )]= -

	
H t C t C tcb ca2 2 2 2( ) Re[ ( ) ( )]= - -

	
H t C t C tcb ca3 2 2 2( ) Re[ ( ) ( )]= - -

	
H t C tca4 2 2( ) Re[ ( )].= -

	 (5.39)

The last term Q tj ( )2 in Equation 5.35 describes the spectral diffusion, which is related 
to the fluorescence Stokes shift, during the second time period t2:

Q t C C t C C t Caa aa cb cb ca1 2 2 20 0 0( ) Im[ ( ) ( ) ( ) ( ) ( )= - - + - + -- - - +C t C C tca ba ba( ) ( ) ( )]2 20

Q t C C t C C t Caa aa cb cb ca2 2 2 20 0 0( ) Im[ ( ) ( ) ( ) ( ) ( )= - - + - + -- - - +C t C C tca ba ba( ) ( ) ( )]2 20

Q t C C t C C tbb bb ba ba3 2 2 20 0( ) Im[ ( ) ( ) ( ) ( )]= - + - -∗ ∗

Q t C C tcb cb4 2 20( ) Im[ ( ) ( )],= -
		  (5.40)

where

	
C t d Cxy

t

xy( ) ( ).= ∫ τ τ
0 	

(5.41)

84291_Book.indb   95 5/11/09   2:14:10 PM



96	 Two-Dimensional Optical Spectroscopy

It should be noted that the short-time expansion coefficients in Equation 5.35 were 
all described in terms of the linear U-U time-correlation functions, Cxy(t)’s. Within 
this short-time approximation, the line-shape functions, F t t tj ( , , )3 2 1 , are Gaussian 
functions with respect to t1 and t3. Consequently, if the temporal envelope functions 
of the external fields are Gaussian in time, one can perform the convolution integra-
tions mathematically.

5.4 � Third-Order Response Function 
of a Two-Level System

For a two-level system (2LS) consisting of the ground and excited states, the third-
order response function components in Equation 5.26 with 5.29 are simplified as

	

R t t t A A B A i tge eg ge eg eg1 3 2 1 2 3 1 3( , , ) [ ] [ ] [ ] [ ] exp(= - w --

× - - - +

i t

g t g t f t t t

egw 1

3 1 3 2 1

)

exp{ ( ) ( ) ( , , )}*

	

R t t t A A B A i tge eg ge eg eg2 3 2 1 1 3 2 3( , , ) [ ] [ ] [ ] [ ] exp(= - w ++

× - - + +

i t

g t g t f t t t

egw 1

3 1 3 2 1

)

exp{ ( ) ( ) ( , , )}* * *

	

R t t t A A B A i tge eg ge eg eg3 3 2 1 1 2 3 3( , , ) [ ] [ ] [ ] [ ] exp(= - w ++

× - - + -

i t

g t g t f t t t

egw 1

3 1 3 2 1

)

exp{ ( ) ( ) ( , , )}* *

	

R t t t B A A A i tge eg ge eg eg4 3 2 1 3 2 1 3( , , ) [ ] [ ] [ ] [ ] exp(= - w --

× - - - -

i t

g t g t f t t t

egw 1

3 1 3 2 1

)

exp{ ( ) ( ) ( , , )},
	 (5.42)

where the two auxiliary functions are defined as

	   f t t t g t g t t g t t g t t+ = - + - + + + +( , , ) ( ) ( ) ( ) (* *
3 2 1 2 2 3 1 2 1 2 tt3)

	 f t t t g t g t t g t t g t t t- = - + - + + + +( , , ) ( ) ( ) ( ) (3 2 1 2 2 3 1 2 1 2 3)). 	 (5.43)

Here, the linear line-broadening function g t( ) for a 2LS was already discussed in 
detail in Section 3.2. The four response function components, Rj (for j = 1 – 4), in 
Equation 5.42 correspond to the following four diagrams representing specific tran-
sition pathways, respectively:

	
< >< >ˆ | |B g g

	
< >< >ˆ | |B g g

	
< >< >ˆ | |B g g

	 
< >< >ˆ | | .B g g 	

(5.44)

g     e 

e 

g          e 

e 

g     e 

e 

e   g     e 
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The first and fourth diagrams are called the nonrephasing diagrams. In these cases, 
the oscillating pattern of the coherence reg

( )1 during the first time period t1 is identical 
to that during the third time period t3. On the other hand, the rephasing diagrams are 
the second and third ones in Equation 5.42 or 5.44. In these cases, the first coherence 
during t1 is rge

( )1  with oscillation frequency wge , whereas that during t3 is reg
( )3 with 

oscillation frequency weg. Consequently, in the inhomogeneous broadening situa-
tion, the optical phase acquired during the first time period t1 is reversed during t3 
so that the macroscopic optical coherence is rephased. This will be discussed more 
in detail in this chapter.

The first two diagrams R1 and R2 involve population evolutions on the excited 
state during t2, whereas the last two diagrams associated with R3 and R4 involve 
population evolutions on the ground state during t2. Therefore, in the language of 
pump–probe spectroscopy, the former two pathways (R1 and R2) are called stimu-
lated emission (SE) terms because the third radiation–matter interaction stimulates 
an emissive process from the excited state molecule. On the other hand, the latter two 
pathways (R3 and R4) are known as the ground-state bleaching (GB). Thus, the four 
diagrams are usually grouped as

	 Rephasing pathways: R t t t R t t t2 3 2 1 3 3 2 1( , , ) ( , , )and

	 Nonrephasing pathways: R t t t R t t t1 3 2 1 4 3 2 1( , , ) ( , , )and

	 SE pathways: R t t t R t t t1 3 2 1 2 3 2 1( , , ) ( , , )and

	 GB pathways: R t t t R t t t3 3 2 1 4 3 2 1( , , ) ( , , ).and 	 (5.45)

The line-shape functions that are the last exponential parts in Equation 5.42 are 
determined by the pure dephasing processes originating from the fluctuating chro-
mophore–bath interactions. However, there are additional contributions to the line 
broadening, which originate from the finite lifetimes of the excited states. For the 
four third-order response function components, by examining the corresponding 
diagrams, one can take account of the lifetime-broadening effects by multiplying the 
following exponentially decaying function to all Rj’s

	
exp( / / / ).- - -t T t T t Te e e3 2 12 2

	 (5.46)

The SE pathways R t t t1 3 2 1( , , ) and R t t t2 3 2 1( , , ) involve excited-state population evo-
lution during t2 period so that the corresponding lifetime-broadening factor is 
exp( / ),-t Te2 where Te is the excited-state lifetime. On the other hand, the GB path-
ways R t t t3 3 2 1( , , ) and R t t t4 3 2 1( , , ) involve ground-state population evolution during t2 
period. If the ground-state (bleaching) hole is filled by the population relaxation 
from the excited state to the ground state during t2 and if there are no other inter-
mediate states that act like excitation acceptors, the timescale of the ground-state 
hole filling is identical to the excited-state lifetime. That is why the two GB terms 
R t t t3 3 2 1( , , ) and R t t t4 3 2 1( , , ) should also be lifetime-broadened by the same factor of 
exp( / )-t Te2 . However, if the excited-state population is allowed to be transferred 
to other intermediate states, which is not the ground state, the disappearance 
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timescale of the GB term is likely to be long, and the t2-dependency of the GB terms 
R t t t3 3 2 1( , , ) and R t t t4 3 2 1( , , ) would be notably different from that of the SE terms
R t t t1 3 2 1( , , ) and R t t t2 3 2 1( , , ). Although the lifetime-broadening processes are impor-
tant in many spectroscopic phenomena, they will be omitted throughout this chapter 
not only because they are not the main concern of this book but also because one 
can always include such contributions to the multidimensional spectrum when it is 
necessary.

Although the general expression for the third-order response function has been 
used to interpret a number of four-wave-mixing processes of a 2LS, one may find 
it useful to consider its short-time approximated expression for further understand-
ing of the detailed line shape.15 Noting that the relaxation times of the off-diagonal 
(coherence) density matrix elements during t1 and t3 periods are very fast, it is gener-
ally acceptable to assume that t t t1 2 2+ ≅ . Then, from Equation 5.42, the four response 
function components can be approximately written as

	 

R t t t A A B A i tge eg ge eg eg1 3 2 1 2 3 1 1( , , ) [ ] [ ] [ ] [ ] exp(= - w -- +
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(5.47)

Here, the mean square fluctuation amplitude of the difference potential (transition 
frequency) is defined as, in terms of the spectral density (see Section 3.2),

	
W2 2

2
≡ ∫ dw r w w wβ

( ) coth .
�

	
(5.48)
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The spectral diffusion process is described by Q t( ), which is defined as

	
Q t S t( ) ( )≡ -





λ
� 	

(5.49)

	

S t d t( ) ( ) cos .≡
∞

∫ w r w w w
0 	

(5.50)

The fluorescence Stokes shift reflecting solvation dynamics is, within the linear 
response approximation, directly proportional to S t( ).2

The system–bath interaction-induced correlation between the transition fre-
quency of the system during t1 and that during t3 is represented by H t( ) function that 
is defined as

	

H t d t( ) ( )coth cos .≡ 





∞

∫ w r w wβ w w�
2

2

0 	

(5.51)

From the definition of the time-correlation function of the difference potential, one 
can identify that

	
H t C t U t U B B( ) Re[ ( )] Re[ ( ) ( ) ].= = < >1

0
2�

r
	

(5.52)

Note that in the high-temperature limit (or classical limit), H t( ) is directly related to
S t( ) by

	

H t d t S t( ) ( ) cos ( ).≅ =
∞

∫2 2

0
� �β

w r w w w
β

	

(5.53)

The line-shape functions in Equation 5.47, which are the last exponential functions, 
are two-dimensional Gaussians and the ellipticity of the 2D shape is determined by
H t( ) or the real part of the time-correlation function C t( ). In the case when there is 
no truly static inhomogeneity, H t( )2 decays in time and approaches zero so that the 
2D peak shape becomes a 2D Gaussian with zero ellipticity at long time t2. Due to 
the spectral diffusion function, Q t( ),2 the transition frequency of the system during t3 
changes from weg at t2 = 0 to w λeg - 2 /� at t2 = ∞ in the cases of the first two response 
function components. In Chapters 6 and 7, we will use these short-time approxima-
tion results in Equation 5.47 to present a discussion on the 2D peak shape of pump–
probe and photon echo spectra of a 2LS, respectively.
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5.5 P ump–probe Spectroscopy of a Two-Level System

Pump–probe spectroscopy has been extensively used to investigate the excited-
state lifetime, vibrational wavepacket propagations on the electronically excited and 
ground states, chemical reaction dynamics in gas or condensed phases, and so on. 
Depending on the pulse configuration and detection method, a number of different 
types of pump–probe spectroscopies exist, which are still based on a four-wave-mix-
ing scheme.17 For example, transient grating (TG) spectroscopy has been used to study 
wavepacket (particle and hole) evolutions on the excited and ground states. By inject-
ing two simultaneously propagating laser pulses with different wavevectors, vibra-
tional coherences are created on the ground and excited states. A probe laser pulse 
delayed from the pump pulses is used to create a third-order polarization in the optical 
sample. Then, radiated signal field intensity (not amplitude) is measured in this case  
of the TG experiment. For a two-electronic-level system, the population relaxation and 
the electronic dephasing process induced by fluctuating chromophore-solvent interac-
tion energy can therefore be studied with this TG method. Other methods to study 
the time evolution of the same third-order polarization are transient dichroism (TD) 
and transient birefringence (TB) measurements.18 Instead of detecting the signal field 
intensity, it is possible to control the phase of the local oscillator to measure either the 
real or imaginary part of the third-order signal electric field. These correspond to the 
TD and TB experiments. These three (TG, TD, and TB) different spectroscopies can 
all be referred to as pump–probe spectroscopic methods in general.

The conventional transient grating measurement utilizes two pulses with wavevec-
tors of k1 and k2. Then, the third (k3) pulse, which is delayed in time from the k2 pulse, 
is injected, and the scattered signal field intensity in the direction of - + +k k k1 2 3 is 
detected (homodyne detection). The self-heterodyned pump–probe spectroscopy, on 
the other hand, uses a single-pump pulse with wavevector of kpu; the kpr probe pulse 
delayed in time is injected to create the corresponding third-order polarization, and 
the interference of the signal electric field generated by the third-order polarization 
with the probe field itself is measured (see Figure 5.2).3 Therefore, the pump–probe 
signal in this case is linearly proportional to the third-order polarization, particularly 

pump pulse

probe pulse

Pump pulse

Probe pulse

T

Figure 5.2  Experimental beam configuration of pump–probe spectroscopy.
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the imaginary part of the polarization. If the phase of a local oscillator field could 
further be controlled, one could measure either the real or imaginary parts of the 
polarization separately, which correspond to TB and TD, respectively.

In the case of the two-pulse pump–probe spectroscopy in Figure 5.2, one needs 
to consider the following two cases together, since there are two time-nonordered 
radiation–matter interactions involved with the pump pulse:

	 Case 1)

	 
ˆ ( ) ( )eA F t E t Tpu pu

i i tpu pu
1 1 = ⋅ + ⋅ -m e k r w

	
ˆ ( ) ( )e* *A F t E t Tpu pu

i i tpu pu
2 2 = ⋅ + - ⋅ +m e k r w

	
ˆ ( ) ( )eA F t E tpr pr

i i tpr pr
3 3 = ⋅ ⋅ -m e k r w

	 B̂ = mm 		  (5.54)

	 Case 2)

	 
ˆ ( ) ( )e* *A F t E t Tpu pu

i i tpu pu
1 1 = ⋅ + - ⋅ +m e k r w

	
ˆ ( ) ( )eA F t E t Tpu pu

i i tpu pu
2 2 = ⋅ + ⋅ -m e k r w

	
ˆ ( ) ( )eA F t E tpr pr

i i tpr pr
3 3 = ⋅ ⋅ -m e k r w

	
B̂ = mm.

		  (5.55)

Here, the pump pulse is assumed to precede the probe pulse by a finite delay time T. 
Then, the third-order pump–probe polarization, which is the expectation value of the 
electric dipole operator, is

	
P e e ek r

PP
i i t

pr pu pt dt dt dtpr pr( , ) e { *r = ⋅ - w
mmmmf1 2 3 � uu pr puE t t E t T t t( ) ( )*- + - -

∞∞∞

∫∫∫ 3 3 2
000

	
× + - - - +E t T t t t i t i tpu pr pu( )exp( )3 2 1 3 1w w

	
+ - + - -fmmmm �e e epr pu pu pr puE t t E t T t t* ( ) ( )3 3 2

	
× + - - - -E t T t t t i t i tpu pr pu

* ( )exp( )}.3 2 1 3 1w w
	 (5.56)

In order to simplify the above expression, we need to consider the resonant condi-
tions. The third-order response function consists of eight different contributions 
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as shown in Equation 5.24. However, their oscillating patterns in time or coher-
ence oscillation terms are different from one another. For instance, the coherence 
oscillation term of R t t t1 3 2 1( , , ) is exp( )- -i t i teg egw w1 3 . Therefore, this contribu-
tion can be resonantly enhanced with the electric field component oscillating as
exp( )i t i tpr puw w3 1+ when w w wpu pr eg= = . In Equation 5.56, the first term in the 
integrand contains such term so that among eight different response function 
components (Rj (for j = 1 - 4) and their complex conjugates) only R t t t1 3 2 1( , , ) and
R t t t4 3 2 1( , , ), which were classified to be the nonrephasing pathways are in res-
onance with the electric field component exp( )i t i tpr puw w3 1+ in the integrand of 
Equation 5.56. Similarly, the two rephasing pathways R t t t2 3 2 1( , , ) and R t t t3 3 2 1( , , ) 
are important when the electric field component oscillates as exp( ).i t i tpr puw w3 1-  
Thus, considering these resonant conditions (or the so-called rotating wave 
approximation), Equation 5.56 can be rewritten as

P r k r
PP

i i tt
i

dt dt dt R Rpr pr( , ) e [{= 



 +⋅ - w

�

3

1 2 3 1 4}} ( )*�e e epr pu pu prE t t-
∞∞∞

∫∫∫ 3
000

	
× + - - + - - - +E t T t t E t T t t t i t ipu pu pr p

* ( ) ( )exp(3 2 3 2 1 3w w uut1)

	
+ + - + - -{ } ( ) ( )*R R E t t E t T t tpr pu pu pr pu2 3 3 3 2�e e e

	
× + - - - -E t T t t t i t i tpu pr pu

* ( )exp( )].3 2 1 3 1w w
	 (5.57)

Now, let us consider the transient grating with phase-matching condition k ks = - +1

k k2 3+ .  In this case, the effective radiation–matter interactions and the effect  
operator are

	
ˆ ( ) ( )e* *A F t E t T i i t

1 1 1 1
1 1= ⋅ + - ⋅m e k r+ w

	
ˆ ( ) ( )eA F t E t T i i t

2 2 2 2
2 2= ⋅ + ⋅ -m e k r w

	
ˆ ( ) ( )eA F t E t i i t

3 3 3 3
3 3= ⋅ ⋅m e k r- w

	 B̂ = m. 	 (5.58)

Then, the TG polarization is given as

P r k k k r
TG

i i tt dt dt dt( , ) e ( ) ( )= - + ⋅ - - + +1 2 3 1 2 3
1 2 3

+ w w w ffmmmm �e e e3 2 1 3 3
000

* ( )E t t-
∞∞∞

∫∫∫

  × + - - + - - - - + +E t T t t E t T t t t i2 3 2 1 3 2 1 1 2 3( ) ( )exp{ ( )* w w w tt i t i t3 1 2 2 1 1- - -( ) }.w w w 	
			   (5.59)
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In the case of degenerate transient grating experiment, where the three incident field 
frequencies are identical, that is, w w w w1 2 3= = = , we get

	
P r e ek k k r

TG
i i tt dt dt dt( , ) e ( )= - ⋅ -1 2 3

1 2 3 3 2
+ + w

mmmmf � ee1 3 3 2 3 2
000

* ( ) ( )E t t E t T t t- + - -
∞∞∞

∫∫∫

	
× + - - - -E t T t t t i t i t1 3 2 1 3 1

*( )exp{ }.w w
	 (5.60)

Considering the resonance conditions, one can approximately rewrite Equation 5.60 
as

P r k k k r
TG

i i tt
i

dt dt dt( , ) e ( )= 



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- ⋅ -1 2 3

3

1 2 3
0

+ + w

�

∞∞∞∞

∫∫∫ + -
00

2 3 3 2 1 3 3{ } ( )*R R E t t�e e e

	 × + - - + - - - -E t T t t E t T t t t i t i t2 3 2 1 3 2 1 3 1( ) ( )exp{ }.* w w 	 (5.61)

Note that the two rephasing pathways are important in this particular measurement 
technique as long as the pump and probe pulses are well separated in time.

The homodyne-detected TG signal and the heterodyne-detected pump–probe sig-
nal are given as

	
S T dt tTG pu pr s( , ; ) ( , )( )w w =

-∞

∞

∫ P k3 2

	
S T e dt tHD PP pu pr

i
LO LO-

-∞

∞

= ⋅∫( , ; ; ) Im ( , ) ( )w w f f E k P* 3 (( , ) .ks t




 	

(5.62)

The phase f of the local oscillator (LO) can be controlled to be zero or p/2, and 
then S THD PP pu pr- =( , ; ; )w w f 0 and S THD PP pu pr- =( , ; ; / )w w f p 2 correspond to the TD 
and TB signals, respectively. In a later chapter the 2D pump–probe spectroscopy 
will be discussed in detail by using the results presented in this section.

5.6 �R ephasing Photon Echo Spectroscopy 
of a Two-Level System

Photon echo spectroscopy is an optical analog of the NMR spin echo.19, 20 This 
is one of the most widely used 2D spectroscopic techniques. Particularly, in the 
inhomogenous broadening limit, the photon echo method is useful to selectively 
measure the homogeneous dephasing rates since the echo signal is produced by 
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a rephasing process. In this section, general three-pulse photon echo spectros-
copy of a 2LS will be mainly discussed in detail (see Figure 5.3). The first pulse 
whose wavevector is k1 interacts with the optical sample and creates a distribu-
tion of coherences. Note that the coherences generated have the same phase at a 
short time. After a delay time τ, the second pulse with k2 propagation direction is 
injected to the optical sample. For a 2LS with only one excited state, the second 
radiation–matter interaction puts the molecular system onto populations on either 
the excited or ground state. However, if more than one excited state is accessible 
by the first two radiation–matter interactions, the coherence between two differ-
ent electronically excited states or two different vibrational quantum states, which 
are responsible for quantum beats in the pump–probe signal or in the diagonal 
and cross-peak amplitudes in 2D photon echo spectrum, can be generated by the 
first two radiation–matter interactions with ultrashort pulses having broad spectral 
bandwidths. Now, the third pulse with k3 wavevector, which is delayed from the 
second pulse by T (waiting time) is used to put the molecules back into coherences 
between the ground and excited states. This final coherence oscillates in time, and 
its ensemble-averaged dipole moment is then the third-order photon echo polariza-
tion that radiates the signal electric field.

Using the third-order response function theory discussed in this chapter, one can 
formulate the photon echo polarization and signal electric field. Typical photon echo 
spectroscopy is to measure the echo signal field emitted in the direction of –k1+ k2+ k3  
(see Figure 5.3) so that the three radiation–matter interaction terms and the effect-
operator are, respectively,

	 
ˆ ( ) ( )* *A F t E t T i i t

1 1 1 1
1 1= ⋅ + + - ⋅ +m e k rτ we

	
ˆ ( ) ( )eA F t E t T i i t

2 2 2 2
2 2= ⋅ + ⋅m e k r- w

	
ˆ ( ) ( )eA F t E t i i t

3 3 3 3
3 3= ⋅ ⋅m e k r- w

	 B̂ = m. 		
(5.63)

T τ
k1

k2

k3

Photon
echo 

–k1 + k2 + k3

Figure 5.3  Experimental beam configuration of three-pulse photon echo spectroscopy.
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Note that temporal envelope functions include the delay time variables τ and T prop-
erly. Throughout this book, unless it is necessary to distinguish the rephasing photon 
echo from the nonrephasing photon echo, the rephasing (–k1+ k2+ k3) photon echo 
will be just referred to as the photon echo.

Now, the photon echo polarization is then given as

P r k k k r
PE

i i tt dt dt dt( , ) e ( ) ( )= - + ⋅ - - + +1 2 3 1 2 3
1 2 3

+ w w w

0000
3 2 1 3 3 2

∞∞∞

∫∫∫ - +fmmmm �e e e* ( ) (E t t E t T

	
- - + + - - - + - +t t E t T t t t i t i3 2 1 3 2 1 3 2 1 3) ( )exp{ ( ) (* τ w w w w22 1 2 1 1- -w w) }.t i t

	
		  (5.64)

The above expression is fairly general for an arbitrary nondegenerate photon 
echo spectroscopy, where the three incident field frequencies can be different 
from one another. Furthermore, the photon echo is very similar to the TG geom-
etry, except that the delay time between the first two pulses is experimentally 
controlled and scanned for the photon echo measurement, whereas the TG is 
essentially identical to the photon echo with τ = 0. Usually, most of the photon 
echo experiments have been performed by using pulses with the same center fre-
quency, that is, degenerate limit, so that the degenerate photon echo polarization 
is simplified as

P r k k k r
PE

i i tt dt dt dt( , ) e ( )= - + ⋅ -
∞∞∞

∫∫∫1 2 3
1 2 3
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*( )exp{ }τ w w
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∞∞∞
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dt dt dtk k k r1 2 3
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1 2 3
000

+ w

�
{{ } ( )*R R E t t2 3 3 2 1 3 3+ -�e e e

	
× + - - + + - - - -E t T t t E t T t t t i t i t2 3 2 1 3 2 1 3 1( ) ( )exp{ }* τ w w ..

	 (5.65)

The second approximate equality in Equation 5.65 was obtained by considering the 
relevant resonance conditions.

In the case of the degenerate photon echo spectroscopy in the well-separated 
pulse limit, during t1 and t3 periods the electric field components oscillating as 
exp( )-i tw 1 and exp( )i tw 3 , respectively, are involved in the radiation–matter interac-
tions. Therefore, among the eight response function components in fmmmm only two 
of them satisfy the resonance condition, and they are the two rephasing pathways, 
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R t t t2 3 2 1( , , ) and R t t t3 3 2 1( , , ) , because their time-dependent parts include the coher-
ence oscillation term, exp( ).i t i teg egw w1 3- In Equation 5.65, they are

R t t t i t i Q tge eg ge eg eg eg2 3 2 1 1 22( , , ) exp( { (= - +m m m m w w ))} )

exp ( )

t

t t H t t t

3

2
1
2 2

3
2

2 1 3
1
2

1
2

× - - +{ }W W
	 (5.66)
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2 2

3
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2 1 3W Wt t H t t t- +{ }( ) .
		

		  (5.67)

Using these results, one can understand the rephasing process observed in an ensem-
ble having large static inhomogeneity. For the sake of simplicity, let us consider only 
the highly oscillating factor exp( )i t i teg egw w1 3- in Equations 5.66 and 5.67. In the 
inhomogeneous broadening limit, each individual molecule has a different transition 
frequency. Then, the transition frequency of the jth molecule can be written as

	
w w eeg

j
eg j= + .

	 (5.68)

Here, the ensemble-averaged transition frequency over all molecules is denoted as
weg, and ej is the deviation of the jth molecule’s transition frequency from the aver-
age value. Note that the e variable is broadly distributed if molecules have distinc-
tively different local environments and if the timescale of transition from one local 
environment to the other is sufficiently slow. Then, the third-order response function 
should be averaged over the distribution of e, where the distribution function of e will 
be denoted as I(ε). Thus, we have to consider the following average:

d I i t i t i t ieg eg ege e w e w e w w∫ + - + = -( )exp{ ( ) ( ) } exp{1 3 1 eegt d I i t t3 1 3} ( )exp{ ( )}e e e∫ -

	
= - -2 1 3 3 1p w wexp{ } ( ),i t i t I t teg eg

�
	 (5.69)

where �I t( ) is the inverse Fourier transform of I( )e . If I( )e is broad, the corresponding 
inverse Fourier transform, �I t( ), is narrow in time and so that �I t t( )3 1- peaks at t t1 3= . 
In the case of the large inhomogeneous broadening limit, �I t t( )3 1- can be approxi-
mately replaced with a Dirac delta function as

	
�I t t t t( ) ( ).3 1 3 1- = -δ 	 (5.70)

This clearly indicates the phase reversal in time domain, because the phase distribution 
of the coherences at t1 is narrowed down to zero at t3 = t1. Furthermore, in the impulsive 
limit, the temporal envelope of the photon echo polarization is simplified as

	 PPE t R t t T t R t t T t( ) ( , , ) ( , , ).∝ = = = + = = =2 3 2 1 3 3 2 1τ τ τ τ 	 (5.71)
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Note that the first two delay times τ and T are experimentally controlled variables. 
Equation 5.71 shows that the echo signal field amplitude (polarization) peaks after a finite 
delay time at t = τ from the third pulse. This is why the present spectroscopy has been 
called the photon echo. In solution, however, there is no truly static inhomogeneity so that  
the rephasing process is not perfect. Nevertheless, for a short time (< bath correlation 
time), the transition frequencies of optical chromophores are inhomogeneously distrib-
uted since the initial distribution of local environments around the solutes is still broad, 
and then the rephasing process plays a critical role in generating the echo signal field.

5.7 � Nonrephasing Photon Echo Spectroscopy  
of a Two-Level System

In the previous section, the rephasing photon echo spectroscopy was discussed, where 
the echo signal field propagating in the direction of –k1+ k2+ k3 was measured. In 
that case, only two (R t t t2 3 2 1( , , ) and R t t t3 3 2 1( , , )) out of eight response function com-
ponents in fmmmm satisfy the resonance condition because their time-dependent parts 
include the required coherence oscillation term, exp( )i t i teg egw w1 3- . One can also 
selectively measure the nonrephasing terms that are R t t t1 3 2 1( , , ) and R t t t4 3 2 1( , , ) with 
coherence oscillation exp( )- -i t i teg egw w1 3 by focusing on the emitted signal in the 
direction of k1 - k2 + k3 instead.2 This has been called the nonrephasing photon echo 
(NR-PE) experiment. In this case, even in the limit of very large static inhomogene-
ity, the radiated field does not show any echo behavior so that it should not be called 
a photon echo, but traditionally it was developed within the context of photon echo 
spectroscopy so that it will be distinguished from the rephasing photon echo by call-
ing it the NR-PE. Nevertheless, for this experimental beam configuration and detec-
tion, one can find that the three radiation–matter interaction terms and the effect 
operator are

	 
ˆ ( ) ( )eA F t E t T i i t

1 1 1 1
1 1= ⋅ + + ⋅m e k rτ w-

	
ˆ ( ) ( )* *A F t E t T i i t

2 2 2 2
2 2= ⋅ + - ⋅m e k re + w

	
ˆ ( ) ( )eA F t E t i i t

3 3 3 3
3 3= ⋅ ⋅m e k r- w

	 B̂ = mm. 	 (5.72)

It is again assumed that the delay times between the first and second pulses and 
between the second and third pulses are controlled to be τ and T, respectively. The 
NR-PE polarization is then given as

P r k k k r
NR PE

i i tt dt dt dt-
+ ⋅ - - +=( , ) e ( ) ( )1 2 3 1 2 3

1 2
- w w w

33 3 2 1 3 3 2 3
000

fmmmm�e e e* *E t t E t T t( ) (- + -
∞∞∞

∫∫∫
	 - + + - - - - + - -t E t T t t t i t i2 1 3 2 1 3 2 1 3 2 1) ( )exp{ ( ) (τ w w w w w )) }.t i t2 1 1+ w

(5.73)
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In the case of the degenerate NR-PE, its polarization is simplified as

P r ek k k r
NR PE

i i tt dt dt dt-
+ ⋅ -=( , ) e ( )1 2 3

1 2 3 3
- w

mmmmf � ee e2 1 3 3 2 3 2
000

* *E t t E t T t t( ) ( )- + - -
∞∞∞

∫∫∫

	
× + + - - - +E t T t t t i t i t1 3 2 1 3 1( )exp{ }τ w w

	
≅ 



 ++ ⋅ -e { }( )i i t i

dt dt dt R Rk k k r e1 2 3

3

1 2 3 1 4 3
- w

�
� ee e2 1 3 3

000

* E t t( )-
∞∞∞

∫∫∫

	
× + - - + + - - - +E t T t t E t T t t t i t i t2 3 2 1 3 2 1 3 1

*( ) ( )exp{ }τ w w ..
	 (5.74)

Due to the resonance condition, only the two nonrephasing components R t t t1 3 2 1( , , )
and R t t t4 3 2 1( , , ) play an important role in this particular experimental configu-
ration. Note that only these components have the coherence oscillation term 
exp( ).- -i t i teg egw w3 1

Consequently, in the inhomogeneous broadening limit, the ensemble-averaged 
nonrephasing response function over the distribution of the inhomogeneity factor ε 
in Equation 5.68 is

d I i t i t i teg eg ege e w e w e w∫ - + - + = - -( )exp{ ( ) ( ) } exp{1 3 1 ii t d I

i t t

egw e e

e

3

1 3

} ( )

exp{ ( )}

∫
× - +

	
= - - +2 1 3 1 3p w wexp{ } ( ).i t i t I t teg eg

�
	 (5.75)

Again, for a broad I I t t( ), ( )e �
1 3+ should be a narrow function in time and peaks 

at t t1 3= - . This means that the emitted field polarization amplitude monotonically 
decreases in positive time t3, and there won’t be time-delayed echo after the final 
(third) pulse in this NR-PE experiment.

5.8  Three-Pulse Photon Echo Peak Shift (PEPS)

The photon echo experiment has been performed by measuring the integrated inten-
sity of the echo field after the last incident δ-function-like pulse. That is to say, the 
measured integrated echo signal is

	
I T dt t TPE PE( , ) | ( , , ) | .τ τ=

∞

∫0

2E
	

(5.76)
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Since the photon echo signal electric field is linearly proportional to the photon 
echo polarization, in the impulsive limit the integrated echo signal is approximately  
given as

	
I T dt f t T iQ T tPE ( , ) | ( , , ){ exp( ( ) )} |τ τ∝ + -

∞

∫0

21 2
	

(5.77)

where

	
f t T t H T t( , , ) exp ( ) .τ τ τ≡ - - +{ }1

2
1
2

2 2 2 2W W
	

(5.78)

Here, it should be noted that the rephasing photon echo spectroscopy by measur-
ing the echo signal field propagating toward the –k1+ k2+ k3 direction is only con-
sidered here. In practice, the PEPS was experimentally estimated by measuring 
the half of the peak-to-peak difference along the τ-dependent integrated signals  
of the rephasing (–k1+ k2+ k3) and nonrephasing (k1- k2+ k3) photon echoes. Note 
that the corresponding integrated signal of the nonrephasing echo peaks at negative 
τ. Hereafter, we will assume that the PEPS is the maximum position of the integrated 
rephasing photon echo signal plotted as a function of τ.2, 13, 21

In order to perform the integration in Equation 5.77, let us ignore the spectral dif-
fusion process during T, that is to say, exp( ( ) ) .- ≈2 1iQ T t Then, one can find that

	
I T

H T
erf H TPE ( , ) exp

( ( ))
[ { ( ) /τ τ τ∼ - -



 +W

W
W

4 2 2

2
1 }}],

	
(5.79)

where erf is the error function. Note that the first term in Equation 5.79 is a Gaussian-
decay function with respect to τ, whereas the second term inside the square bracket 
increases in τ. Due to the incomplete rephasing process, the photon echo signal ini-
tially increases in τ, reaches a maximum value at τ*, and decays to zero as τ further 
increases. Therefore, the PEPS τ* is defined as the temporal shift of the maximum 
echo signal from τ =0. One can approximately obtain the PEPS τ* by taking a Taylor 
expansion of the approximate photon echo signal in Equation 5.79 up to the second-
order with respect to τ. From the quadratic equation, the PEPS τ* as a function of T 
is found to be

	
τ

p
*( )

( )
{ ( )}

.T
H T

H T
=

-
W

W4 2
	

(5.80)

Since H(t) is the real part of the time-correlation function C t( )  in the case of a two-
level system, that is, H t C tR( ) ( ),= the PEPS in Equation 5.80 can be rewritten as

	
τ

p
*( )

( ) ( )
( ) ( )

.T
C C T
C C T

R

R

=
-{ }

0
02 2

	
(5.81)
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At T = 0, Equation 5.81 diverges, because H T( ) .= =0 2W This unrealistic behavior 
originates from a few approximations invoked to obtain Equation 5.80, such as (1) 
short-time approximation to the third-order response function, (2) ignorance of finite 
pulse widths, and (3) ignorance of nonrephasing diagram contributions to the mea-
sured signal when the incident pulses are overlapped in time. Nevertheless, after a 
very short time T, the PEPS value becomes linearly proportional to H(T), which is 
then related to the solvation correlation function, so that we have

	
τ

p β p
*( )

( )
( ).T

H T
S T≈ ≅

W W3 3

2
� 	 (5.82)

Thus, the long-time decaying part of the PEPS with respect to T provides critical 
information on the solvation dynamics.2

In order to demonstrate the general behaviors of integrated photon echo and PEPS, 
we shall consider a model system. For numerical simulation of the echo response 
function, it is necessary to have the spectral density and solvation reorganization 
energy that are key ingredients for the calculation of the line broadening function 
g(t). Here, let us assume that the spectral density is an Ohmic form and the solvent 
reorganization energy l is 500 cm-1, that is,

	
r w

w
w w( ) exp( / ).∝ -1

c
	

(5.83)

The cutoff frequency wc is assumed to be 30 cm-1. If the high-temperature approxima-
tion is invoked, the mean square fluctuation amplitude, W2, of the electronic transition 
frequency is approximately calculated to be W2 52 2 07 10≅ = ×λk TB . cm-2, which is 
close to the value W2 52 08 10= ×. cm-2 from Equation 5.48. The two auxiliary func-
tions, Q(T) and H(T), that are needed for numerical calculations of rephasing photon 
echo response functions in Equations 5.77 and 5.78 are calculated and plotted in 
Figure 5.4. Note that the solvation correlation function is identical to Q(T) except 
for the constant offset of λ/� (see Equation 5.49). The decaying pattern of H(T) in 
this case is almost indistinguishable from S(T), indicating that the high-temperature  
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Figure 5.4  Calculated Q(t) in cm-1 and H(t) in cm-2 for the model 2LS discussed in the 
context.
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approximation is quantitatively acceptable. In the literatures, the solvation correla-
tion time has been defined as

	
τsol dt S t S≡

∞

∫0
0( )/ ( ).

	
(5.84)

With the spectral density given above, we find that tsol is about 235 fs.
By using the above parameters, the integrated rephasing photon echo signal is cal-

culated as a function of t and is plotted in Figure 5.5 for varying T from 50 to 300 fs.  
For instance, let us consider the integrated photon echo signal when T = 50 fs. The 
signal increases initially and then reaches its maximum value at around t = 10 fs. 
Then it decays rapidly down to zero in about a few tens of femtoseconds. One of the 
most notable features is that the peak position of I TPE ( , )τ vs. t moves toward t = 0 
as the waiting time T increases. This is the PEPS, and its time-dependent decaying 
pattern is, as predicted, given by Equation 5.80 approximately.

In the above, the static inhomogeneous contribution to line broadening has not 
been included in the description of PEPS. Although there is no truly static inho-
mogeneity in solution, chromophores in a glassy material or a polymer matrix 
could have sizable static inhomogeneous environments. If it is approximately given 
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Figure 5.5  Integrated rephasing photon echo signals versus t. The waiting time T varies 
from 50 to 300 fs. The peak position of the integrated echo signal shifts toward t = 0 as the 
waiting time T increases. This T-dependent behavior is called the three-pulse photon echo 
peak shift (PEPS).
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as a Gaussian with standard deviation of Σ, �I t t( )3 1-  in Equation 5.69 is given as 
�I t t t t( ) exp( ( ) ).3 1

1
2

2
3 1

2- ∝ - -Σ In this case, one should simply perform the follow-
ing replacements in all the equations above in this section:

	 W W Σ2 2 2→ +

	 H T H T( ) ( ) .→ + Σ2
	 (5.85)

Then, τ*( )T is given as

	
τ

p
*( )

{ ( ) }
{( ) ( ( ) ) }

T
H T

H T
= + +

+ - +
W Σ Σ

W Σ Σ

2 2 2

2 2 2 2 2
	

(5.86)

and the asymptotic value of τ*( )T does not approach zero, that is,

	
τ

p
*( )

{( ) }
.T → ∞ = +

+ -
W Σ Σ

W Σ Σ

2 2 2

2 2 2 4
	 (5.87)

The PEPS τ*( )T can be considered as a measure of inhomogeneity in the timescale 
of T. At a very short time, the instantaneous solvent configuration of each individ-
ual chromophore is different from one another, indicating a sizable inhomogeneity. 
However, if the timescale of interest is sufficiently longer than the bath correlation 
time, T bath� τ , and if the chromophores are dissolved in solution without truly static 
inhomogeneity, H T( ) ≈ 0 and τ*( ) .T ≈ 0 This means that the chromophores see the 
solvent as a homogeneous medium in such a long timescale. Let us consider a chemi-
cal reaction dynamics in solution. If a reactive species undergoes a barrier crossing 
and the timescale of the barrier crossing of a single reactant is much shorter than the 
bath correlation time, the surrounding solvent configurations around the reactants 
would appear to be inhomogeneously distributed. However, if the bath correlation 
time is sufficiently faster than a given barrier-crossing process, the solvent molecules 
will rapidly follow the reaction along the reaction coordinate and the solvent can be 
treated as a homogeneous medium. From this, it should be clear that the PEPS mea-
surement can provide information on not only the solvation timescale but also the 
extent of inhomogeneity within the timescale of T.

Despite that the general expressions of photon echo and pump–probe spectro-
scopic observables are presented in this chapter, due to the complicated triple convo-
lution integrals it is not easy to extract critical information directly from the signal. 
Therefore, in the following chapters, the 2D pump–probe and photon echo spec-
troscopy will be discussed in detail by invoking the short-time approximation to the 
third-order response function and the well-separated pulse approximation for the 
triple integrations required in the calculation of third-order polarization.
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6 Two-Dimensional  
Pump–Probe 
Spectroscopy

As emphasized throughout this book and found in innumerable experiments, the 
two-level approximation is valid and useful for describing resonant electronic transi-
tion of a chromophore in solution when the incident radiation frequency is close to 
the transition frequency between the ground state and one particular excited state. 
Therefore, discussions on the 2D spectroscopy of a model 2LS will be presented 
first. Among a variety of 2D optical spectroscopic techniques, we will focus on the 
2D peak shape of pump–probe spectrum.1-4

General results of pump–probe and photon echo spectroscopy for multi-level sys-
tems were presented previously. The pump–probe polarization, which is the expectation 
value of the electric dipole operator over the appropriate third-order perturbation-ex-
panded density operator, was given as a triple convolution of the third-order response 
function with three interacting external fields.5, 6 Therefore, any quantitative calcula-
tions of pump–probe signal require numerical integrations, and pump and probe pulses 
should be treated realistically. This is achievable, but the numerical calculation results 
cannot provide a conceptually clear picture on the 2D pump–probe spectroscopy in 
general. Consequently, in the present chapter, we will use a few approximations to 
perform the triple convolution integrations mathematically and present the resultant 
expressions for the frequency-scanning 2D pump–probe spectra of a model 2LS.

6.1 �Int roduction to Two-Dimensional 
Pump–probe Spectroscopy

A number of different coherent 2D optical spectroscopic methods can be devised 
by combining a sequence of optical excitation and probing processes, and one of the 
early 2D vibrational spectroscopic experiments was based on a pump–probe, that is, 
dynamic hole-burning spectroscopy.4, 7 In a self-heterodyne-detected pump–probe 
measurement, the molecular system is subjected to two light pulses, that is, pump 
and probe, of which center frequencies are w pu and w pr , respectively. The incoming 
field is therefore given as

	
E r E k r E k( , ) ( )exp( ) ( )exp(t t T i i t t ipu pu pu pr pr= + ⋅ - +w ⋅⋅ - +r i t c cprw ) . .,

	 (6.1)

where T is the delay time. Then, the probe difference absorption that is defined as 
the total probe absorption in the presence of the pump minus that in the absence 
of the pump is detected. In particular, the first two radiation–matter interactions 
are between a chromophore and pump pulse. The pump–probe signal field should 
satisfy the following phase-matching condition: k k k k ks pu pu pr pr= - + = . After the 
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first two field-matter interactions with pump pulse, not only the ground-state hole 
but also excited-state population (particle) or vibronic coherence can be generated.5 
Note that the first two field-matter interactions occur within the temporal envelope of 
the pump pulse. After a finite delay time T, the incoming probe field stimulates light 
emission of the excited state particle, is absorbed by the excited-state particle, or is 
scattered by the ground-state hole. In between the first two field-matter interactions, 
the system is on a coherence oscillating with frequency of weg. If one uses a very 
short pump pulse whose spectral bandwidth is sufficiently broad enough to cover the 
entire manifold of singly excited states of coupled multi-chromophore system, for 
example, light-harvesting complex consisting of a few to hundreds of chlorophylls, 
one can simultaneously create an ensemble of population and coherence on the  
electronically excited states. In this case of multilevel system, frequency-resolution 
of the excited states by using the present pump–probe method is not feasible, because 
the measured pump–probe signal has no dependency on the first coherence evolu-
tion time t1 (note that the two radiation–matter interactions occur within the ultra-
short pump–pulse envelope). This is in contrast with the photon echo technique that 
involves a t-scanning in the experiment, and the t-dependent signal contains infor-
mation on the first coherence evolution during the first t1 period. Nevertheless, the 
pump–probe signal can be dispersed by using a monochromator to detect the spec-
tral distribution of the pump–probe signal field. This turned out to be analogous to 
taking the Fourier-transform of the pump–probe signal with respect to t, which is 
the last coherence evolution time. Therefore, for the ultrafast pump–ultrafast probe 
measurement, the signal can only be displayed as a function of the pump–probe 
delay time T and frequency wt, that is, �S TPP t( , ).w

As a matter fact, to obtain the full 2D pump–probe spectrum, it was therefore 
necessary to perform a series of dynamic hole-burning experiments with a tunable 
and spectrally narrow band pump pulse of which bandwidth should be sufficiently 
narrow enough to frequency-resolve the one-quantum excited states or to selectively 
excite only a subset of the excited states. In addition to such a frequency-scanning, 
another requirement is that the temporal envelope of the narrow-band pump pulse 
should not be exceedingly broad in comparison to the lifetime of the excited states or 
any dynamical processes of interest to achieve time-resolution.7

In this case of the mixed frequency-time resolved pump–probe, the difference 
absorption signal is given as a function of the center frequency of the pump, the 
pump–probe delay time T, and the frequency wt that is the conjugate frequency of 
the electronic coherence time t, that is, �S TPP t pu( , , ).w w wτ = To construct the full 
2D pump–probe spectrum, one should therefore scan the pump frequency, wpu, and 
assemble the 1D transient difference spectra as a function of the peak frequency wpu 
of the pump pulse. Consequently, this method using a series of dynamic hole-burning 
experiments by tuning the frequency of spectrally narrow pump pulse is technically 
not directly analogous to the 2D NMR spectroscopy that utilizes temporally narrow 
radio frequency pulses and that requires double Fourier transformations to obtain the 
corresponding 2D NMR spectrum.

Often the frequency scanning of the spectrally narrow pump requires a large 
amount of data collection time to obtain a single 2D spectrum. One of the experi-
mental breakthroughs was achieved by overcoming this low efficiency. An essential 

84291_Book.indb   116 5/11/09   2:15:01 PM



Two-Dimensional Pump–Probe Spectroscopy 	 117

element of the experimental design is to maximally use a 2D array detector in the vis-
ible frequency ranges.8, 9 Using spherically focusing mirrors, the two-dimensionally  
(X and Y space) spreaded pump–probe signal field is a direct image of the 2D spec-
trum spatially encoded in the sample, where spatial dimensions along the X- and 
Y-axes in the recorded image correspond to wt and wt, respectively.

In the present chapter, we will present a theoretical description of 2D pump–
probe spectroscopy of simple model systems such as 2LS and anharmonic oscillator. 
Detailed analyses of 2D peak shape of the pump–pump spectra are shown to be use-
ful in understanding the underlying chromophore-solvent dynamics and sometimes 
intrinsic vibrational properties such as overtone anharmonic frequency shift.1

6.2 � Two-Dimensional Pump–probe 
Spectrum of A Two-level System

In the previous chapter, the pump–probe polarization was discussed and its temporal 
amplitude was found to be (see Equation 5.57)

P e e ePP pr pu pu prt
i

dt dt dt R R E( ) [{ } *= 



 +
�

�
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∞∞∞

∫∫∫ 3 3 2
000
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× + - - - -E t T t t t i t i tpu pr pu

* ( )exp( )].3 2 1 3 1w w
	 (6.2)

The four contributions from R1 – R4 to the pump–probe polarization are related to 
the following four diagrams:

	
< >< >m | |g g

	
< >< >m | |g g

	
< >< >m | |g g

	  
< >< >m | | .g g 	

(6.3)

Introducing a new integration variable ′ = + - -t t T t t3 2 and assuming that the delay 
time T is sufficiently larger than the pulse widths, one can obtain the following 
approximate expression for the pump–probe polarization:

PPP pr pu put
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In order to take into account the finite pulse-width effect on the pump–probe polar-
ization, the pulse envelope functions are assumed to be a Gaussian form as Epu(t) =  
exp( / )-w t2 2 2 and E t w tpr ( ) exp( / ).= - 2 2 2 Hereafter, the pump and probe beams are 
assumed to be linearly polarized so that epu and epr are real. Inserting Gaussian pulse 
envelope functions into Equation 6.4, replacing R t t tj ( , , )3 2 1 with R t t T tj ( , , )3 2 1= , and 
carrying out multiple integrals, one can find that the pump–probe polarization is 
given by the sum of two contributions, PPP

SE t( ) and PPP
GB t( ), that are associated with the 

stimulated emission (R1 and R2) and ground-state bleaching (R3 and R4) pathways, 
respectively, that is,

	 P P PPP PP
SE

PP
GBt t t( ) ( ) ( )= + 	 (6.5)

where
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Here, the auxiliary functions in Equations 6.6 and 6.7 are defined as
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(6.8)

The Dawson integral, F(x), in Equations 6.6 and 6.7, is defined as10

	

F x e duex

x

u( ) .= - ∫2 2

0 	

(6.9)
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The two contributions in Equations 6.6 and 6.7 are 2D Gaussian function with  
respect to the pump and probe field frequencies, wpu and wpr. More specifically, each 
contribution in Equations 6.6 and 6.7, when the imaginary pats are taken into consid-
eration, is given as a product of two Gaussian functions. First of all, p/( )W2 2+ ×w

 
exp(-X 2) is a Gaussian function with center at w wpu eg= , and its standard deviation is

( ).W2 2+ w  The stimulated emission contribution to the pump–probe polarization also 
depends on another Gaussian function, which is p/( ( )/( ))W W2 2 2 2 2+ - + ×w H T w

 exp(-Y 2(T)). Note that the width of this Gaussian function changes in time T due to 
the T-dependent H(T), which was defined in Equation 5.51. Additionally, from the 
definition ofY T( )in Equation 6.8, one can find that the center of the Gaussian func-
tion, exp( ( )),-Y T2 changes in time T as

	
w w w wpr eg pu egQ T

H T
w

= + +
+

-2
2 2

( )
( )

( ).
W 	

(6.10)

Note that the spectral diffusion here was taken into account by Q T( ), and that the 
2D peak shape is diagonally elongated because of the last term in Equation 6.10. 
The ground-state bleaching contribution to the pump–probe polarization also con-
tains the similar term determining the line shape along the probe field frequency, 
which is p/( ( )/( )) exp( ( ))W W2 2 2 2 2 2+ - + -w H T w Z T in Equation 6.7. The center 
of the Gaussian function exp( ( ))-Z T2 with respect to w pr is given as

	
w w w wpr eg pu eg

H T
w

= +
+

-( )
( ).

W2 2 	
(6.11)

Now, following the same line of derivations, one can find that the heterodyne-
detected 2D TD and TB spectra are given as
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(6.13)

For numerical calculation of these 2D spectra in Equations 6.12 and 6.13, both the 
spectral density, r(w), and the solvent reorganization energy, l, which are required 
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to obtain the line-broadening function g(t), should be determined first. Here, we con-
sider the same model 2LS used to numerically simulate the integrated photon echo 
signal and PEPS in Section 5.8. The spectral density is given in Equation 5.83, and 
l is assumed to be 500 cm-1 in the present case. For the following numerical simula-
tions, the pump–pulse envelope will be assumed to be identical to that of the probe 
pulse, and the full-width at half-maximum (FWHM) of each pulse is set to be 50 fs, 
so that w and w are 250 cm-1.

In Figure 6.1, the 2D transient dichroism spectra at T = 100, 300, 500, and 800 
fs are plotted. Here, the population relaxation contribution to the signals that can be 
taken into account by multiplying an exponentially decaying function to the corre-
sponding pump–probe response function has not been included because it does not 
strongly alter the 2D peak shape except for its widths along the x- and y-axis in the 
spectrum. The TD spectra at short time T are tilted and elliptical. Particularly, the 
TD spectrum at t = 100 fs is diagonally elongated. The degree of slant of the TG 
and TD contours decreases as the pump–probe delay time T increases. The reason 
the 2D TD spectra are significantly tilted at short time T is that the memory on the 
phase space of initially pumped wavepacket is not fully faded out yet within such a 
short time. That is to say, the solvent inhomogeneity experienced by chromophores is 
large at short timescale. This memory loss rate is determined by the function, H(T), 
defined in Equation 5.51, or approximately the solvation correlation function, S(T) 
(see Equation 5.53).

At sufficiently short time T, the 2D spectrum is diagonally elongated even in the 
case when there is no static inhomogeneity. From the expression for the TD spectrum 
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Figure 6.1  Two-dimensional transient grating spectra for the model system discussed in 
Section 5.8. The 2D contour spectra are shown for T = 100, 300, 500, and 800 fs.
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in Equation 6.12, one can obtain an approximate result for the FWHM along the 
diagonal, which is found to be
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(6.14)

The FWHM along the antidiagonal is, on the other hand,
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Second, the width of the 2D TD spectrum along the wpr axis at wpu = weg increases as 
the delay time T increases. This is not only because of the H(T)-dependent standard de- 
viation of the wpr-dependent Gaussian function, which is W W2 2 2 2 2+ - +w H T w( )/( ) , 
but also because of the spectral diffusion–induced frequency-shift of the 2D peak 
from the stimulated emission contributions. Due to the spectral diffusion function, 
Q T( ) , the center frequency of p/( ( )/( )) exp( ( ))W W2 2 2 2 2 2+ - + -w H T w Y T  along 
the wpr axis at long time T shifts toward the value of w λeg - 2 /�. This can be easily 
understood by noting that the TD signals at large T are given by a sum of two 2D 
Gaussian functions centered at (wpu = weg, wpr 

= weg) and (wpu = weg, wpr = w λeg - 2 / ),�   
that is,
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As can be seen in the contour plots in Figure 6.1, the center position of the 2D TD 
spectrum, which is given by two 2D Gaussian functions originating from ground-
state bleaching and stimulated emission contributions, changes with respect to the 
delay time T, and its location is at (wpu = weg and wpr = w δweg T+ ( )), where the 
T-dependent frequency shift δw( )T is found to be

	
δw λ

( ) ( ) ( ) .T Q T S T= = -
� 	

(6.18)

Therefore, the T-dependent δw( )T obtained from experimentally measured series 
of 2D TD spectra can directly provide quantitative information on the correlation 
function, S T( ), which is related to the frequency–frequency correlation function (see 
Equations 5.52 and 5.53).

84291_Book.indb   121 5/11/09   2:15:16 PM



122	 Two-Dimensional Optical Spectroscopy

Exercise 6.1
Using the model system discussed below Equation 6.13, numerically calculate 
the 2D TD spectrum at T = 1000 fs. From the simulated spectrum, estimate 
Dwdiag and Dwanti diag- values and compare them with the results obtained with 
Equations 6.14 and 6.15.

Next, consider the 2D transient birefringence spectra numerically calculated by using 
the same model parameters (see Figure 6.2). Each spectrum contains both positive and 
negative peaks, which is a characteristic dispersive feature. Note that the two peaks at 
the maximum and the minimum are separated from each other, and that the magnitude 
of peak separation, D(T), increases as the interpulse delay time T increases. In addition, 
it is found that the 2D TB contour plot has a nodal line, and its slope is close to 1 at short 
time T but decreases to zero at long time. The slope of the nodal line will be denoted as 
s(T). Then, consider the contour line of S TTB pu pr( , ; ) .w w = 0 The slope of the tangential 
line of this specific contour line in the region between the positive and negative peaks 
should be s(T). Because the Dawson’s integral, F(x), reaches the maximum value at 
x=0.92,10 | ( ( ))|F Y T and | ( ( ))|F Z T become maximum when, for w wpu eg= ,

	

w w w wpr eg

H T
w

pr egQ T

w

- -

- +( )
=

-

+

2

2
0 92

2 22

2 2

( )
.

( )W W

and
22

0 92
2 22

2 2W W- +( )
=

+
H T

w w( )
. .

	

(6.19)

Therefore, the location of the midpoint between the positive and negative peaks is at
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Figure 6.2  Two-dimensional transient birefringence spectra of the same model system 
used in Figure 6.1.
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From this, the slope of the nodal line is found to be
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(6.21)

This shows that the correlation function S(T) can be experimentally measured from 
the T-dependent change of the slope of the 2D TB nodal line also.

Up until now, the static inhomogeneity has not been included in the description 
of 2D pump–probe spectrum of a model 2LS. If the static inhomogeneity is approxi-
mately given as a Gaussian with standard deviation Σ, one should simply perform the 
following replacements in all the equations in this section:

	 W W Σ2 2 2→ +

	 H T H T( ) ( ) .→ + Σ2
	 (6.22)

In this case, the 2D TD and TB contours remain to be tilted regardless of the delay 
time T. For instance, the asymptotic value of the slope, s( )T → ∞ , would approach to 
a finite value, and it is directly related to the width of the static inhomogeneity as

	
s( ) .T

w
→ ∞ =

+ +
Σ

W Σ

2

2 2 2 	
(6.23)

This relationship would be of use in determining the width of static inhomogeneity 
distribution, W. Note that the value Ω2 is the homogeneous line-broadening factor 
that can be estimated from the antidiagonal line-width in Equation 6.15 and the 
pump pulse width w can be experimentally measured. Thus, from the measured 
s( )T → ∞ value and Equation 6.23, W2 can be quantitatively estimated.

6.3 � Two-Dimensional Pump–probe Spectrum 
of AN Anharmonic Oscillator

In the previous section, 2D pump–probe spectroscopy of a 2LS was considered in 
detail. However, when the chromophore is a vibrational oscillator, not only the first 
vibrationally excited state but also the second excited (overtone) state are involved in 
a 2D four-wave-mixing process. If the oscillator is perfectly harmonic, the 2D vibra-
tional response function vanishes. However, for a realistic vibration, the potential 
energy surface is anharmonic so that the corresponding response function does not 
vanish and the measured 2D spectrum provides critical information on the vibra-
tional anharmonicity for a single oscillator system.

Here, the three vibrational levels are denoted as |g>, |e>, and |f>, where |f> is the 
overtone (second excited) state. Due to the presence of the third state, in addition to 
the four diagrams in Equation 6.3, one should consider two more contributions:

	
< >< >m | |g g

	

	  
< >< >m | | .g g 	 (6.24)

f     e 

e 
f         e 

e 
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Hereafter, the corresponding response function components associated with the 
above two diagrams will be denoted as R5 and R6, respectively. They involve popu-
lation (ree

( )2 ) evolution during the second time period t2. Then, the third radiation–
matter interaction induces one quantum transition from e to f. Therefore, these two 
contributions are called the excited-state absorption (EA). The expressions for the 
corresponding third-order response function components can be obtained from 
Equations 5.26 and 5.29, which are valid for an arbitrary four-level system. In the 
case of the weakly anharmonic oscillator, the transition dipole matrix element | |m fe is 
related to | |mmeg as | | | | .mm mmfe eg≅ 2 Furthermore, the vibrational chromophore-solvent 
interaction induces fluctuation of the vibrational force constant so that the fluctuat-
ing part of the transition frequency between g and f states is twice as large as that 
between g and e states, that is,

	
U t U tfg eg( ) ( ).≅ 2

	 (6.25)

Therefore, the correlation functions representing correlation amplitudes between 
fluctuating transition frequencies are related to one another as1, 11

	
C t C t C t C tee ff ef fe( ) ( ) ( ) ( )= = =1

4
1
2

1
2

	 (6.26)

where
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C t U t Ufe fg eg B B( ) ( ) ( ) .= < >1

0
2�

r 	 (6.27)

Using these relationships, one can obtain the expressions for the two diagrams in 
Equation 6.24, in terms of the line-broadening function g(t), as

R t t t i t i tge ef fe eg fe eg5 3 2 1 3 1( , , ) [ ] exp{ }= - - +m m m m w w

 
× - - + - + - + +exp{ ( ) ( ) ( ) ( ) ( ) (* * *g t g t g t g t t g t t g3 1 2 1 2 2 3 tt t t1 2 3+ + )}

R t t t i t i tge ef fe eg fe eg6 3 2 1 3 1( , , ) [ ]exp{ }= - - -m m m m w w

 
× - - - + + + + -exp{ ( ) ( ) ( ) ( ) ( ) (* *g t g t g t g t t g t t g t3 1 2 1 2 2 3 11 2 3+ +t t )}.

	 (6.28)
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By using the short-time approximation again and by considering the well-separated 
pulse limit, the excited-state absorption contribution to the pump–probe polariza-
tion,P kPP s t( , ), is found to be
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where
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Note that PPP
EA t( ) differs from PPP

SE t( ) by (1) the factor of 2 originating from the rela-
tionship | | | |mm mmfe eg

2 22= , (2) the sign that the excited-state absorption contributes to 
the PP signal negatively, and (3) w wpr eg- → w wpr fe- .

Therefore, for an effectively three-vibrational-level system, the total pump–probe 
polarization is given by a sum of three contributions:

	 P P P PPP PP
SE

PP
GB

PP
EAt t t t( ) ( ) ( ) ( ).= + + 	 (6.31)

Due to the phase difference eip (= -1) between P tPP
EA( ) and P t P tPP

SE
PP
GB( ) ( )+ , the addi-

tional excited-state absorption contribution interferes destructively in the region 
where the spectral overlap is large. Combining the results in Equations 6.12 and 6.13 
with the EA contribution to the 2D pump–probe spectrum, one can find that the 2D 
TD and TB signals of an anharmonic oscillator are
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The 2D TD spectrum consists of three 2D Gaussian functions. The peak positions of 
the three independent terms are

Ground-state bleaching (GB):  ( , )w w w wpu eg pr eg= =
Stimulated emission (SE):  ( , ( ))w w w wpu eg pr eg Q T= = + 2

Excited-state absorption (EA):  ( , ( )).w w w wpu eg pr fe Q T= = + 2

Noting that w w δwfe eg anh= - , where δwanh is the overtone anharmonic frequency 
shift, one can find that the peak position of the EA contribution is at ( ,w wpu eg=
w w δwpr eg anh Q T= - + 2 ( )).

Perfectly harmonic case. If there is no overtone anharmonicity, that is, perfectly har-
monic oscillator, w wfe eg= and the relation | | | |m mfe eg= 2 is exact, then, the magnitude 
of the GB+SE term is identical to that of the EA contribution and the pump–probe signal 
vanishes. However, all real molecular vibrations are intrinsically anharmonic.

Strongly anharmonic case. In the limiting case when the overtone anharmonic 
frequency shift δwanh is much larger than the absorption bandwidth and solvent reor-
ganization energy, that is, δwanh �W and δw λanh � �/ , the TD spectrum will exhibit 
two peaks with opposite signs and the peak-to-peak frequency difference is simply 
identical to δwanh.

Weakly anharmonic case. When δwanh is comparable to the absorption band-
width, which is approximately W (root mean square fluctuation amplitude of vibra-
tional transition frequency), the peak-to-peak frequency difference is a complicated 
function of δwanh, W, and pulse widths. This case is considered below.

First of all, the functional form of the spectral density, r w( ), will be assumed to 
be the same with Equation 5.83, but the solvent reorganization energy, l, is assumed 
to be 10 cm-1 in the present case of anharmonic oscillator. Note that the vibrational 
Stokes shift, which is the solvation energy change upon vibrational excitation, is 
typically one to two orders of magnitude smaller than that of electronic transition. 
The IR pump–pulse envelop is assumed to be identical to that of the IR probe pulse, 
and the FWHM of each pulse is set to be 200 fs so that w and w are 63 cm-1. Due 
to the nonzero vibrational anharmonicity, we assume that the overtone anharmonic 
frequency shift δw w wanh eg fe= - is 30 cm-1. The 2D TD spectra for varying delay 
time T are plotted in Figure 6.3. At short time (see the contour plot at T = 100 fs), the 
positive and negative contours are diagonally elongated and the nodal line between 
the two peaks has a finite slope. As T increases, the slope changes and approaches 
zero, in the case when there is no static inhomogeneity.

For a weakly anharmonic oscillator, the peak-to-peak frequency difference in the 
present model system is estimated to be about 180 cm-1, which is much larger than the 
overtone anharmonic frequency shift 30 cm-1. Furthermore, the two peak positions 
along the wpr-axis change in time T via the spectral diffusion process described by
Q T( ). Note that the two contributions from EA and SE+GB, which are 2 2exp( ( ))-W T
and - - - -exp( ( )) exp( ( ))Y T Z T2 2 , respectively, are Gaussian functions centered at
w w δwpr eg anh Q T= - + 2 ( ) and w wpr eg Q T= + ( ), respectively. The maximum values 
of 2 2exp( ( ))-W T and exp( ( )) exp( ( ))- + -Y T Z T2 2 are in this case almost the same. 
Thus, the slice of the 2D TD spectrum at w wpu eg= can be recast in the form

S T A T x x T A TTD pu eg pr( , ; ) exp ( ){ ( )} exp (w w w= ∝ - -( ) - -1
2 )){ ( )}x x T-( )2

2

	 (6.34)
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where
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The two (positive and negative) peak positions can be found by solving the following 
nonlinear equation, obtained from ∂ = ∂ =S T xTD pu eg pr( , ; )/ ,w w w 0 for x,
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A T x T x T x x T x
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= - - - +1

2
1 2 1
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( )

exp ( ) ( ( ) ( )) ( ) 22
2( ) .T[ ]{ }

	
(6.36)

One cannot analytically solve the above nonlinear equation to find two roots. 
However, in the weakly anharmonic case, it should be noted that, regardless of T, 
for x in the range from[ ( ) ( )]/x T x T w1 2

2 22+ - +W to [ ( ) ( )]/ ,x T x T w1 2
2 22+ + +W  

we have

	
| ( )[ ( ( ) ( )) ]| .A T x T x T x2 11 2- <<

	 (6.37)

Thus, Equation 6.36 can be recast in the form of a quadratic equation of ( ).w wpr eg-  
Thus, the magnitude of the peak-to-peak frequency difference, denoted as Dw( ),T  
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Figure 6.3  Two-dimensional transient dichroism spectra of anharmonic oscillator.
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is approximately found to be

	 D W Ww( ) ( ( )[ ] ) ( ).T H T w w Q T≅ - + + +-4 2 2 2 2 1 2 2
	 (6.38)

Ignoring the T-dependent terms in Equation 6.38, one can further simplify it as

	 D Ww ≅ +2 2 2w . 	 (6.39)

which is 180 cm-1 in the present model case. Thus, for weakly anharmonic oscillator, 
it is concluded that, if the square root of W2 2+ w is larger than the sum of δwanh and 
λ/ ,� or if the two (positive and negative) peaks are strongly overlapped in frequency 
domain, the peak-to-peak frequency difference in the 2D TD spectrum is deter-
mined not by the anharmonic frequency shift but by the root mean square fluctuation 
amplitude W and the spectral bandwidth of the probe pulse. This is indeed the model 
case studied above, for example, W2 2+ w = 90 cm-1 > δw λanh + /� = 40 cm-1.

Secondly, the slope of the nodal line in the 2D TD spectrum is found to be related 
to the function S(T). Defining s τ( )  to be the slope of the nodal line (see the dashed 
line in Figure 6.3) at w wpu eg= and w wpr eg x T x T= + +[ ( ) ( )]/ ,1 2 2 we find

	
s

β
( )

( ) ( )
.T

H T
w

S T
w

=
+

≅




 +W W2 2 2 2

2
� 	

(6.40)

Again, once the slope s( )T is experimentally measured as a function of T, the sol-
vation dynamics function S(T) can be obtained by using the above relationship, 
Equation 6.40.

Although the time-dependent 2D TB spectrum of an anharmonic oscillator has 
not been discussed in detail in this chapter, using the formal expression given in 
Equation 6.33 and performing numerical calculations of the Dawson integrals, one 
can find spectroscopic signatures of solvation dynamics and vibrational transition 
frequency-frequency correlation functions from the 2D TB measurements. In addi-
tion, similar to the case of 2LS, the static inhomogeneity effects on various pump–
probe spectra of anharmonic oscillator can be understood by performing the same 
replacements in Equation 6.22. Again, the asymptotic value of the inverse slope,
s( ),T → ∞ will provide quantitative information on the existence and magnitude of 
static inhomogeneity.

In this chapter, theoretical descriptions of 2D pump–probe spectroscopy of two- 
and three-level systems, which are good models for an electronic chromophore and 
an anharmonic oscillator, respectively, were presented. The expressions for the 
2D pump–probe signals presented here will be of use in the investigations of pure 
dephasing, static inhomogeneity, and chromophore-solvent dynamics of two- and 
three-level systems. However, it should be noted that the 2D pump–probe spectro- 
scopy requires frequency-scanning of the pump field. In contrast, the photon echo 
spectroscopy with ultrashort pulses is useful for directly obtaining the entire 2D 
spectrum by scanning the interpulse delay times followed by 2D Fourier transforma-
tion. Thus, the photon echo method has been considered to be a convenient 2D vibra-
tional or electronic spectroscopy. This will be discussed in the following chapter.
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7 Two-Dimensional Photon 
Echo Spectroscopy

Electronic or vibrational photon echo has been considered to be an optical analog 
of the NMR spin echo.1-6 In an optical photon echo experiment typically utilizing 
three light pulses, a phase-matching geometry based on momentum conservation 
of the photons is used to detect the echo signal field propagating in the direction 
that is different from those of incident beams (see Figure 3.3). An early purpose of 
photon echo investigation was to exploit the correlation between the initial excita-
tion frequency and the final detection (emission or probing) frequency in time and 
to eliminate the static inhomogeneous line-broadening contribution by measuring 
the rephasing echo signal.5, 7, 8 In the limiting case when the line shape is dictated 
by a large inhomogeneous broadening, the echo signal field will peak at t = τ due to 
the rephasing process (see Section 5.6). However, chromophores in solution do not 
have truly static inhomogeneity due to the ultrafast spectral diffusion and solvation 
process so that the echo signal field amplitude varies in the detection time t, which is 
the time after the third pulse in a three-pulse photon echo experiment.

The phase-matched photon echo signal field should then satisfy the following wave 
vector equality: ks = -k1 + k2 + k3. The corresponding diagrams have been called 
the rephasing ones. The “mirror image” echo appears at ks = k1 - k2 + k3, and the 
corresponding nonlinear optical transition pathways were called the nonrephasing  
diagrams. At short time (<tsol or tdecoherence), the rephasing echo and the mirror image 
(nonrephasing) echo signals, with respect to the first coherence period, τ, do not 
completely overlap,9 and the time difference between the two peaks was defined as 
the three-pulse PEPS denoted as τ*( ).T 7, 10, 11 It turned out that the PEPS as a function 
of the second delay time T between the second and third pulses in the three-pulse 
photon echo was shown to be directly related to the transition frequency–frequency 
correlation function, and its asymptotic value is related to the static inhomogene-
ity directly reflecting unequal environments around different chromophores.7, 11 The 
delay time T was called the waiting or population evolution time in the literatures. 
Usually, the conventional integrated photon echo signal depends on two time vari-
ables τ and T, and the echo field intensity (not amplitude) was detected. Therefore, 
the integrated photon echo measurement method cannot provide the 2D photon echo 
spectrum unless notable quantum beats exist.

In a real 2D photon echo measurement, a femtosecond optical (either visible or 
infrared) pulse whose spectral bandwidth is sufficiently broad enough to simultaneously 
excite a manifold of excited or delocalized excitonic states can create quantum coher-
encesr τeg

( ) ( )1 between the ground and excited states. The second pulse interacts with 
the system, and either the ground-state populationr τgg T( ) ( , )2 or excited-state coherence
r τee T'

( ) ( , )2 (for e ≠ e’) or populationr τee T( ) ( , )2 is created. Note that the density matrix
r τ( ) ( , )2 T is second order with respect to the external electric field amplitude. The third 
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field-matter interaction finally generates the third-order perturbation-expanded density 
matrix elements such asr τe g T t'

( ) ( , , ),3 which in turn radiate the echo signal field via a spon-
taneous emissive interaction with the vaccum field. Detecting the photon echo signal 
field with respect to t, T, and t and Fourier transforming it with respect to t and t, one can 
obtain the 2D photon echo spectrum S TPE t( , , )w wτ as a function of the waiting time T. 
One can use different methods to control the pulse-to-pulse delay time, phases between 
pulses, center frequencies of each pulse, and so forth, but regardless of detailed experi-
mental approaches, the 2D photon echo spectroscopy is essentially to measure the third-
order response function with respect to t, T, and t. In this regard, it can be considered a 
3D spectroscopic method,12 since one can carry out an additional Fourier transforma-
tion of the third-order response function with respect to T too. However, for the sake 
of simplicity in plotting the 3D function and for clear interpretation, the 2D spectrum 
S TPE t( , , )w wτ has been reported with respect to the waiting time T. In the present chap-
ter, we will mainly consider the 2D photon echo spectroscopy of simple model systems, 
such as 2LS and anharmonic oscillator. Furthermore, a few simplified 2D peak shape 
models will be discussed here.

7.1 �Ph ase and Amplitude Detection of Two-Dimensional  
Photon Echo Signal Fields

There are a number of different ways to detect weak and transient signal electric 
fields. For instance, one can use a time-gated pulse combined with an upconversion 
detection technique to measure the temporal amplitude of a weak signal field.13–16 A 
variety of heterodyne detection methods have also been developed over the years, 
but the so-called Fourier transform spectral interferometry (FTSI) has been most 
extensively used among them.17–25 Here, the phase-and-amplitude detection of the 
weak signal field via the FTSI is discussed in detail, not only because it has been 
widely used in both 2D IR and 2D electronic spectroscopy based on a photon echo 
scheme, but also because it is a fundamentally important and quite versatile detec-
tion scheme used in many other applications.

To fully extract information on nonlinear molecular responses against a train of 
interrogating pulses, one should be able to characterize the signal field in terms of 
its phase and amplitude. To achieve such a goal, a heterodyne detection method in 
frequency domain based on the Mach-Zehnder interferometer (see Figure 7.1) has 
been widely used because fast response array detector is available. The three-pulse 
photon echo experimental setup is inside the Echo EXP box in Figure 7.1. Then, the 
generated signal field Es is combined with the reference (local oscillator) field E0. 
The two fields then interfere with each other, and the total intensity, which is the 
absolute square of the sum of the two electric fields, is then detected, that is,

	
I E E E E Es s( ) | ( ) ( ) | | ( ) | | ( ) | Re[ (*w w w w w w= + = + +0

2
0

2 2
02 )) ( )].Es w 	 (7.1)

Often the second term on the right-hand side of Equation 7.1 is much smaller than 
the last interference term since the latter is linearly proportional to the reference field 
amplitude. Using a chopper properly placed in one of the arms of the Mach-Zehnder 
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interferometer in Figure 7.1 and taking difference intensity, one can selectively mea-
sure the heterodyned signal I E Eh s= 2 0Re[ ( ) ( )].* w w

When the reference pulse and signal field are temporally overlapped at the detec-
tor, the interference term is likely to be very large. However, in order to enhance the 
spectral resolution and to selectively eliminate the contribution from the reference 
pulse spectrum to the measured heterodyned signal, the reference pulse is deliber-
ately made to precede the signal by a fixed time delay Dτ .17 The delay time Dτ is cho-
sen to be large enough to reduce the temporal overlap between the reference pulse 
and signal field but small enough to make the interference signal measurably large. 
In this case, the interference part of the measured signal has an additional phase-
factor originating from the finite delay time Dτ as

	
I E E eh s

i( ) Re ( ) ( ) .*w w w w τ=  2 0
D 	 (7.2)

To obtain the complex spectrum of the signal field, it is necessary to manipulate the 
heterodyne-detected spectral interferogram as

	
E

F t F I e

Es
h

i

( )
( ) { ( )}

( )
,

*
w

q w
w

w τ

=
 

- -1

0

D

	 (7.3)

where F[ ]� and F-1[ ]� are the Fourier and inverse Fourier transforms, respectively. 
q( )t is the heavy-side step function.

Exercise 7.1
Derive Equation 7.3 from 7.2.

In a photon echo experiment, the echo field is put into a spectral interferometer 
to allow its interference with the reference pulse. In this case, the transient profile 
of the echo signal field as a function of detection time t is not directly measured 
but indirectly characterized by using this FTSI in frequency domain. Here, the 

MC Det

BS

∆τ

Es(ω)Echo
EXP M

E0(ω)
E0(ω)Es(ω)

Figure 7.1  Fourier transform spectral interferometer for heterodyne-detection of photon 
echo signal field Es(w). The photon echo experimental setup is inside the Echo EXP box. 
The generated photon echo signal field is delayed from the reference pulse E0(w) by a finite 
time ∆t. Here, BS is beam splitter; MC, monochromator; M, mirror; Det, multichannel array 
detector.
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heterodyne-detected signal intensity Ih(wt, T, t) corresponds to the echo signal 
depending on the two experimentally controlled delay times τ and T. Therefore, the 
2D photon echo signal field can be extracted from Ih(wt, T, t) as

	
E T

F t F I T e

Eecho t
h t

i t

( , , )
( ) { ( , , )}

w τ
q w τ w τ

=
 

- -1

0

D

**( )
.

w t

	 (7.4)

The 2D photon echo spectrum is finally obtained by performing a numerical Fourier 
transformation with respect to the first coherence delay time, τ, as

	
�E T d E T iecho t echo t( , , ) ( , , ) exp( ).w w τ w τ w ττ τ=

-∞

∞

∫ 	 (7.5)

This has become the standard procedure for a spectral interferometric heterodyne- 
detected 2D photon echo experiment. Certainly, one can use a pulse-shaping tech-
nology to keep the phase between pulses constant and to control the delay time τ 
in an automated fashion. Nevertheless, the essential idea is that the double Fourier 
transformations of the echo signal field Eecho (t, T, τ) with respect to τ and t are 
required to obtain the 2D photon echo spectrum.

Since thus obtained 2D photon echo spectrum is complex and depends on the 
phase-matching condition used, there exist different ways to present the 2D pho-
ton echo spectra. For the phase-matching scheme with ks = -k1 + k2 + k3, the real 
and imaginary parts of �E Techo t( , , )w wτ can be separately measured and have been 
reported. The absolute magnitude spectrum defined as | ( , , )|�E Techo tw wτ was also 
used in some cases and often discussed in literatures. An absorptive 2D photon echo  
spectrum obtained as the sum of equally weighted rephasing and nonrephasing pho-
ton echo spectra was also considered to be of use. Most of the photon echo spectros-
copy experiments were based on a noncollinear four-wave-mixing scheme with a 
specific phase-matching condition mentioned above, where incident beams propa-
gate slightly differently (see Figure 7.2) in space. Phase-matching method has a clear 

T τ

φ3 φ2 φ1

ks = k3 + k2 + k1
T τ

k3
k2

k1

Phase Matching
Phase Cycling

Figure 7.2  Phase-matching and phase-cycling beam configurations for photon echo 
mesurement. In the former case, the three incident beams are noncollinear, and the generated 
echo signal field radiated in the direction of ks wavevector is selectively detected by using 
one of the heterodyne-detection methods. On the other hand, the phase-cycling method uses 
three collinear pulses, but the relative phase of each pulse is precisely controlled and a proper 
combination of phase-cycled signals gives the echo signal.
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advantage of spatial separation of the desired and undesired signals, as can be seen 
in Figure 7.2. Note that the signal field propagates in a different direction.

However, the direct optical analog of 2D NMR utilizing the phase-cycling tech-
nique was also experimentally demonstrated to be feasible.26, 27 The phases of the three 
collinearly propagating pulses are controlled so that the echo polarization becomes 
a function of the input pulse phases φ1 - φ3 (see Figure 7.2). The echo polarization 
has a unique phase dependence on the input pulses. Then, the photon echo peaks can 
be selectively measured by combining sixteen different phase combinations, that is, 
sixteen-step phase cycling. It should be mentioned that there are certain advantages 
of phase-cycling technique over phase matching: (1) coherently averaging away the 
specific interaction mechanism can enhance signal intensity, (2) collinear approach 
decreases the number of required data points, and (3) phase-matching technique 
works in extended systems with many chromophores, but the collinear phase-cycling 
technique is not strongly limited by the size of the sample. For the sake of experi-
mental demonstration, rubidium atomic vapor was chosen, where rubidium atom can  
be considered a four-level system consisting of the ground state 5S1/2, two singly 
excited states 5P1/2 and 5P3/2, and one doubly excited state 5D. Despite the success 
of the optical 2D spectroscopy with employing a phase-cycling technique, it needs 
to be developed further to allow its application to a variety of 2D electronic and 
vibrational spectroscopic investigations of complicated molecular systems such as 
proteins, molecular complexes, and the like.

7.2 � TWo-Dimensional Photon Echo 
Spectrum of A Two-Level System

In Chapter 5, a theoretical description of the three-pulse photon echo polarization 
was presented in terms of the third-order electric-dipole response function and its 
triple convolution with pulsed electric fields. In particular, the rephasing echo mea-
surement is to detect the emitted signal field in the direction of -k1 + k2 + k3. Then, 
only the rephasing diagrams are important due to the resonance conditions, and 
Section 5.6 showed the temporal envelope of the photon echo polarization:
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Here, the two rephasing diagrams representing R t t t2 3 2 1( , , ) and R t t t3 3 2 1( , , ) contribu-
tions are, for 2LS,
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Using the short-time approximate expressions for R2(t3, t2, t1) and R3(t3, t2, t1), 
Equation 7.6 can be rewritten as

P e e ePE ge eg ge egt T i dt dt dt( , , ) [ ] *τ = - -� �3
3 2 1 1 2 3m m m m MM t t t( , , )3 2 1

000

∞∞∞

∫∫∫
           

{exp( ( ( )) ( ) ) exp( ( )i Q t t i t ieg eg egw w w w w w- - - - + -2 2 3 1 tt3

           
- - - + - - + + - -i t E t t E t T t t E t T teg( ) )} ( ) ( ) (*w w τ1 3 3 2 3 2 1 3 tt t2 1- ),

		
			   (7.8)

where the line-shape function M(t3, t2 t1) commonly appearing in R2(t3, t2 t1) and 
R3(t3, t2 t1) is defined as
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If the temporal envelopes of the three pulses are sufficiently short, the above integra-
tions can be approximately performed to find that
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+ - - -exp( ( ) ( ) )}.i t ieg egw w w w τ 	 (7.10)

Note that the first term inside the curly bracket of Equation 7.10 originates from the 
stimulated emission pathway involving excited-state population evolution r τee T( ) ( , )2  
during T, whereas the second does from the ground-state bleaching pathway involv-
ing ground-state evolution r τgg T( ) ( , )2  during T.

From the photon echo polarization in Equation 7.10, the generated echo field 
amplitude is

	
E P e e ePE PE ge eg ge egt T i t T M( , , ) ( , , ) [ ] (*τ τ∝ ∝ m m m m � 3 2 1 tt T, , )τ
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ii eg( ) )}.w w τ- 	 (7.11)

In general, there are three possibilities of 2D Fourier-transforming the above echo 
field amplitude by choosing a pair of time variables from τ, T, and t. However, the 
most popular choice has been to take τ and t variables for the transformation, and the 
2D Fourier–Laplace transform of EPE(t, T, t) is defined as

	

�E EPE t PE tT dt d t T i t i( , , ) ( , , ) exp( ).w w τ τ w w ττ τ= +
∞

∫00

∞∞

∫ 	
(7.12)
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Inserting Equation 7.11 into 7.12 and carrying out the integrations, one can obtain 
the 2D spectrum. For the sake of notational simplicity, let us define two frequen-
cies as

	
w w wτ τ≡ -

	

	
w w wt t≡ + . 	 (7.13)

Then, we get
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The Dawson integral, F(x), was defined in Equation 6.9, and the auxiliary functions 
in Equations 7.15 and 7.16 are defined as

	
x eg≡

-w wτ

2 2W

                  

y T
Q Tt eg

H T
eg

H T
( )

( ) ( )( )

( )
≡

- - - -

-( )
w w w wτ2

2

2

2

2
2

W

W
W

	

z T t eg
H T

eg

H T
( )

( )
.

( )

( )
≡

- - -

-( )
w w w wτW

W
W

2

2

22 2

	 (7.17)

The resultant 2D photon echo spectrum in Equation 7.14 is identical to the 2D 
pump–probe spectrum in Equation 6.7 if the pulse widths w and w are assumed to be 
zero. Therefore, one can carry out the same line-shape analyses of the 2D photon echo 
spectrum for a 2LS. Before that, it should be mentioned that from Equations 7.15 and 
7.16, the 2D line widths at T = 0 approaches zero, which is an unrealistic behavior. 
This is simply caused by the short-time approximation to the third-order response 
function as well as by the assumption that the pulses are extremely short. Thus,  
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the above approximate results should be of use only when the three pulses are well 
separated in time and when the pulses are sufficiently shorter than any other nuclear 
dynamics affecting changes of the response function. If one is interested in the 2D 
photon echo spectrum at a very short time where the three pulses are significantly 
overlapped in time, not only the rephasing diagrams but also the other nonrephasing 
diagrams are to be included in the numerical simulation and in the interpretation 
of the experimentally measured signal. Then, the more general expression beyond 
Equation 7.6 should be used. However, in this chapter we will not present any discus-
sion along this line anymore, because not only is such extension conceptually and 
numerically complicated but also it does not add much to the general picture on how 
useful the 2D photon echo method is to understanding various interesting chemical 
and physical processes of molecular complexes.

From Equation 7.16, it is noted that the ground-state bleaching contribution to the 
real part of the photon echo, Re[ ( , , )],�EPE t Tw wτ appears as a 2D Gaussian function 
with center frequency at w wτ = eg and w wt eg= . On the other hand, the stimulated 
emission contribution to Re[ ( , , )],�EPE t Tw wτ which is also a 2D Gaussian func-
tion, peaks at w wτ = eg and w wt eg Q T= + 2 ( ). Due to the spectral diffusion process 
described by Q(T), the center position of the stimulated emission term shifts in time 
and asymptotically approaches to w w λt eg= - 2 /� as T → ∞. If the solvent reorgani-
zation energy is sufficiently large, the width of the 2D Re[ ( , , )]�EPE t Tw wτ spectrum 
along the wt axis will change in time T, and its increasing pattern is determined 
by S(T).

At a sufficiently short time T, the rephasing 2D photon echo spectrum Re × 
[ ( , , )]�EPE t Tw wτ is diagonally elongated due to the short-time inhomogeneity of local 
environments around chromophores, but as T increases the 2D Re[ ( , , )]�EPE t Tw wτ  
spectrum becomes a symmetric round shape.28-30 From Equations 7.15 and 7.16, the 
FWHM along the diagonal is found to be

	
D Wwdiag T H T( ) { ( )}ln ,= +2 22 	 (7.18)

whereas that along the antidiagonal is

	
D Wwanti diag T H T- = -( ) { ( )}ln .2 22 	 (7.19)

Within the short-time approximation to the frequency-frequency correlation func-
tion (FFCF), it was shown that the FWHM of the absorption spectrum is 2 2ln W
(see Equation 3.51). Therefore, the diagonal FWHM of the 2D photon echo spectrum 
is always larger than that of the linear absorption spectrum, whereas the antidiagonal 
FWHM is smaller than 2 2ln .W  As T increases, the ratio D Dw wdiag anti diagT T( )/ ( )-
becomes approximately linearly proportional to H(T) or S(T) as

	

D
D W W

w
w β

diag

anti diag

T

T

H T S T( )

( )
( ) ( )

.
-

≅ + ≅ +1 1
2

2 2� 	 (7.20)

Thus, the ratio of the diagonal FWHM to the antidiagonal FWHM can be used to 
determine the FFCF or salvation dynamics function S(T) experimentally.
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The imaginary part of the photon echo spectrum, Im[ ( , , )],�EPE t Tw wτ is related to 
the transient birefringence spectrum discussed in Chapter 6 for the 2D pump–probe 
spectroscopy. Typical spectral shape of Im[ ( , , )]�EPE t Tw wτ is similar to those in 
Figure 6.2. Then, again the slope of the nodal line, denoted as s( ),T  is T-dependent 
and given as

	
s

β
( )

( ) ( )
.T

H T S T= ≅
W W2 2

2
� 	 (7.21)

In the case when there is finite static inhomogeneity reflecting inhomogeneously dis-
tributed local environments around optical chromophores, the above results should 
be slightly modified by performing the following replacements:

	 W W Σ2 2 2→ + 	

	 H T H T( ) ( ) ,→ + Σ2
	 (7.22)

where S is the standard deviation of the Gaussian function representing the static 
inhomogeneous line broadening. Then, the real and imaginary parts of the 2D pho-
ton echo spectrum remain to be tilted even for a long time T later. For instance, 
the asymptotic value of the slope, s τ( ),→ ∞ would approach to finite value as 
s τ( ) /( ).→ ∞ = +Σ W Σ2 2 2

7.3 � Two-Dimensional Nonrephasing photon 
echo Spectrum of A Two-Level System

A characteristic feature of the rephasing echo spectrum in two dimensions is that it 
is diagonally elongated at short time. This shows that the excitation frequency, which 
is the oscillation frequency of the coherence rge t( ) ( )1

1 during t1 period, positively cor-
relates with the emission frequency, which is the oscillation frequency of the coher-
ence during t3 period. Now, let us consider the nonrephasing photon echo experiment, 
where the radiated signal field in the direction of k1 - k2 + k3 is measured.

As shown in Section 5.7, the temporal envelope of the nonrephasing photon echo 
polarization is given as

PNR PE t T
i

dt dt dt R t t t R- = 



 +( , , ) { ( , , )τ
�

3

1 2 3 1 3 2 1 44 3 2 1 3 2 1 3 3
000

( , , )} ( )*t t t E t t�e e e -
∞∞∞

∫∫∫ 	

  
× + - - + + - - - +E t T t t E t T t t t i t i t2 3 2 1 3 2 1 3 1

*( ) ( ) exp{ }τ w w ..
	

(7.23)

Here, the two diagrams representing R1(t3, t2,t1) and R4(t3, t2,t1) contributions to the 
polarization are

	
< >< >m | |g g

	
< >< >m | |g g 	 (7.24)

g     e 

e 

e   g     e 
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The coherence reg
( )1 during t1 time period has the same oscillatory behavior with that 

during t3. For the sake of simplicity, let us use the short-time approximate expres-
sions for R1(t3, t2, t1) and R4(t3, t2, t1) to rewrite Equation 7.23 as

	
P e e eNR PE ge eg ge egt T i dt dt-

-= -( , , ) [ ] *τ � �3
3 2 1 1 2m m m m ddt N t t t3 3 2 1

000
( , , )

∞∞∞

∫∫∫ 	

	

{exp( ( ( )) ( ) )

exp( ( )

i Q t t i t

i

eg eg

eg

w w w w

w w

- - + -

+ -

2 2 3 1

tt i teg3 1+ -( ) )}w w
	

	  
× - + - - + + - - -E t t E t T t t E t T t t t3 3 2 3 2 1 3 2 1( ) ( ) ( ),* τ 	 (7.25)

where

	
N t t t t t H t t t( , , ) exp ( ) .3 2 1

2
1
2 2

3
2

2 1 3
1
2

1
2

≡ - - -{ }W W 	 (7.26)

Note that the only difference between the line shape function N(t3, t2, t1) for the non-
rephasing photon echo polarization and that for rephasing photon echo polarization, 
which was denoted as M(t3, t2, t1) in Equation 7.9, is the sign of the term H(t2)t1t3 in 
the exponents. By assuming that the temporal envelopes of the three pulses are suf-
ficiently short, the above integrations in Equation 7.25 can be performed to find

	
P e e eNR PE ge eg ge egt T i E E E-

-= -( , , ) [ ]* *τ � �3
3 2 1 3 2m m m m 11N t T( , , )τ

	

	

× - - + -

+ - +

{exp( ( ( )) ( ) )

exp( ( )

i Q T t i

i t

eg eg

eg

w w w w τ

w w

2

ii eg( ) )}.w w τ- 	 (7.27)

From the nonrephasing echo polarization, one can show that the signal electric field 
amplitude is

	
E P e eNR PE NR PE ge eg ge egt T i t T- -∝ =( , , ) ( , , ) [ ]τ τ m m m m � 3 22 1

* ( , , )e N t T τ

	

× - - + -

+ - +

{exp( ( ( )) ( ) )

exp( ( )

i Q T t i

i t

eg eg

eg

w w w w τ

w w

2

ii eg( ) )}.w w τ- 	 (7.29)

From this, the corresponding 2D Fourier–Laplace transform of ENR PE t T- ( , , ),τ which 
is defined as

	

�E ENR PE t NR PE tT dt d t T i t i- -= +( , , ) ( , , ) exp(w w τ τ w w ττ τ )),
00

∞∞

∫∫ 	
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is found to be

	
� � �E E ENR PE t NR PE

SE
t NR PE

GBT T- - -= +( , , ) ( , , ) (w w w w wτ τ tt T, , ),wτ 	 (7.29)

where
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	 (7.30)

Here, the two frequencies in Equation 7.29 were newly defined as w w wτ τ≡ + and
w w wt t≡ + .  The auxiliary function x was defined in Equation 7.17, and the two 
other functions yNR–PE(T) and zNR–PE(T) are slightly different from those for the 
rephasing echo signal, and they are

	

y T
Q T

NR PE
t eg

H T
eg

H T
- ≡

- - + -

-
( )

( ) ( )( )

( )

w w w wτ2

2
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z TNR PE
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- ≡
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-( )
( )

( )
.

( )

( )

w w w wτW

WW

2

2

22 2

	
(7.31)

In order to compare the 2D peak shape of nonrephasing spectrum with that of 
rephasing photon echo spectrum, the same model 2LS discussed in Section 5.8 and 
used in the previous chapter is considered. The real and imaginary parts of the rephas-
ing and nonrephasing photon echo spectra are plotted in Figure 7.3. Here, the wait-
ing time T is assumed to be 100 fs. The real and imaginary parts of �E TPE t( , , ),w wτ  
which are in the far right upper and lower panels in Figure 7.3, are diagonally elon-
gated at such a short time. On the other hand, those of the nonrephasing spectrum, 
�E TNR PE t- ( , , ),w wτ shown in the middle of the upper and lower panels in Figure 7.3 

are antidiagonally elongated. Often, the absorptive 2D spectrum is defined as the 
sum of the rephasing and nonrephasing photon echo spectra. The real and imagi-
nary parts of the 2D absorptive spectrum (= �E TPE t( , , )w wτ + �E TNR PE t- ( , , )w wτ ) are 
plotted in Figure 7.3 also. Indeed, regardless of the presence of short-time inhomo-
geneity, the line shapes are symmetric without any elongations along the diagonal  
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nor antidiagonal directions. From these results, it is possible to draw a conclusion 
that the information content extracted from the rephasing photon echo spectrum is 
the same with that from the nonrephasing spectrum within the approximations used 
in this chapter. Throughout this book, the rephasing photon echo will only be consid-
ered and discussed in detail, but in practice the absorptive spectrum, which is given 
by the sum of the rephasing photon echo and nonrephasing spectra, has been shown 
to be spectrally narrow and exhibits certain enhancement of frequency resolution. 
Therefore, one might prefer measuring the purely absorptive 2D spectrum instead of 
the rephasing photon echo.

7.4 � TWO-Dimensional Photon Echo Spectrum of 
An Anharmonic Oscillator

When an anharmonic oscillator is under investigation by using the 2D vibrational 
photon echo method, it was shown that 3LS is a good model for this. In Section 6.3, 
the 2D pump–probe spectroscopy of an anharmonic oscillator was discussed 
in detail. In addition to the ground-state bleaching and stimulated emission con-
tributions, the excited state absorption by the first excited state molecules should 
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Figure 7.3  Real (upper-left two figures) and imaginary (lower-left two figures) parts of 
the rephasing and nonrephasing echo spetra. The real and imaginary parts of the sum of 
rephasing and nonrephasing echo spectra are shown in the upper-right and lower-right panels, 
respetively.
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also be included to fully describe the photon echo phenomenon. In the case of the 
pump–probe spectroscopy, two different diagrams shown in Equation 6.24 should be 
included. However, only the first is one of the rephasing diagrams, that is

	
< >< >m | | .g g 	 (7.32)

By using the same approximations discussed in Section 6.3, one can find that the 
photon echo is given as the sum of three terms as

	
� � � �E E EPE t PE

SE
t PE

GB
tT T T( , , ) ( , , ) ( , , )w w w w w wτ τ τ= + + EEPE

EA
t T( , , ),w wτ 	 (7.33)

where the first two terms involving g e↔ transitions were already discussed in 
Equations 7.15 and 7.16. The excited-state absorption contribution to the 2D photon 
echo spectrum is
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where
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Since the ensemble average frequency w fe is different from weg by the overtone 
anharmonic frequency shift δwanh , as w w δwfe eg anh= - , the excited-state absorp-
tion term, �EPE

EA
t T( , , ),w wτ peaks at different position. Furthermore, since the excited-

state absorption contribution is negative, there is a nodal line in the region where the 
SE+GB spectrum overlaps with the EA spectrum.

Now, let us consider the real part of �EPE t T( , , )w wτ here. When the overtone 
anharmonicity is very large in comparison with the absorption bandwidth, the 2D 
spectrum of Re[ ]�EPE

EA is frequency resolved from that of Re[ ].� �E EPE
SE

PE
GB+ The peak-

to-peak frequency difference in this case would be identical to dwanh. However, 
for a weakly anharmonic oscillator, where dwanh is comparable to or smaller than 
the absorption bandwidth, the frequency difference between the positive and nega-
tive peaks along the wt-axis is a function of the absorption bandwidth and dwanh. 

Assuming thatm mfe eg= 2 for this weekly anharmonic oscillator, one can find that 
the slice of the 2D spectrum (Re[ ( , , )])�EPE t Tw wτ at w wτ = eg can be recast in the 
form

S T A T x x T A TPE t eg( , , ) exp ( ){ ( )} exp ( ){w w wτ = ∝ - -( ) - -1
2 xx x T-( )2

2( )} 	 (7.36)
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where

	
x t eg≡ -w w

	 x T Q T anh1 2( ) ( )≡ - δw

	 x T Q T2 ( ) ( )≡

	
A T

H T
( )

( ( )/ )
.≡

-
1

2 2 2 2W W 	 (7.37)

The two (positive and negative) peak positions can be found by solving the following 
nonlinear equation for x,

	

x x T

x x T
A T x T x T x x T x

-
-

= - - - +1

2
1 2 1

22
( )

( )
exp ( ) ( ( ) ( )) ( ) 22

2 ( ) .T { } 	 (7.38)

In this case, since |A(T)[2(x1(T) - x2 (T))x]| << 1, one can find that the peak-to-peak 
frequency difference, denoted as Dw( ),T is approximately given as

	
D W Ww( ) ( ( )/ ) ( ).T H T Q T≅ - +4 2 2 2 2 	 (7.39)

As T increases, we have

	
lim ( ) ( / ) .
T

T
→∞

= +D Ww λ4 2 2� 	 (7.40)

The results presented in this section can be used to interpret 2D vibrational 
spectroscopy of a single anharmonic oscillator.

7.5 � Simple Two-Dimensional Lorentzian Peak Shape

In this and previous chapters, the 2D peak shapes of the pump–probe and photon 
echo spectra were discussed in detail by using the short-time-approximated third-
order response function in Section 5.3. Most of the salient features found in the 
time-dependent 2D spectral evolutions could be understood and connected to the 
fluctuating transition FFCF or the corresponding spectral densities. However, as 
the number of quantum states increases for a coupled multi-chromophore system, 
the formal expressions for the diagonal and cross-peaks in a given 2D spectrum 
become quite complicated. Therefore, it will be necessary to simplify the spec-
tral shape of each peak for the sake of notational simplicity. One of the conven-
tional approaches is to invoke Markovian approximation to the FFCFs as discussed 
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in Section 5.2. Then, for a 2LS, the four response function components are 
simplified as

R t t t i t i tge eg ge eg eg eg1 3 2 1 3 1( , , ) exp( ) exp= - -m m m m w w {{ / }- - -g gee e eet t T t3 2 1

R t t t i t i tge eg ge eg eg eg2 3 2 1 3 1( , , ) exp( ) exp= - +m m m m w w {{ / }- - -g gee e eet t T t3 2 1

R t t t i t i tge eg ge eg eg eg3 3 2 1 3 1( , , ) exp( ) exp= - +m m m m w w {{ / }- - -g gee e eet t T t3 2 1

R t t t i t i tge eg ge eg eg eg4 3 2 1 3 1( , , ) exp( ) exp= - -m m m m w w {{ / },- - -g gee e eet t T t3 2 1 	 (7.41)

where gee and Te are the dephasing constant of the e-g coherence and the lifetime of 
the excited state, respectively. Here, it is assumed that the ground-state hole has the 
same lifetime, which means that the excited-state population can only relax down to 
the ground state without any intermediate state involved.

Carrying out the 2D Fourier–Laplace transformation of Equation 7.41, one can 
find that the 2D photon echo spectrum of a 2LS is simply written as

	
� �E e e ePE t ge eg ge eg

T T
egT e Le( , , ) [ ] (*w w wτ = -2 3 2 1m m m m ,, , , ),g w gee eg ee 	 (7.42)

where the 2D Lorentzian function L(y, gy, x, gx) is defined as

	

L y x
y i x iy x

t y x

( , , , )
( )( )

.g g
w g w gτ

≡
- + - -

1
	 (7.43)

In Figure 7.4, the real and imaginary parts and the absolute magnitude of the above 
2D Lorentzian function are plotted to show their general shapes in 2D frequency 
domain.
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Figure 7.4  Typical shapes of the real and imaginary parts and the absolute magntiude of 
the 2D Lorentzian peak shape function L(y, gy, x, gx) defined in Equation 7.43.
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For an anharmonic oscillator system, the 2D photon echo spectrum within the 2D 
Lorentzian shape approximation, is

	
� �E e e ePE t ge eg ge eg

T T
egT e Le( , , ) [ ] (*w w wτ = -2 3 2 1m m m m ,, , , )g w gee eg ee

	
- -[ ] ( , , , ).*m m m mef fe eg ge

T T
fe ff eg eee Le�e e e3 2 1 w g w g 	 (7.44)

7.6 � Simple Two-Dimensional Gaussian Peak Shape

Quite often the 2D photon echo spectrum appears to be a Gaussian function in 2D 
frequency domain. Therefore, it will be quite useful to introduce simplified 2D 
Gaussian peak shape function to approximately describe the shape of 2D photon 
echo spectrum in many cases. This can be achieved by ignoring the t2-dependent 
auxiliary terms in the short-time approximate expressions of the third-order response 
function components.30-32 That is to say, the four terms in Equations 5.26 with 5.29 
are simplified as

R t t t A A B A i
abc

gc cb ba ag1 3 2 1 2 3 1( , , ) [ ] [ ] [ ] [ ] exp{= -∑ waab ac agt i t i t F t t t3 2 1 1 3 2 1- -w w } ( , , )

R t t t A A B A i
abc

gc cb ba ag2 3 2 1 1 3 2( , , ) [ ] [ ] [ ] [ ] exp{= -∑ waab ac gct i t i t F t t t3 2 1 2 3 2 1- -w w } ( , , )

R t t t A A B A i
abc

gc cb ba ag3 3 2 1 1 2 3( , , ) [ ] [ ] [ ] [ ] exp{= -∑ waab gb gct i t i t F t t t3 2 1 3 3 2 1- -w w } ( , , )

R t t t B A A A i
abc

gc cb ba ag4 3 2 1 3 2 1( , , ) [ ] [ ] [ ] [ ] exp{= -∑ wccg bg agt i t i t F t t t3 2 1 4 3 2 1- -w w } ( , , )

		
		  (7.45)

where
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


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
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The mean square frequency fluctuation amplitudes of the first coherence during t1 
and of that during t3 are denoted as δ j

2 and D j
2 , respectively. When the system is on 

yet another coherence during t2, the corresponding response function component 
oscillates in time t2. This appears as quantum beats in the transient grating, photon 
echo, or other four-wave-mixing spectroscopy probing the system evolution during 
the t2 period. The decay of the quantum beat is in that case determined by exp{fj(t2)}, 
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which is a decaying function. From the results in Section 5.3, ignoring the contribu-
tions from the spectral diffusion Qj(t2) and correlation Hj(t2), we get

	
f t g t g t g tcc aa ca1 2 2 2 22( ) ( ) ( ) Re[ ( )]*= - - +

	
f t f t g t g t g tcc aa ca2 2 1 2 2 2 22( ) ( ) ( ) ( ) Re[ ( )]*= = - - +

	
f t g tbb3 2 2( ) ( )*= -

	
f t g tbb4 2 2( ) ( ).= -

	
δ1

2 0= Cca ( )

	
δ2

2 0= Cca ( )

	
δ3

2 0 0= -C Ccc cb( ) ( )

	
δ4

2 0 0= -C Caa ba( ) ( ).

	
D1

2 0 0 0 0= - - +C C C Cbb cb ba ca( ) ( ) ( ) ( )

	
D2

2 0 0 0 0= + - -C C C Cbb ca cb ba( ) ( ) ( ) ( )

	
D3

2 0 0= -C Caa ba( ) ( )

	
D4

2 0 0= -C Ccc cb( ) ( ).
	 (7.47)

As an example, let us consider the 2D photon echo of a 2LS. Ignoring the spectral 
diffusion process, one can find that the 2D photon echo spectrum can be recast in a 
2D Gaussian form as

	 � �E e e ePE t ge eg ge eg egT( , , ) [ ] ( , ,*w w w wτ = 2 3 2 1
2m m m m G W eeg , ).W2 	 (7.48)

Here, G( , , , )y xy xs s2 2 is the 2D Fourier–Laplace transform of the 2D Gaussian func-
tion in time domain, and it is defined
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	  	 (7.49)

The real part of the photon echo spectrum is a single 2D Gaussian function, whereas 
the imaginary part shows dispersive shape determined by the Dawson’s integral.
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For an anharmonic oscillator system, the 2D photon echo spectrum contains the 
excited-state absorption contribution so that we get

	
� �E e e ePE t ge eg ge eg egT( , , ) [ ] ( , ,*w w w wτ = 2 3 2 1

2m m m m G W eeg , )W2

	             
-[ ] ( , , , ).*m m m mef fe eg ge fe eg�e e e3 2 1

2 2G W Ww w 	 (7.50)

The real part of the photon echo spectrum in this case exhibits two frequency- 
resolved 2D Gaussian peaks. The positive peak originating from the g ↔ e transi-
tions is determined by the first term in Equation 7.50. The negative peak originating 
from the excited-state absorption is represented by the second term. Due to the over-
tone anharmonic frequency shift, we have w wfe eg≠ , and the two peaks are sepa-
rated in the w t frequency domain.

In this and previous sections, we presented two popular models for the shape of 2D 
spectrum, that is, 2D Lorentzian or Gaussian forms. However, in reality the real 2D 
spectrum shows a bit more complicated features. At the absorption maximum, the 
2D spectrum is well fitted to a 2D Gaussian function, but the tail parts of the spectrum 
appear to be Lorentzian. Thus, one can develop a theoretical model that is an exten-
sion of the Voigh profile in 1D spectrum. However, we shall not explore any further 
extension along this line because the general expressions for the nonlinear response 
function were already presented before in this book and they are quite general enough 
to cover the Gaussian to Lorentzian limits. Instead, throughout this book, the simpli-
fied 2D Gaussian peak shape function G( , , , )y xy xs s2 2 will be used except for the cases 
when one needs to analyze detailed 2D peak shapes of experimentally measured 
spectrum, which was found to significantly deviate from a 2D Gaussian form.

REFERENCES

	 1.	 Hahn, E. L., Spin echoes. Physical Review 1950, 80, 580–594.
	 2.	 Ernst, R. R.; Bodenhausen, G.; Wokaun, A., Nuclear magnetic resonance in one and 

two dimensions. Oxford University Press: Oxford, 1987.
	 3.	 Warren, W. S.; Zewail, A. H., Optical analogs of NMR phase coherent multiple pulse 

spectroscopy. Journal of Chemical Physics 1981, 75, 5956–5958.
	 4.	 Zanni, M. T.; Hochstrasser, R. M., Two-dimensional infrared spectroscopy: A promis-

ing new method for the time resolution of structures. Current Opinion in Structural 
Biology 2001, 11, 516–522.

	 5.	 Fleming, G. R.; Cho, M., Chromophore-solvent dynamics. Annual Review of Physical 
Chemistry 1996, 47, 109–134.

	 6.	 Mukamel, S., Principles of nonlinear optical spectroscopy. Oxford University Press: 
Oxford, 1995.

	 7.	 Cho, M.; Yu, J.-Y.; Joo, T.; Nagasawa, Y.; Passino, S. A.; Fleming, G. R., The Integrated 
photon echo and solvation dynamics. Journal of Physical Chemsitry 1996, 100, 
11944–11953.

	 8.	 de Boeij, W. P.; Pshenichnikov, M. S.; Wiersma, D. A., Ultrafast solvation dynam-
ics explored by femtosecond photon echo spectroscopies. Annual Review of Physical 
Chemistry 1998, 49, 99–123.

84291_Book.indb   148 5/11/09   2:16:29 PM



Two-Dimensional Photon Echo Spectroscopy	 149

	 9.	 Weiner, A. M.; Desilvestri, S.; Ippen, E. P., Three-pulse scattering for femtosecond 
dephasing studies: Theory and experiment. Journal of the Optical Society of America 
B-Optical Physics 1985, 2, 654–662.

	 10.	 Joo, T. H.; Jia, Y. W.; Yu, J. Y.; Lang, M. J.; Fleming, G. R., Third-order nonlinear 
time domain probes of solvation dynamics. Journal of Chemical Physics 1996, 104, 
6089–6108.

	 11.	 de Boeij, W.; Pshenichnikov, M. S.; Wiersma, D. A., On the relation between the echo 
peak shift and Brownian oscillator correlation function. Chemical Physics Letters 
1996, 253, 53–60.

	 12.	 Cho, M., Nonlinear response functions for the three-dimensional spectroscopies. 
Journal of Chemical Physics 2001, 115, 4424.

	 13.	 Vohringer, P.; Arnett, D. C.; Yang, T. S.; Scherer, N. F., Time-gated photon-echo spec-
troscopy in liquids. Chemical Physics Letters 1995, 237, 387–398.

	 14.	 Vohringer, P.; Arnett, D. C.; Westervelt, R. A.; Feldstein, M. J.; Scherer, N. F., Optical 
dephasing on femtosecond time scales: Direct measurement and calculation from sol-
vent spectral densities. Journal of Chemical Physics 1995, 102, 4027–4036.

	 15.	 deBoeij, W. P.; Pshenichnikov, M. S.; Wiersma, D. A., Mode suppression in the non-
Markovian limit by time-gated stimulated photon echo. Journal of Chemical Physics 
1996, 105, 2953–2960.

	 16.	 de Boeij, W. P.; Pshenichnikov, M. S.; Wiersma, D. A., System–bath correlation 
function probed by conventional and time-gated stimulated photon echo. Journal of 
Physical Chemistry 1996, 100, 11806–11823.

	 17.	 Lepetit, L.; Cheriaux, G.; Joffre, M., Linear techniques of phase measurement by 
femtosecond spectral interferometry for applications in spectroscopy. Journal of the 
Optical Society of America B-Optical Physics 1995, 12, 2467–2474.

	 18.	 Lepetit, L.; Joffre, M., Two-dimensional nonlinear optics using Fourier-transform 
spectral interferometry. Optics Letters 1996, 21, 564–566.

	 19.	 Likforman, J. P.; Joffre, M.; Thierry-Mieg, V., Measurement of photon echoes by use 
of femtosecond Fourier-transform spectral interferometry. Optics Letters 1997, 22, 
1104–1106.

	 20.	 Segonds, P.; Canioni, L.; LeBoiteux, S.; Joffre, M.; Bousquet, B.; Li, W.; Sarger, L., 
Femtosecond interferometry and photon echo: Steady state and transient processes in 
spectroscopy. Journal of Luminescence 1997, 72–4, 849–850.

	 21.	 Asplund, M. C.; Zanni, M. T.; Hochstrasser, R. M., Two-dimensional infrared 
spectroscopy of peptides by phase-controlled femtosecond vibrational photon 
echoes. Proceedings of the National Academy of Sciences of the USA 2000, 97, 
8219–8224.

	 22.	 Gallagher, S. M.; Albrecht, A. W.; Hybl, T. D.; Landin, B. L.; Rajaram, B.; Jonas, 
D. M., Heterodyne detection of the complete electric field of femtosecond four-wave 
mixing signals. Journal of the Optical Society of America. B, Optical Physics 1998, 
15, 2338–2345.

	 23.	 Hybl, J. D.; Albrecht, A. W.; Gallagher Faeder, S. M.; Jonas, D. M., Two-dimensional 
electronic spectroscopy. Chemical Physics Letters 1998, 297, 307–313.

	 24.	 Brixner, T.; Stiopkin, I. V.; Fleming, G. R., Tunable two-dimensional femtosecond 
spectroscopy. Optics Letters 2004, 29, 884–886.

	 25.	 Brixner, T.; Mancal, T.; Stiopkin, I. V.; Fleming, G. R., Phase-stabilized two- 
dimensional electronic spectroscopy. Journal of Chemical Physics 2004, 121, 
4221–4236.

	 26.	 Tian, P.; Keusters, D.; Suzaki, Y.; Warren, W. S., Femtosecond phase-coherent two-
dimensional spectroscopy. Science 2003, 300, 1553–1555.

	 27.	 Jonas, D. M., Optical analogs of 2D NMR. Science 2003, 300, 1515–1517.

84291_Book.indb   149 5/11/09   2:16:29 PM



150	 Two-Dimensional Optical Spectroscopy

	 28.	 Tokmakoff, A., Two-dimensional line shapes derived from coherent third-order non-
linear spectroscopy. Journal of Physical Chemistry A 2000, 104, 4247–4255.

	 29.	 Cho, M.; Brixner, T.; Stiopkin, I.; Vaswani, H.; Fleming, G. R., Two dimensional elec-
tronic spectroscopy of molecular complexes. Journal of the Chinese Chemical Society 
2006, 53, 15–24.

	 30.	 Cho, M., Coherent two-dimensional optical spectroscopy. Chemical Reviews 2008, 
108, 1331–1418.

	 31.	 Kwac, K.; Cho, M., Two-color pump–probe spectroscopies of two- and three-level 
systems: 2-dimensional line shapes and solvation dynamics. Journal of Physical 
Chemistry A 2003, 107, 5903–5912.

	 32.	 Cho, M.; Vaswani, H. M.; Brixner, T.; Stenger, J.; Fleming, G. R., Exciton analy-
sis in 2D electronic spectroscopy. Journal of Physical Chemistry B 2005, 109, 
10542–10556.

84291_Book.indb   150 5/11/09   2:16:29 PM



151

8 Coupled  
Multi-Chromophore 
System

The linear spectroscopic signal is fully characterized by the associated linear 
response function and provides information on optical transition frequencies, transi-
tion amplitudes such as dipole strength, light-scattering cross-section, and so forth, 
as well as chromophore–bath interaction-induced line broadenings. If two differ-
ent chromophores are spatially close to each other, quantum states of the two chro-
mophores cannot be written as simple product states and become delocalized over 
the two chromophores due to finite couplings. Such coupling-induced effects, such 
as mode mixing, excitation transfer processes and so forth are however quite weak 
so that their signatures and characteristc features in a typical 1D spectrum are often 
completely hidden under the primary spectroscopy properties.1 As demonstrated 
over the last decade, this spectral congestion and masking problem can be partly 
overcome by using 2D spectroscopic methods.

In Chapters 6 and 7, theoretical descriptions of 2D spectroscopy for 2LS and 3LS 
were presented and discussed in detail. It was shown that solvation dynamics as well 
as homogeneous and inhomogeneous line-broadening processes could be studied by 
analyzing the 2D peak shape of time-dependent pump–probe or photon echo spectra.2, 3  
However, the more interesting case would involve those coupled multi-chromophore 
systems. When N two- or three-level chromophores are spatially close to each other 
due to intermolecular or covalent bonding interaction, they are electronically coupled 
to one another.4 Then, the excited states can be delocalized over a number of chro-
mophores, depending on the relevant coupling strengths, and the corresponding 2D 
spectrum could exhibit multiple peaks along the diagonal as well as on the off-diag-
onal region.1, 5–7 These diagonal peaks and off-diagonal cross-peaks reveal critical 
information on the inter-chromophore coupling strengths, excitation transfers, coher-
ence-to-coherence transfers, chemical reaction and exchange rates, and so forth.1

As an example, consider photosynthetic light-harvesting complexes consisting of 
tens to hundreds of chlorophylls.8 The constituent chlorophylls are electronically 
coupled to one another to form spatially delocalized excitons when they are opti-
cally excited. Such delocalizations of excited states could improve light-absorption  
efficiency over a wide range of frequencies. In addition, high quantum yield and ultra-
fast energy transfer processes within the complex could occur, and such excitation 
migration happens between two different excitonic states after its photo-excitation 
by sunlight photons.9 The 2D photon echo spectrum as a function of waiting time T 
thus provides direct information on the exciton state-to-state population transfers as 
well as coherence transfers.10, 11
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Another important example of the coupled multi-chromophore system involves 
the amide I vibrations in polypeptides and proteins.12, 13 Amide I vibration is relatively 
localized carbonyl stretching mode in a single peptide bond.14 However, such amide I 
oscillators are coupled to one another via electrostatic interactions such as transition 
dipole-dipole coupling and hydrogen bonds.14–16 Consequently, amide I normal modes 
are formed in polypeptides and proteins. Therefore, the amide I vibrational excita-
tions of protein should be treated in terms of delocalized states. The cross-peaks in 
the 2D IR spectrum thus reveal the electrical and mechanical couplings between 
two modes. Therefore, it is necessary to develop an appropriate model for such cou-
pled multi-chromophore systems to quantitatively describe a variety of interesting 
observed 2D spectroscopic features. Among many different theoretical models, the 
Frenkel Hamiltonian has been considered to be the most useful, conceptually simple, 
and easy to apply to many seemingly unrelated problems.4 In this chapter, the delo-
calized state representation of the excited states for the coupled multi-chromophore 
system will be presented and discussed.17 The multi-chromophore system based on 
the Frenkel Hamiltonian can be considered to be the standard and reference model 
for future theoretical development on molecular complexes, but it shouldn’t be the 
only one for describing 2D optical spectroscopic results.

The main purpose of the present chapter is to provide a systematic theory on 
the optical and vibrational properties of coupled multi-chromophore systems. In the 
following chapters, we will discuss 2D vibrational and electronic spectroscopy of 
rather simple systems like coupled 2LS dimer and coupled anharmonic oscillators. 
Thus, those who are not interested in the generalized description of arbitrary multi-
chromophore system can skip this chapter. Note that the discussions in the following 
chapters, from Chapter 9 on, do not heavily rely on detailed knowledge on the multi-
chromophore system.

8.1  Frenkel Hamiltonian in Site Representation

In order to describe a variety of nonlinear optical properties of molecular complexes 
and aggregates, the Frenkel exciton theory will be discussed in this section. Denoting 
as am

† and am the creation and annihilation operators of an electronic excitation at the 
mth two-level chromophore, the zero-order Hamiltonian can be written as

	

H a a J a a Hm m m

m

N

mn m n

n m

N

m

N

B0

1

= + +
= ≠

∑ ∑∑� �w † † ,

	
(8.1)

where the excited-state energy of the mth chromophore, the electronic coupling 
constant between the mth and nth chromophores, and the bath Hamiltonian were 
denoted as �wm, Jmn, and HB, respectively (see Figure 8.1). If each monomeric chro-
mophore is an anharmonic oscillator instead of a two-electronic-level system, the 
zero-order Hamiltonian should be written as

H a a J a a a a am m m

m

N

mn m n

n m

N

m

N

mn m n m0

1

= + -
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N

m

N

B∑∑ +

	

(8.2)
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Note that the third term on the right-hand side of Equation 8.2 describes potential 
anharmonic frequency shifts.

The chromophore–bath interactions and the changes of inter-chromophore dis-
tance and orientation induce fluctuations of site energies and coupling constants. 
Thus, the general system–bath interaction Hamiltonian is written as

	

H x a aSB mn m n

nm

= ∑∑ � ( ) †q

	
(8.3)

where xmn( )q is an operator of bath coordinates, q, and it is assumed that their aver-
age values with respect to the bath Hamiltonian describing thermal equilibrium at 
temperature T, 〈 〉xmn B( )q , are zero (note that if 〈 〉xmn B( )q values are finite they can be 
included in the zero-order Hamiltonian). The q-dependence of xmn( )q  for m ≠ n can 
vary the strength of the excitation-transfer coupling. The total matter Hamiltonian 
can therefore be written as

	 H H H HSB B= + +0 . 	 (8.4)

For any general four-wave-mixing spectroscopy, it is necessary to consider three 
well-separated manifolds of quantum states: the ground state |0>, N singly excited 
states, and N N( )/∓1 2 doubly excited states (note that the upper (lower) sign in
N N( )/∓1 2 corresponds to the case when the chromophore is modeled as a 2LS 

Two-level system
electronic chromophore

|g>

|0>

|1>
�ree-level system 

anharmonic vibrational
chromophore

|2>

Jmn

ωn

ωm

ωm

|e>

Coupled Multi-Chromophore System

ωm,21

ωm,10

Figure 8.1  Schematic representation of coupled multi-chromophore system. The mth chro-
mophore excitation frequency (site energy) is denoted as wm (�wm), and the coupling constant 
between the mth and nth chromophore transitions is denoted as Jmn. Each circle in this sche-
matic figure represents a single chromophore that can be modeled as either a 2LS or a 3LS.
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(3LS)). From the zero-order Hamiltonian, the Hamiltonian matrix of the singly 
excited states with the basis set {am

+ |0>} for m = 1 ~ N is given as
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(8.5)

where it was assumed that J Jmn nm= . The Hamiltonian matrix of the doubly excited 
states with the basis set {a am n

+ + |0>} for an N coupled 2LS is
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(8.6)

In the case of the N coupled anharmonic oscillator system, the Hamiltonian matrix 
of the doubly excited states is slightly different from Equation 8.6 due to the presence 
of overtone states.

8.2  Delocalized Exciton Representation

In order to obtain the eigenvalues and eigenvectors of delocalized singly and doubly 
excited states, one should perform diagonalizations of the �H0

1( )- and �H0
2( )-matrices in 

Equations 8.5 and 8.6 as

	 U H U- =1
0
1� � �( ) W 	 (8.7)

	 V H V W- =1
0
2� � �( ) , 	 (8.8)

where the singly and doubly excited-state eigenvalues are the diagonal matrix ele-
ments of � �W and � �W , respectively. The corresponding eigenfunctions are linear 
combinations of singly and doubly excited-state wavefunctions as

	

| |e U mj jm

m

> = >-∑ 1

	
(8.9)
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where | |m am> = >+ 0 and | , |m n a am n> = >+ + 0 are the basis states. The eigenvector 
elements of the jth singly excited state ej and of the kth doubly excited state fk are 
denoted asU jm

-1 and vmn
k( ) , respectively. The matrix elements of v k( ) correspond to the 

elements of the kth row of the matrixV -1.
The system–bath interaction Hamiltonian matrices HSB

( )1 and HSB
( )2 in the site repre-

sentation are

	
[ ( ] (( )� �H xSB mn mn
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(8.11)
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In the delocalized state representation, they are to be transformed as

	 � � �ΞSB SBU H U( ) ( )( (1 1 1q q) )= -
	 (8.13)

	 � � �ΞSB SBV H V( ) ( )( ( ) .2 1 2q q) = -
	 (8.14)

The diagonal matrix elements, [ ( ]( )�ΞSB jj
1 q) and [ ( ]( )�ΞSB kk

2 q) , describe the energy fluctua-
tions induced by the chromophore-bath interactions of the jth singly excited and the 
kth doubly excited states, respectively. The off-diagonal matrix elements of �ΞSB

( ) (1 q)
and  �ΞSB

( ) (2 q) are then responsible for excitation transfers within the singly and doubly 
excited-state manifolds, respectively.

8.3 � Delocalized State Energy and Transition  
Dipole Matrix Element

From the diagonalization of the �H0
1( ) matrix and the transformed system–bath inter-

action Hamiltonian �ΞSB
( ) (1 Q), one can find that the energy of the jth singly excited 

state including the chromophore-bath interaction potential is given as

	

� � � � � � � �W W Ξ Wj jj SB jj jj jm mnU x( ) ( (( )q q= +   = + -1 1) qq)Unj

nm

∑∑ .

	
(8.15)

Usually, the fluctuation amplitudes of the coupling constants, xmn (for m≠n), are 
smaller than the fluctuation amplitudes of site energies (diagonal elements), that is,

	 < > < >x xmm B np B
2 2� for all m, n, and p, and n≠p.	 (8.16)
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Therefore, making use of the orthogonality of the transformation, one can simplify 
Equation 8.15 as

	

� � � �W Wj jj mj mm

m

U x( ) ( ).q q≅ + ∑ 2

	
(8.17)

Fluctuations of the jth singly excited-state energy are induced by the second term 
in Equation 8.17, which is determined by the square of eigenvector elements and 
the interaction between each chromophore and bath degrees of freedom. If site-
state |m> does not contribute to exciton state |j>, fluctuation in the site energy  em 
does not affect the exciton energy �W j .

Similarly, the kth doubly excited-state energy including the chromophore-bath 
interaction potential is written as
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(8.18)

The site energy fluctuation of the mth chromophore, which is described by the �xmm ( )q
operator, modulates both the singly and doubly excited-state energies. The relative 
weighting factors are again determined by the associated eigenvector elements vmn

k( ). 
From Equations 8.17 and 8.18, one can deduce the fact that the fluctuation of the jth 
singly excited-state transition frequency is intrinsically correlated with the fluctuations 
of other singly or doubly excited-state transition frequencies. Because of this instan-
taneous correlation resulting from the electronic couplings, the 2D photon echo spec-
trum of coupled multi-chromophore system can exhibit cross-peaks even at very short 
waiting time T (see Chapter 9 for a more detailed discussion on this point).

Once the eigenvectors of the singly and doubly excited states are determined, the 
transition dipole matrix elements can be expressed as linear combinations of transi-
tion dipoles of constituent chromophores, that is,
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	 (coupled anharmonic oscillator systems)	 (8.21)
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where dm is the transition dipole vector of the mth chromophore, that is, dm ≡ < 0 | 
amm | 0 >. The transition dipole matrix elements in Equations 8.19–8.21 can be 
used to calculate various 2D spectroscopic response functions of coupled multi- 
chromophore systems.

8.4 � Transition Frequency–Frequency 
Correlation Functions

For the multilevel system considered here, both the auto- and cross-correlation func-
tions of the singly and doubly excited-state transition frequencies are required to 
calculate the nonlinear response functions associated with various 2D spectroscopic 
methods. Using the approximate expressions (Equation 8.17) for the singly excited-
state energies, one can obtain the time-correlation between any given pair of singly 
excited-state transition frequencies as

	

< > = < >∑∑δ δW Wj k B mj nk mm nn B

nm

t U U x t x( ) ( ) ( ) ( ) ,0 02 2

	

(8.22)

where δW W Wj j jj( ) ( )q q= - �
 
and δ δW Wj B j Bt iH t iH t( ) exp( / ) ( )exp( / )= -� �q . If the 

transition frequency fluctuation of the mth chromophore is assumed to be statisti-
cally uncorrelated with that of the nth chromophore, the following approximation 
(IBA: Independent Bath Approximation) can be used to greatly simplify the theoreti-
cal derivation of the nonlinear response function,17

	
< > = < >x t x x t xmm nn B mn mm mm B( ) ( ) ( ) ( ) .0 0δ

	 (8.23)

Then, Equation 8.22 is simplified as
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(8.24)

Further assuming that the site energy fluctuation correlation functions < xmm (t) 
xmm B( )0 > are all identical (HBA: Homogeneous Bath Approximation), we have

	 < > = =x t x C t C tmm mm B m( ) ( ) ( ) ( )0   (for all m). 	 (8.25)

The single chromophore transition FFCF C(t) can be expressed in terms of the spec-
tral density as discussed in Chapter 3. Nevertheless, it should be mentioned that the 
two approximations IBA and HBA given in Equations 8.23 and 8.25 are not always 
necessary to ultimately calculate the nonlinear response function.

By using these IBA and HBA approximations, Equation 8.24 is further simplified as
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(8.26)
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Next, the correlation functions between a pair doubly excited-state transition fre-
quencies are found to be
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where the second equality was obtained by invoking the two approximations, IBA 
and HBA, and
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Finally, the cross-correlation functions between δW j t( ) and δWk ( )0 are also required 
in calculating the nonlinear response functions. They are
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In this section, by invoking the two approximations mentioned above, it was shown 
that the auto- and cross-correlation functions of fluctuating transition frequencies 
of singly and doubly excited states can be written in terms of the FFCF of a single 
chromophore, C(t). This approach is quite useful for numerical simulations of linear 
and nonlinear optical spectra of coupled multi-chromophore systems in general, but 
one can carry out more time-consuming but realistic numerical calculations without 
relying on these approximations if all the necessary parameters and quantities are 
sufficiently known.

8.5 �Exch ange-Narrowing Effect  
on Absorption Spectrum

In Equations 8.26, 8.27, and 8.29, three different time-correlation functions of singly 
and doubly excited-state frequency fluctuations were obtained. In order to understand 
the effects of chromophore–chromophore couplings on spectroscopic properties, let 
us first consider the mean square fluctuation amplitude of the jth singly excited-state 
transition frequency, < >δW j B

2 . From Equation 8.26, we find

	

< > = =∑δW j B mj

m j

C U
C
N

2 40
0

( )
( )

.

	

(8.30)
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Note that the inverse participation ratio N j  is usually defined as

	

N Uj mj

m

= 





∑
-

4
1

.

	

(8.31)

The probability that the excitation j is localized at site m is P j Um mj( ) = 2 . The approxi-
mate number of sites participating in the jth exciton is therefore N P jj m= < > =1/ ( )
1 1 4/ ( ) ( ) / .∑ = ∑m m m m mjP j P j U The inverse participation ratio N j is a measure of how 
many molecular excited states are involved in a given delocalized singly excited 
state. The ratio < >δW j B C2 0( ) therefore provides direct evidence on the extent of 
delocalization of the jth excited state of coupled multi-chromophore system. In the 
limit of the complete localization, ( )∑ =-

m mjU 4 1 1for all j and < > =δW j B C2 0( ). On the 
other hand, if the jth delocalized state is fully delocalized over all N chromophores, 
we haveU Nmj = 1/ , and the ratio < >δW j B C2 0/ ( ) becomes1/N . In this case, the mean 
square fluctuation amplitude of the jth delocalized excited state becomes very small 
(by the factor of 1/N ) in comparison to that of an isolated chromophore.

The absorption spectrum of the N-coupled multi-chromophore system is then 
given as the sum of N sub-bands associated with optical transitions to N singly 
excited states, that is,

κ w c w w w( ) Im[ ( )] Im | | { ( )∝ = ∑ ∫
∞

- - -mg j

j

i t gi
dt e jg jj2

0�
(( ) ( ) ( )*

} .t i t g te jg jj-











+ -w w

	

(8.32)

Defining the line-broadening function of a single chromophore as

	
g t d d C

t

0 2
0

1
0

1

2

( ) ( ),= ∫ ∫τ τ τ
τ

	
(8.33)

one can rewrite the absorption spectrum in Equation 8.32 as

	

κ w w w( ) Im | | { ( ) ( )/ (∝ -∑ ∫
∞

- - -mmgj
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(8.34)

Here, it should be noted that

	
g t d djj

t

j j( ) ( ) ( )= < >∫ ∫τ τ δ τ δ
τ
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For the sake of simplicity, consider the Markovian limit, that is, g t t0 0( ) = g (see 
Section 3.2), to obtain

	

κ w
w w g w w g

( ) Im | |
/ /

∝
- -

+
+ +



∑1 1 12

0 0�
mmgj

j jg j jg ji N i N




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


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




.

	

(8.35)

This result suggests that that the jth sub-band associated with the transition from 
the ground state to the jth singly excited state is much narrower by the factor N j 
than the absorption spectrum of an uncoupled chromophore in the same condensed 
phase. This phenomenon is the well-known exchange-narrowing effect.18 Although, 
in Equation 8.35, only the Markovian limit is considered, the same line-narrowing 
process occurs for other cases of line-broadenings as well.

8.6 �M easurements of Auto- and  
Cross-Frequency–Frequency Correlation Functions

In Section 5.8, the three-pulse photon echo peak shift of a 2LS was discussed and 
shown to be useful in measuring the FFCF C tR( ) or in the classical limit the solva-
tion correlation function. If the singly excited-state energies of an N-coupled multi-
chromophore system are discretely distributed so that the frequency resolution of 
such excited states is achievable, it is possible to use the one-color PEPS technique to 
measure individual time-correlation functions C tR( ) for each state by properly tuning 
the incident beam frequency.

When the three pulses used for the PEPS measurement have the same frequency 
ω and it is close to the jth transition frequency, that is, w = �W jj, the corresponding 
PEPS signal, from Equation 5.81, is given as19

	
τ w

p
*( ; )

( ) Re[ ( )]

( ) ( )
.T

N C C T

C C Tjj
j R

R

= =
-{ }

�W
0

02 2
	

(8.36)

It is interesting to note that the PEPS value is linearly proportional to the square 
root of the inverse participation ratio, that is, N j . This result shows that a series of 
one-color PEPS experiments varying the center frequency of the incident pulses can 
provide critical information on the extent of delocalization of the jth singly excited 
state of the N-coupled multi-chromophore system.

Although the auto-correlation function of δW j t( ) can be experimentally mea-
sured by using the one-color PEPS technique, a cross-correlation function such 
as < >δ δW Wj k Bt( ) ( )0 for j ≠ k requires the two-color PEPS measurement method. 
Two-color photon echo spectroscopy is carried out by choosing the frequencies of 
the first two pulses to be different from the third pulse (see Figure 8.2).20–22 Since 
the two incident field frequencies ω and ω′ can be independently tuned, two dif-
ferent singly excited states are excited by such a two-color rephasing photon echo 
process. For instance, let us consider the case when the ω-field is resonant with 
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the jth transition and the ω′-field is resonant with the kth transition with j ≠ k. The 
corresponding rephasing diagram associated with this case is

	
< >< >m | | .g g 	 (8.37)

The first coherence created by the interaction of the molecule with the first ω-field 
is rgej

( )1 , and its oscillation frequency is given by �W jj , that is, exp( )i tjj
�W 1 . After the first 

delay time τ, the second radiation–matter interaction puts the molecular system on 
the population on either the ground or jth excited state. The third interaction with 
the ω′-field then creates the coherence re gk

( )3 , and its oscillation is determined by the 
exp( )-i tkk

�W 3 . Noting that the one-color PEPS is useful to the measurement of the 
correlation between the transition frequency of the chromophore during the t1 period, 
and that during the t3 period, one can show that the two-color PEPS described above  
provides information on the correlation between δW j ( )0 and δWk T( ) when w = �W jj 
and ′ =w �Wkk. Therefore, if the transition frequency fluctuation of the jth state does 
not correlate with that of the kth state due to zero coupling, the cross-correlation  
function < >δ δW Wj k Bt( ) ( )0 vanishes and the two-color PEPS also vanishes. 
Unfortunately, the two-color PEPS of the coupled multi-chromophore system is a 
much more complicated experiment than the one-color PEPS, because of the other 
contributions from doubly excited-state transitions, excitation transfer processes 
in the manifold of singly excited states, coherence-to-coherence transfers, and so 
forth. Consequently, its interpretation requires detailed understanding of the various 
chemical and physical processes involved.

Nevertheless, it is useful to consider further the magnitude of the cross- 
correlation function, < >δ δW Wj k Bt( ) ( )0 . The ratio < >δ δW Wj k B C/ ( )0 is given by

	

< >
= ∑δ δW Wj k B

mj mk

m
C

U U
( )

.
0

2 2

	

(8.38)

g     ej 

ek 

T ω1 = ω
ω2 = ω

ω3 = ώ Sample

One-color photon echo: ω = ώ
Two-color photon echo: ω ≠ ώ   

τ

Figure 8.2  Experimental beam configuration for general two-color photon echo measure-
ment. The first two pulses have the same center frequency w1 = w2 = w, whereas the third one 
has a different frequency w3 = w′.
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Noting that the vector,
�

�p U Uj j j= ( , , )1
2

2
2 , can be understood as a probability density 

distribution of the jth delocalized excited state in the site representation, we have

	

< >
= ⋅

δ δW Wj k B
j kC

p p
( )0

� �

	 (8.39)

which can be viewed as the spatial overlap of the two probability–density distribu-
tions,

�
pj and

�
pk, of the jth and kth singly excited states. If there is no coupling among 

the constituent chromophores, the spatial overlap
� �
p pj k⋅ is zero, and consequently 

the magnitude of < >δ δW Wj k B vanishes. This means that if two different delocal-
ized states do not share common molecular (site) excited states, the transition fre-
quency fluctuations of the two delocalized states are uncorrelated and < >δ δW Wj k B 
vanishes. Consequently, an experimental method such as the two-color photon echo 
measuring < >δ δW Wj k B can provide spatial information about a pair of delocalized 
singly excited states that have different transition frequencies.

We next consider the cross-correlation between the jth singly excited-state  
frequency fluctuation and the kth doubly excited-state frequency fluctuation,
< >δ δW j k Bt W( ) ( )0 . Its amplitude divided by C(0) is

	

< >
=

=
∑δ δW j k B

mj m
k

m

N
W

C
U P

( )
.( )

0
2

1 	

(8.40)

In order to understand the physical meaning of the quantity, ∑ =m
N

mj m
kU P1

2 ( ) , let us 
define the projection operator, ˆ ,†P a am m m= where |m> denotes the singly excited state 
of the mth chromophore. Then, one can show that

	  P f P fm
k

k m k
( ) | ˆ |= 〈 〉 	

(8.41)

where | fk 〉  is the kth two-exciton state wavefunction, that is,

	

| | , .( )f v m nk mn
k

n m

N

m

N

〉 = >
= +=

-

∑∑
11

1

	
(8.42)

Therefore, Pm
k( ) is the expectation value of a am m

† in the kth doubly excited state, and 
is considered to be the “amount” of the mth chromophore excitation in the kth dou-
bly excited state. In other words, the elements of the vector

�
�P P Pk

k k≡ ( , , )( ) ( )
1 2 give 

the probability density of each single-site excitation in the kth doubly excited state. 
Therefore, Equation 8.40 can be rewritten as

	

< >
= ⋅

δ δW j k B
j k

W

C
p P

( )
,

0
� �

	
(8.43)

which can be interpreted as the spatial overlap between the probability density of 
the jth singly excited state and the reduced probability density of the kth doubly 
excited.
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Finally, the mean square fluctuation amplitude of the kth doubly excited state is 
found to be

	

< > = ( ) +{ }
= +=

-

∑δW
C

v P Pk B
mn
k

m
k

n
k

n m

N

m

N
2 2

11

1

0( )
( ) ( ) ( )∑∑ .

	
(8.44)

This result suggests that < >δWk B
2 is determined by the overlap of the probability 

density of the kth doubly excited state in the |m,n> basis and the projected (reduced) 
probability densities.

8.7 Exc iton Population Transfer

Later in Chapter 13, we will discuss one of the examples where the population and 
coherence transfers are critical in understanding the time-dependent changes of 
2D spectra of coupled multi-chromophore systems, such as photosynthetic light- 
harvesting complexes. In this section, a brief discussion on the theory of exciton 
population transfer rate is therefore presented. Among many different approaches, 
we will focus on the projection operator technique. Suppose that the molecular 
Hamiltonian can be divided into two parts as

	 H H H= + ′0 	 (8.45)

where H0 and ′H represent the reference and perturbation Hamiltonians, respec-
tively. For example, if the site representation Hamiltonian in Equation 8.1 is 
used, the inter-chromophore couplings (the second term in Equation 8.1) and 
the off-diagonal matrix elements in the system–bath interaction Hamiltonian in  
Equation 8.3 can be considered as the perturbation Hamiltonian, which are 
responsible for excitation transitions between two different chromophores. On 
the other hand, in the delocalized exciton representation, the system–bath interac-
tions in Equations 8.13 and 8.14 are the perturbation Hamiltonians for the singly 
and doubly excited states.

The time evolution of molecular density matrix is then described by the following 
quantum Liouville equation:

	

∂
∂

= - = - + ′r r r( )
( ) ( ) ( ).

t
t

iL t i L L t0
	

(8.46)

Now, let us introduce the projection operator:

	

P P P= +∑0 m
m 	

(8.47)
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where the definitions of the individual terms are

	
Pm mm mmr m r m r≡ > <| | [ ]eq

BTr

	
r

β
mm

meq
H

Z
=

- exp
.

0

	
(8.48)

P0 is just the projection operator for the electronic ground state. Here, µ can be 
either a singly or doubly excited-site state or a one or two exciton state, depending 
on the choice of representation and H Hm m m0

0≡ < >| | . Then, the complementary 
operator Q, which projects the density matrix onto the manifold of off-diagonal  
(coherence) density matrix components, is defined as

	 Q P= -1 . 	 (8.49)

Using the projection operator method,23-25 one can obtain the equations describing 
the time evolutions of diagonal and off-diagonal density operators, which describe 
population and coherence evolutions, respectively, as

	

∂
∂

= - - -∫ - -P
P P P Q Q P PQr r τ r ττ( )

( ) ( )( )t
t

i L t d L e L i
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(8.50)
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(8.51)

Equation 8.50 describes the population transfer process between eigenstates since it 
determines time–evolutions of diagonal density matrix elements, whereas Equation 
8.51 does coherence transfer processes between two different coherences.26

Population transfer rate. At time zero, if the system is in thermal equilibrium 
with the bath, we have Qr( )0 =0, and the last term in Equation 8.50 vanishes. Then, 
up to the second-order terms with respect to ′H , one finds that Equation 8.50 can be 
approximately written as

	

∂
∂

= - ′ ′∫ - -P
P P

r τ r ττ( )
( ).( )t

t
d L e L

t
i t L

0

0

	
(8.52)

Here, the formulas, P P2 = , L L0 0 0P P= = , and P P′ =L 0, were used. This is the 
starting point for further derivation of a Markovian relaxation equation (quantum 
master equation) for the projected density matrix elements (populations)
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= - +
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∑ ∑r r rαα

ββ αα αα
β α

αα ββ ββ
β α
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( ) ( )., ,

t
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(8.53)

The rate constant Kββ αα, in the Markovian limit, which describes population transfer 
from α to β state, is given as

	
K d Tr e H e HB
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(8.54)
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Depending on the choice of H0 and ′H , one can obtain the Förster energy transfer 
rate, Redfield rate, or generalized Redfield rate.27 If the site representation is chosen 
and if the second term in Equation 8.1 is selected as the perturbation Hamiltonian, 
the resultant rate constant corresponds to the Förster theory. On the other hand, if 
the reference eigenstates are delocalized excitonic states with neglect of the diago-
nal Hamiltonian matrix elements in Equation 8.13, then the rate constants obtained 
with Equation 8.54 correspond to the Redfield expressions for the population transfer 
processes. However, if the diagonal Hamiltonian matrix elements in Equation 8.13 
are also included in the zero-order Hamiltonian H0, one can obtain the modified 
Redfield theory expressions for the population transfer-rate constants.28

More specifically, in the Förster regime, the rate constant Kββ αα, , where α and β 
represent the excited states of the αth and βth chromophores, is given as

	
K

J
d A Fββ αα

βα
β αp

w w w,

| |
( ) ( ),=

-∞

∞

∫
2

2 	
(8.55)

where Aβ w( ) and Fα w( ) are the line-shape functions of the absorption and fluores-
cence of the αth and βth chromophores, respectively. Note that the rate constant in 
Equation 8.55 is linearly proportional to both the square of the coupling constant and 
the spectral overlap between Aβ w( ) and Fα w( ).

In the Redfield regime, the population transfer rate from the jth exciton state to 
the kth exciton state is29

K dt U H t U U Hkk jj SB jk SB,
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(8.56)

where the frequency difference between the kth and jth singly excited (one-exciton) 
states is denoted as DWkj. Then, Equation 8.56 can be rewritten as, from Equation 8.13,
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Here, a series of approximations, Equations 8.16, 8.23, and 8.25, was invoked. 
Furthermore, we used the expression for C(t) in terms of spectral density (see 
Equations 3.62 and 3.63). In Equation 8.57, the upper (lower) sign is the case of down-
hill (uphill) transition, that is, DWkj < 0 (DWkj > 0). This sign factor ensures detailed 
balance. Note that the factor ∑m mk mjU U2 2 , which appeared in Equation 8.57, is the spa-
tial overlap of the probability density distributions of the kth and jth singly excited 
states. This quantity is spectroscopically measurable, as discussed in Section 8.6,  
via two-color photon echo measurements in principle.22 If a given pair of exciton 
wavefunctions is spatially overlapped with each other, the Redfield excitation trans-
fer rate can be large, as long as the spectral density at frequency DWkj is sizable.17, 30
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9 Two-Dimensional 
Spectroscopy of 
Coupled Dimers

Two-dimensional spectroscopy is a useful method for studying coupling-induced 
phenomena such as band splitting and excitation transfer as well as for determining 
the molecular structure of complex molecules in solution. For a coupled dimer, the 
existence of cross-peaks is good evidence of coupling between the two constituent 
chromophores. As an example, by measuring the cross-peak amplitude in the 2D 
amide I IR spectrum of dipeptide consisting of two peptide bonds, it becomes pos-
sible to determine the solution structure of dipeptide, as the vibrational coupling 
strength between the two amide I local modes has been shown be strongly dependent 
on the backbone conformation of the dipeptide.1–9 Similarly, for coupled electronic 
chromophores, not only two singly excited states are energetically separated from 
each other due to coupling but also the downhill and uphill energy transfers between 
the two excited states occur in time. The latter effects on the diagonal and cross-peak 
amplitude when a series of time-resolved 2D spectra are measured.10

In the previous chapter, a general model Hamiltonian for an N-coupled multi- 
chromophore system was presented and discussed. However, fundamental aspects of 
2D spectroscopy can be understood by considering simple coupled dimer systems, 
where the constituent chromophores are modeled as either a 2LS or 3LS. A model 
Hamiltonian for a coupled (2LS) dimer will be discussed in the delocalized exciton 
representation. Using the approximate third-order response function obtained by using 
the cumulant expansion method and invoking the short-time approximation discussed 
in Chapter 5, one can obtain the 2D photon echo spectrum of a coupled dimer. A few 
model calculation results will be presented to demonstrate how 2D spectroscopy can 
be of use to study chemical and physical processes of coupled dimer systems.

9.1	M odel Hamiltonian of a Coupled 
Two-Level System Dimer

From the N-coupled multi-chromophore system Hamiltonian in Equation 8.1, we 
have the zero-order Hamiltonian of a coupled dimer system:

	 H a a a a J a a a a HB0 1 1 1 2 2 2 1 2 2 1= + + + +e e† † † †( ) ,� 	 (9.1)

where am
†  and am are the creation and annihilation operators of excitation at the mth 

chromophore. The mth site energy, electronic coupling constant between the mth 
and nth chromophores, and bath Hamiltonian are denoted as em, J, and HB, respec-
tively. From the transition dipole coupling theory, which is based on the assumption 
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that a transition dipole of one chromophore couples to that of another chromophore 
via dipole-dipole interaction, one can estimate the coupling constant J as

	 J R R= ⋅ ⋅ = ⋅ - ⋅ ⋅- -d T d d d d r r d1 12 2 1 2 12
3

1 12 12 2 12
53( ) ( )( ) ,, 	 (9.2)

where the two local transition dipoles are denoted as dj and the angle between them will 
be denoted as f. In Equation 9.2, the vector connecting the two point dipoles is denoted 
as R12. Although the transition dipole coupling model has been extensively used to esti-
mate the coupling strength, as the inter-chromophore distance decreases, simple dipole-
dipole approximation breaks down.6, 7, 11, 12 Then, the transition charge–transition charge 
interaction or transition charge density model can become a more accurate description 
for quantitatively determining the coupling constant J than the above transition dipole 
coupling model simply based on a dipole-dipole interaction.12, 13 Furthermore, the site 
energies effectively depend on the inter-chromophore distance and interaction strength 
so that an appropriate model that is capable of taking into account these effects should 
be used to properly apply the coupled dimer model to a real system.

In the case of dimeric molecular systems in condensed phases, chromophore-bath 
interaction and inter-chromophore distance and orientation fluctuations will induce 
fluctuations of both site energies and coupling constants. Thus, one of the useful 
chromophore-bath interaction Hamiltonian models is

	 H x a a x a a x a a a aSB c= + + +� � �1 1 1 2 2 2 1 2 2 1( ) ( ) ( )( )† † † †q q q ,, 	 (9.3)

where x(q)’s are operators of bath coordinates, q, and the expectation values calcu-
lated over the bath states, 〈xm(q)〉B  for m = 1, 2, and c, are assumed to be zero. x1(q) 
and x2(q) describe the site energy fluctuations and xc(q) accounts for the coupling 
constant fluctuation.

Now, let us consider a coupled 2LS dimer with finite coupling constant J. The 
unitary transformation of the singly excited-state Hamiltonian matrix obtained from 
Equation 9.1 can be performed to find eigenvalues and eigenfunctions of the two sin-
gly excited states.14 They will be denoted as e1 and e2, and the doubly excited state will 
be denoted as f (see Figure 9.1). Often, in the literatures, the singly and doubly excited 
states have been referred to as one- and two-exciton states, respectively.15 Throughout 
this book both terms are used. First of all, the two singly excited states are given as
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where | 0 > is the ground ket-state. The unitary transformation matrix U was defined 
in the above equation. The mixing angle q varies from 0 to p/2, and is a function of 
J, e1, and e2  as

	
q

e e
=

-






1
2

2

1 2

arctan
J

.
	

(9.5)

The two singly excited-state energies, denoted as �W1 and �W2, are found to be

	

�

�

W

W
1 1

2
2

2

2 1
2

2

2= + +

= +

e q e q q q

e q e

cos sin cos sin

sin cos

J
22 2q q q- J cos sin . 	 (9.6)
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The doubly excited-state wavefunction and its energy �Wf are

	

| |

.

f a a

f

> = >

= + = +

+ +
1 2

1 2 1 2

0

� � �W W We e
	

(9.7)

In a real system, the doubly excited-state energy might be different from the sum 
of two singly excited-state energies, because the two excited-state molecules within 
the dimer interact with each other to make the doubly excited-state energy change. 
This is known as the exciton–exciton binding (or repulsion) interaction. Such an 
effect on the doubly excited-state energy cannot be described by the simplified 
model Hamiltonian in Equation 9.1. One might have to include �Da a a a2 1 2 1

† †  to 
Equation 9.1 to describe such biexciton binding energy. However, we will ignore 
such effects in this chapter for the sake of simplicity.

Now, by including the solvation (solvent reorganization) energies, the ensemble-
averaged vertical transition energies one- and two-exciton states are written as

	
� �w λ q λ q λ q qe g c1 1 1

2
2

2 2= + + +W cos sin cos  sin
	

(9.8)

	
� �w λ q λ q λ q qe g c2 2 1

2
2

2 2= + + -W sin cos cos  sin
	

(9.9)

	 � � � �w λ λ w wfg f e g e g= + + = +W 1 2 1 2 , 	 (9.10)

2LS-1 2LS-2

J

2LS dimer  

|g>

|e1>
|e2>

| f>

ε1 ε2

R12

φ

d1 d2

Figure 9.1  Coupled two-level system dimer. The coupling constant between two transition 
dipoles is denoted as J. The transition dipoles of the two chromophores are denoted as d1 and 
d2, and the angle between the two is f. The vector pointing from the center of d1 dipole to that 
of d2 dipole is R12. After diagonalizing the zero-order Hamiltonian, one can obtain the two 
singly excited-state energies and eigenfunctions (e1 and e2) and one doubly excited state f.
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where lj, for j = 1, 2, or c, are the corresponding solvent reorganization energies.
Next, one can find that the four transition dipoles are given as
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Equations 9.11 and 9.12 will be used to calculate 2D photon echo transition 
amplitude.

In Equation 9.3, a model Hamiltonian for chromophore–bath interaction for a 
coupled 2LS dimer was presented, and it describes chromophore–bath interaction-
induced fluctuations of the site energies and coupling constant. In the delocalized 
exciton representation, the transformed chromophore–bath interaction Hamiltonians 
for the singly and doubly excited states should be considered. For the singly and dou-
bly excited states, the transformed Hamiltonians are, respectively,
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		  (9.13)

	
�ΞSB x x( ) ( ( (2

1 2q q q) ) ).= + 	 (9.14)

The diagonal matrix element [ ( ]( )�ΞSB jj
1 q)  describes fluctuation of the jth singly excited-

state energy, whereas the off-diagonal matrix element [ ( ]( )�ΞSB jk
1 q)  induces an excita-

tion transfer between the two different singly excited states ej and ek. Finally, �ΞSB
( ) (2 q)

induces fluctuation of the doubly excited-state energy.

9.2	 Delocalized excited-State Energy Fluctuations 
and Time Correlation Functions

From the transformed Hamiltonian in Equations 9.13 and 9.14, the fluctuating parts 
of the transition frequencies are
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84291_Book.indb   172 5/11/09   2:17:21 PM



Two-Dimensional Spectroscopy of Coupled Dimers	 173

Now, let us consider various frequency–frequency correlation functions. First, invoking 
the IBA (independent bath approximation) we have, for m and n = 1, 2, or c,

	
< > = ≠x t x m nm n B( ) ( ) .0 0 for

	 (9.16)

This means that the site transition frequency fluctuation of the mth chromophore is 
statistically uncorrelated with that of the nth chromophore. In other words, the bath 
degrees of freedom coupled to different chromophore transitions are statistically 
independent.

For the sake of notational simplicity, we define the quantity k that is a measure of 
the delocalization of the excited states as

	 κ q q≡ cos sin . 	 (9.17)

As shown in Chapter 7 for a 2LS, the line-broadening of linear absorption spec-
trum and the line width of the diagonal peak in a given 2D spectrum are deter-
mined by the FFCF. For a coupled dimer, the corresponding auto-correlation 
functions are
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where the FFCFs of x t iH t x iH tm B m B( ) ( exp( ) ( )exp( ))≡ -/ /� �q for m = 1, 2, and c are 
defined as

	 C t x t xm m m B( ) ( ) ( ) .= < >0 	 (9.19)

Next, let us consider the cross correlation functions:
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(9.20)

It is interesting to note that the correlation between the transition frequencies of the 
delocalized singly excited states e1 and e2 (between δW1(t) and δW2(0)) is proportional 
to k 2 (= cos2 q sin2 q). Therefore, if the two chromophores are not coupled to each 
other, that is, q = 0 or π/2, we have k = 0 and expect that the cross-correlation func-
tion < >δ δW W1 2 0( ) ( )t B vanishes. In this zero coupling limit, there will be no cross-
peaks, as will be shown below.
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9.3	 Coupled Two-Level System Dimer: 
Quantum Beats at Short Time

In Section 7.2, the 2D photon echo spectroscopy of a single 2LS was discussed in 
detail. Now, if two chromophores are coupled to each other to form delocalized 
singly excited states, the total number of quantum states one needs to consider is 
four, as can be seen in Figure 9.1. Therefore, in addition to the two diagonal peaks 
originating from the singly excited states e1 and e2, there are also two off-diagonal 
cross-peaks produced by the inter-chromophore coupling. In this section, the very 
short-time regime in which excitation transfer between the two singly excited states 
e1 and e2 does not play significant roles will be considered in detail.

Since there are two singly excited states e1 and e2 as well as a doubly excited state 
f, there are a number of different nonlinear optical transition pathways (diagrams) 
contributing to the 2D photon echo spectrum. For a single 2LS, it was shown that the 
following two diagrams should be taken into consideration:

	
< >< >m | | .g g

	
< >< >m | | .g g 	 (9.21)

In addition, due to the presence of doubly excited state f, it is necessary to include 
the following diagram:

	
< >< >m | | .g g 	 (9.22)

Now, for a coupled 2LS dimer, there are twelve diagrams in total, which represent differ-
ent polarization components. One can classify those twelve diagrams into four groups, 
depending on the center frequencies of the corresponding peaks in the 2D PE spectrum.

The first group of diagrams, which produces the diagonal peak at wt = w
_

e1g and wt =  
w
_

e1g, consists of the following two diagrams, which will be denoted as D1-SE (diago-
nal peak 1-stimulated emission) and D1-GB (diagonal peak 1-ground-state bleach):

	
< >< > ∝ - -m | | exp{ }g g i t i te g gew w1 13 1

	
< >< > ∝ - -m | | exp{ }.g g i t i te g gew w1 13 1 	 (9.23)

In the above equations, only the coherence oscillation factor is shown. These two 
contributions have the same coherence oscillation term exp{ }- -i t i te g gew w

1 13 1 .
The second group of diagrams (D2-SE and D2-GB) shown below is associated 

with another diagonal peak at wt = w
_

e2g and wt = w
_

e2g:

	
< >< > ∝ - -m | | exp{ }g g i t i te g gew w2 23 1

	
< >< > ∝ - -m | | exp{ }.g g i t i te g gew w2 23 1 	 (9.24)

g          e 
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g     e 
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e1 
g   e1 

e2 
g       e2 
e2 

g   e2 
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The third group of diagrams (C12-SE, C12-GB, C12-EA1, and C12-EA2) below is 
related to the cross-peak at wt = w

_
e1g and wt = w

_
e2g:

	
< >< > ∝ - - -m | | exp{ }g g i t i t i te g e e gew w w2 2 1 13 2 1

	
< >< > ∝ - -m | | exp{ }g g i t i te g gew w2 13 1

	
< >< > ∝ - -m | | exp{ }g g i t i tfe gew w1 13 1

	
< >< > ∝ - - -m | | exp{ }.g g i t i t i tfe e e gew w w1 2 1 13 2 1 	 (9.25)

The first in Equation 9.25 is associated with a quantum beat contribution to the cross-
peak amplitude, since it oscillates in time t2 as exp{ }-i te ew

2 1 2 . The fourth term also 
oscillates in time during t2 as exp{ }-i te ew

2 1 2 . These oscillatory contributions appear 
as quantum beats in the transient grating or pump–probe signal from the dimer. The 
same quantum beat can be observed by measuring the oscillatory amplitude of the 
associated cross-peak. From the coherence oscillation term associated with the sec-
ond term in Equation 9.25, it is clear that they are associated with the cross-peak at 
wt = w

_
e1g and wt = w

_
e2g. In addition, the third term in Equation 9.25 also contributes to 

the cross-peak at wt = w
_

e1g and wt = w
_

e2g, because the frequency difference between 
the f and e1 states is very close to that between the e2 and g states, that is, w wfe e g1 2

≅ , 
when the exciton–exciton binding energy is negligible.

Finally, the remaining four diagrams (C21-SE, C21-GB, C21-EA1, and C21-EA2) 
producing the cross-peak at wt = w

_
e2g and wt = w

_
e1g are given as

	
< >< > ∝ - - -m | | exp{ }g g i t i t i te g e e gew w w1 1 2 23 2 1

	
< >< > ∝ - -m | | exp{ }g g i t i te g gew w1 23 1

	
< >< > ∝ - -m | | exp{ }g g i t i tfe gew w2 23 1

	   
< >< > ∝ - - -m | | exp{ }.g g i t i t i tfe e e gew w w2 1 2 23 2 1 	 (9.26)

Again, the first and fourth terms are responsible for quantum beats of the cross-peak 
at wt = w

_
e2g and wt = w

_
e1g. In addition to the second term, the third term also contrib-

utes to this cross-peak because w wfe e g2 1
≅ . Due to the quantum beat contributions 

originating from the first and fourth terms, the cross-peak amplitude at wt = w
_

e2g and 
wt = w

_
e1g oscillates in time t2, and its amplitude decays by the quantum beat dephasing 

process.

e2 
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The next step is to obtain the expressions for the two diagonal peaks and the two 
cross-peaks. The short-time approximations to the nonlinear response function compo-
nents that directly correspond to the above twelve diagrams can be obtained by using 
the results presented in Section 5.3. Then, in the impulsive limit, one can carry out the 
2D Fourier-Laplace transformation of the photon echo signal field (see Equation 7.12) 
to obtain the 2D Gaussian shape–approximated diagonal and cross-peaks.

First of all, the two diagonal peaks at wt = w
_

e1g and wt = w
_

e1g and at wt = w
_

e2g and 
wt = w

_
e2g are identical to Equation 7.48 except for the center frequencies and other 

auxiliary functions. The diagonal peak at wt = w
_

e1g and wt = w
_

e1g is given as

� �E e e eD t ge e g ge e g t eT1 3 2 12 1 1 1 1( , , ) [ ] *w w w wτ = =m m m m G 11 11
2

1
2

g e g, , ,< > = < >( )δ w w δτW W
		

		  (9.27)

where the approximate 2D Gaussian peak shape function (see Equation 7.49) is used. 
The two contributions in Equation 9.23 are the same in this limiting case so that 
the factor 2 appears in Equation 9.27. Similarly, the diagonal peak at wt = w

_
e2g and  

wt = w
_

e2g is

� �E e e eD t ge e g ge e g t eT2 3 2 12 2 2 2 2( , , ) [ ] *w w w wτ = =m m m m G 22 22
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2
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g e g, , , .< > = < >( )δ w w δτW W
 

		  (9.28)

We next consider the two cross-peaks. Again, using the approximate 2D Gaussian 
peak shape function theory in Section 7.6, one can find that the cross-peak at wt = w

_
e1g 

and wt = w
_

e2g is given as

� �E e e eC t ge e g e g ge e gT12 3 2 12 1 2 1 2( , , ) [ ] (*w w wτ = m m m m G ,, , , )

exp{ ( )}

< > < >

× - -

+

δ δ w δ δ

w

W W W W1 2 1 2

12

1

2 1

e g

e ei T f T

[[ ] , , ,*m m m mge e g e g ge e g e g2 2 1 1 2 13 2 1 2
2�e e e G Ww δ w δ< > < WW

G W

1
2

3 2 1 2
2

1 1 1 1 1

>( )
- < >[ ] , ,*m m m me f fe e g ge fe�e e e w δ ww δ

w

e g

e f fe e g ge fe

1

1 2 2 1 1

1
2

3 2 1

,

[ ] (*

< >( )
-

W

Gm m m m �e e e ,, , , )

exp{ ( )},

< > < >

× - -

δ δ w δ δ

w

W W W W1 2 1 2

12

1

2 1

e g

e ei T f T  
		

(9.29)

where the relaxation of the quantum beat with frequency of w
_

e2e1
 is determined by 

exp{ ( )}- f T12 . Here, f12 (T) is given as

	
f T g T g T g Te e e e e e12 1 1 2 2 1 2

2( ) ( ) ( ) Re[ ( )].*= + -
	

(9.30)

Due to the first and fourth terms oscillating in the waiting time T, the cross-peak 
amplitude is modulated by these quantum beating contributions. However, it decays 
very rapidly. Taking the short-time approximation of f12 (T) up to the second order 
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with respect to T, one can find that

       
exp{ ( )} exp- ≅ - < > + < > - < >(f T12 1

2
2
2

1 2
1
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2δ δ δ δW W W W ))
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T 2 .
	

(9.31)

This is a Gaussian decay function, and it becomes vanishingly small after the 

chromophore-bath interaction-induced decoherence time τ λdecoherence Bk T( ln )= �2 2/
 

at room temperature.
By using the same procedure, one can obtain the cross-peak at wt = w

_
e2g and  

wt = w
_

e1g,
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Again, there are two quantum beat contributions, which decay very rapidly. The 
second and third terms on the right-hand side of Equation 9.32 contribute to the 
cross-peak even after time T greater than tdecoherence.

From the results in Equations 9.27, 9.28, 9.29, and 9.32, the total 2D photon echo 
spectrum of a coupled 2LS dimer is given as

	
� � � �E E E EPE t D t D t CT T T( , , ) ( , , ) ( , , )w w w w w wτ τ τ= + +1 2 12(( , , ) ( , , ).w w w wτ τt C tT T+ �E 21  

		  (9.33)

From the resultant expressions for the two cross-peaks, one can show that they vanish 
when the coupling constant J is zero. In the zero coupling limit, e1 and e2 are completely 
localized states on the two chromophores separately and the f state is just a product of 
the two localized excited states. Then, the first term in Equation 9.29 cancels out the 
fourth term in the equation. Similarly, the second term in Equation 9.29 cancels out the 
third term. This is why the presence of cross-peaks in an experimentally measured 2D 
spectrum of a dimer system is critical evidence of a nonzero coupling between the two 
electric-dipole-allowed transitions of the individual chromophores.

For the sake of simplicity, let us consider the homodimer system with a suffi-
ciently large coupling constant. That is to say, it is assumed that the widths of the 
diagonal or cross-peaks are smaller than the coupling constant J, that is,

	
J > < >δW2 .

	
(9.34)

In this case, the two singly excited states are frequency resolved in both 1D and 
2D spectra. A schematic 2D spectrum for this strong coupling case is shown in 
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Figure 9.2  Quantum beat contributions to the 2D photon echo spectrum of coupled 
homodimer. The two diagonal peaks are separated by 2J in frequency. Each cross-peak is 
associated with four different diagrams as shown here. The cross-peak amplitudes oscillate in 
time T at time shorter than the system–bath interaction-induced decoherence time.
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Figure 9.2, where only the real part of the 2D spectrum is depicted. The two diagonal 
peaks are separated by 2J in frequency. Two cross-peaks appear, and they oscillate 
in time T with frequency of w

_
e2e1

 (= 2J). The associated diagrams are also shown in 
the figure. Analyzing the time-dependent changes of cross-peak amplitudes, one can 
extract information on the decoherence time.

9.4	 Coupled Two-Level System Dimer: 
Intermediate Time Region

As shown in the previous section, the cross-peak amplitudes oscillate in time T due 
to the created coherence between e1 and e2 states. However, such quantum beats 
only last for a short time because the corresponding quantum beat relaxation rate 
given in Equation 9.31 is in general quite fast and similar to the timescale of free-
induction decay. Therefore, at waiting times sufficiently longer than the quantum 

beat relaxation time, that is, T k Tdecoherence B> =τ λ�2 2ln / , the diagonal and cross-
peaks are given as
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(9.35)

Hereafter, let us consider the case when the three incident pulses are linearly polar-
ized along the X-axis in a laboratory-fixed frame and when the X-component of the 
photon echo field vector is detected. For the sake of simplicity, assume that the two 
local transition dipoles d1 and d2 have the same magnitudes, d = |d1| =|d2|. Then, 
after performing the rotational average of the relevant fourth-rank tensor (XXXX) 
element, one can estimate the amplitudes { }

�
Sjk

0  of the four peaks at their maxima 
(or minima):

(1) Diagonal peak at (wt = w
_

e1g, wt = w
_

e1g)
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2
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δW W
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(9.36)

(2) Diagonal peak at (wt = w
_

e2g, wt = w
_

e2g)
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(9.37)
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(3) Cross-peak at (wt = w
_

e1g, wt = w
_

e2g)
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(4) Cross-peak at (wt = w
_

e2g, wt = w
_

e1g)
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Here, k, defined in Equation 9.17, is a measure of delocalization of excited states. f 
is the angle between the two local transition dipoles d1 and d2 (see Figure 9.1). The 
highly simplified expressions given in the above can provide a guideline for the inter-
pretation of experimentally measured amplitudes of the diagonal and cross-peaks and 
can be used to estimate the angle between the two local transition dipole vectors. It is 
again clear that, in the zero coupling case, the delocalization factor k is zero and the 
cross-peak amplitudes 

�
S12

0  and 
�
S21

0  vanish. This is because e1 and e2 states are each 
completely localized on one of the chromophores so that me g1 1= d andme g2 2= d . 
Then, in this zero-coupling case we have [ ] [ ]m m m m m me g e g XXXX ge e f fe e g XXXX1 2 1 1 1 1

2 2 = and 
[ ] [ ]m me g e g XXXX ge e f fe e g XXXX2 1 2 2 2 2

2 2 = m m m m . Therefore, the two contributions exactly can-
cel out (destructively interfering with each other at the amplitude-level), and the cross-
peaks vanish.

If we further assume that the two chromophores are identical, that is, a homodi-
mer, the delocalization factor κ is 0.5 and the peak amplitudes are simplified as
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In Figure 9.3, the φ-dependent functions in Equation 9.40 are plotted. When the 
two local transition dipole vectors are parallel to each other, that is, f = 0, then � �
S S22

0
21
0 0= = . If the two vectors are antiparallel, then 

� �
S S11

0
12
0 0= = . If the two 

local transition dipole vectors are perpendicular to each other, we have 
� �
S S11

0
22
0=  

and 
� �
S S12

0
21
0= . Therefore, the relative orientations of the two chromophores can be 

estimated by analyzing the diagonal and cross-peak amplitudes with the results in 
Equation 9.40.

9.5	 Coupled Two-Level System Dimer: 
Population Transfer Effects

In this section we will consider the population transfer effects on the 2D PE spectrum 
of a coupled 2LS dimer system. As can be seen in Equation 9.13, the transformed 
chromophore–bath interaction Hamiltonian is not completely diagonalized, and the 
off-diagonal matrix elements of �ΞSB

( ) (1 q) are

	
� �Ξ ΞSB SB cx x x( ) ( )( ( ( ) co1 1

2 1q q) )
12 21

  =   = - +κ ss .2q 	 (9.41)

Therefore, population transfer processes between the two singly excited states occur, 
and the 2D peak shape thus changes in time T. Treating [ ( ]( )�ΞSB

1 q) 12  as the perturba-
tion Hamiltonian and using second-order perturbation theory, that is, Fermi’s golden 
rule,16 one can obtain an expression for the population transfer rate constant and the 
relevant quantum Master equation (see Section 8.7).

The second-order population transfer rate constant from the jth excited state to 
the kth state was shown to be (see Equation 8.56)

	
K dt tkj SB jk SB= <   

∞

∫2 0
0

1 1Re ( ( )) ( ( ))( ) ( )� �Ξ Ξq q  > -
kj B kji texp{ }.w 	 (9.42)
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Figure 9.3  The f-dependent functions in Equation 9.40.
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The time-correlation function of [ ( ]( )�ΞSB
1 q) 12, which is required to complete the  

calculation of Equation 9.42 in the present case of a coupled 2LS dimer, is found 
to be

        
<     > =� �Ξ ΞSB SB Bt C t( ) ( )( ( )) ( ( )) { (1

12
1

21 10q q )) ( )} ( )cos .+ +C t C tc2
2 2 2κ q

	
(9.43)

Inserting Equation 9.43 into 9.42 and performing the integration over time, one can 
obtain the two (downhill and uphill) population transfer rate constants. Since the real 
and imaginary parts of Cj (t) can be expressed in terms of the corresponding spectral 
density, we get
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The resultant expressions for the rate constants obey the detailed balance condition 
as
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(9.46)

For an N-state system, the conditional probability, Gkj (t), for the population to be 
in a specific state | k> at time t, provided that it was at state | j > at t = 0 for an arbi-
trary pair of j and k, can be obtained by solving the following master equation (see 
Equation 8.53):

	

�G t K G t K G tkj kl lj

l k

lk

l k

kj( ) ( ) ( ).= -










≠ ≠
∑ ∑

	

(9.47)

This coupled linear differential equation can be solved by using the Laplace trans-
form method. Denoting the Laplace transform of G tkj ( ) as �G skj ( ), one can rewrite the 
above initial value problem as

	 sG s KG s I� �( ) ( )+ = 	 (9.48)

where the underlines in the above equation mean that they are the N by N matrices and 
I is the identity matrix. The [j,k]th matrix element of �G s( ) is �G sjk ( ). Diagonalizing 
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the rate constant matrix K  as
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one can solve Equation 9.47 for the conditional probabilities by taking the inverse 
Laplace transformation of Equation 9.48 to find
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Now, for the two-state system consisting of e1 and e2, the rate constant matrix K  is 
simply given as

	

K
K K

K K
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. 	 (9.51)

Two eigenvalues of this rate constant matrix are 0 and K12 + K21, and the respective 
eigenvectors are

	

K

K K

K

K K

12

21
2

12
2

21

21
2

12
2

1
+

+





















-
and 22

1

2



















. 	 (9.52)

From these results, one can find that the survival and conditional probability func-
tions are
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Here, the diagonal matrix elements of G t( ) are usually called the survival probabil-
ity. For instance, G11(t) is the probability of finding the system to be in e1 state at time 
t later when the system was in the same state at time zero.

Now, due to population transfer between the two singly excited states during the 
waiting time T, the diagonal and cross-peak amplitudes would change in time. Since 
the population transfer process is comparatively slower than the decoherence tim-
escale, tdecoherence, those diagrams involving quantum beating terms will be ignored. 
Then, among the remaining eight diagrams in Equations 9.23–9.26, only four of 
them are stimulated emission contributions that involve population evolution on one 
of the two singly excited states during time T. Therefore, the population transfers 
during T affect those four cases. As an example, let us consider the following dia-
gram, which is the first one in Equation 9.23:

	 < >< >m | | .g g 	 (9.54)

When there is no population transfer from e1 to e2 states within the time delay T, the 
above diagram contributes to the diagonal peak at wt = w

_
e1g and wt = w

_
e1g. However, 

when the population relaxation time is fast in comparison with the excited-state life-
time, the population on the e1 state created at t = t1 can end up at the e2 population or 
remain at the e1 population. Such a probability is fully described by the conditional 
probability matrix G t( ) discussed above. Therefore, the diagram shown in Equation 
9.54 should be rewritten as the sum of two contributions as

	
G T g g i t i te g ge21 3 12 1( ) | | exp{ }< >< > ∝ - -m w w 	 (9.55)

	
G T g g i t i te g ge11 3 11 1( ) | | exp{ }.< >< > ∝ - -m w w

	 (9.56)

The first one describes the population transfer from e1 to e2 states during T so that 
the conditional probability G21 (T) multiplies the third-order polarization. Further- 
more, the coherence oscillation term is given as exp{ }- -i t i te g gew w

2 13 1  so that this 
diagram will contribute to the cross-peak at wt = w

_
e1g and wt = w

_
e2g. Consequently, 

the corresponding cross-peak amplitude will change (increase) due to this additional 
contribution originating from the population transfer from e1 to e2 states. The second 
diagram in Equation 9.56 is the case where the initially created population on e1 
remains on e1 even after finite time T. Therefore, the conditional probability (or sur-
vival probability) G11 (T) multiplies the third-order polarization. This term contrib-
utes to the diagonal peak at wt = w

_
e1g and wt = w

_
e1g. Overall, the cross-peak amplitude 

increases, and the corresponding diagonal peak amplitude decreases because of the 
population transfer.

Taking into consideration the population transfer processes, we find that the dia-
grams associated with the diagonal and cross-peaks are fully given as

e1 
g       e1 

e2 e1 
g   e2 e1   

e1 
g       e1 
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(1) Diagonal peak at (wt = w
_

e1g, wt = w
_

e1g)

	
G T g g11( ) | |< >< >m

	
< >< >m | |g g

	
G T g g21( ) | |< >< >m 	 (9.57)

(2) Diagonal peak at (wt = w
_

e2g, wt = w
_

e2g)

	
G T g g22( ) | |< >< >m

	
< >< >m | |g g

	
G T g g12( ) | |< >< >m 	

(9.58)

(3) Cross-peak at (wt = w
_

e1g, wt = w
_

e2g)

	 < >< >m | |g g

	 G T g g11( ) | |< >< >m

	 G T g g21( ) | |< >< >m 	 (9.59)

(4) Cross-peak at (wt = w
_

e2g, wt = w
_

e1g)

	
< >< >m | |g g

	 G T g g22( ) | |< >< >m

	 G T g g12( ) | |< >< >m 	 (9.60)

Then, by using the short-time approximation to the nonlinear response function 
and 2D Gaussian peak shape function approximation, it is possible to obtain the 2D  

e1 
g       e1 

e1 
g   e1 

f     e2 e1  
e2e1  

e2 
g       e2 

e2 
g   e2 

f     e1 e2  
e1 e2    

e2 
g   e1 

f     e1 
e1 

e2e1 
g   e2e1   

e1 
g   e2 

f     e2 
e2 

e1e2 
g   e1e2  
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photon echo spectrum of a coupled 2LS dimer undergoing population transfer 
between two singly excited states. For the diagonal and cross-peaks, we have

(1) Diagonal peak at (wt = w
_

e1g, wt = w
_

e1g)
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(2) Diagonal peak at (wt = w
_

e2g, wt = w
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e2g)
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(3) Cross-peak at (wt = w
_

e1g, wt = w
_

e2g)
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(4) Cross-peak at (wt = w
_

e2g, wt = w
_

e1g)
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+ m m gg e g ge e g e gG Tm m2 2 1 23 2 1 12 1

2
2] ( ) , , ,*�e e e G W Ww δ w δ< > < 22 >( ).

 
		  (9.64)

In the limiting case when the uphill transition rate constant K21 is negligibly small, 
that is to say, if the energy difference between e1 and e2 states is much larger than the 
thermal energy, the conditional probabilities in Equation 9.53 are simplified as

G t G t K t G t G11 22 12 21 121 0( ) , ( ) exp( ), ( ) , (≅ = - = and tt K t) exp( ).= - -1 12 	 (9.65)

Then, the diagonal and cross-peak amplitudes are given as

(1) Diagonal peak at (wt = w
_

e1g, wt = w
_

e1g)

    

� �E e e eD t ge e g e g ge e gT1 3 2 12 1 1 1 1 1( , , ) [ ] ,*w w wτ = m m m m G << > < >( )
-

δ w δW W1
2

1
2

3 2

1

2 2 1 1

, ,

   [ ]

e g

e f fe e g gem m m m �e e ee1 12

1
2

1
2

1

2 1

*{ exp( )}

   , , ,

- -

× < > < >( )
K t

fe e gG W Ww δ w δ
	 (9.66)
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(2) Diagonal peak at (wt = w
_

e2g, wt = w
_

e2g)
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(9.67)

(3) Cross-peak at (wt = w
_

e1g, wt = w
_

e2g)
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(9.68)

(4) Cross-peak at (wt = w
_

e2g, wt = w
_

e1g)
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fe e gG W Ww δ w δ

mm m m mge e g e g ge
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*�e e e - -

× G w gg e g, , , .< > < >( )δ w δW W1
2

2
2

2 	
(9.69)

These results show that the two diagonal peak amplitudes decrease due to the 
additional excited-state absorption contributions specified by the second terms in 
Equations 9.66 and 9.67. The cross-peak at wt = w

_
e1g and wt = w

_
e2g remains the same, 

whereas that at wt = w
_

e2g and wt = w
_

e1g increases due to the population transition from 
the upper state e2 to the lower state e1. In this limiting case of downhill-only popula-
tion transfer, the real part of the 2D spectrum is schematically drawn in Figure 9.4. 
The upper-right diagonal peak amplitude associated with the higher-lying e2 state 
decays in time due to population transfer from the e2 to the e1 state, whereas the 
lower-right cross-peak amplitude increases in time T. The two peaks at wt = w

_
e1g do 

not change much.
Using the general results presented in this chapter, one can experimentally study 

quantum beat, coupling, and population transfer processes as well as extract infor-
mation on the molecular structure of the dimer, such as the relative orientation of the 
two monomers and the intermolecular interaction strength.
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9.6	 Coupled Anharmonic Oscillators: 
Model Hamiltonian

Two-dimensional IR photon echo spectroscopy has been widely used to study vibra-
tional couplings between two different amide I local oscillators and eventually to 
determine peptide conformations and dynamics by examining the 2D peak shape 
changes with respect to the waiting time T. Unlike the electronic chromophore, the 
vibrational degrees of freedom should be modeled as a 3LS consisting of the ground, 
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Figure 9.4  Population transfer effects on 2D photon echo spectrum of coupled 2LS sys-
tem. In the limiting case when the uphill population transfer rate is negligibly smaller than 
the downhill transfer rate, the upper diagonal peak amplitude decreases and the lower-right 
cross-peak amplitude increases due to population transfer.
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first excited, and overtone states. When such three-level oscillators are coupled to 
each other, it is necessary to consider at least six vibrational quantum states (see 
Figure 9.5). The two singly excited states e1 and e2 are delocalized over the two oscil-
lators. The three doubly excited states denoted as fj in Figure 9.5 are combination 
and overtone states and are also delocalized over the two oscillators due to nonzero 
coupling constant J. The model Hamiltonian for this coupled oscillator system is

        

H a a J a a a a a am m m

m

0

1

2

1 2 2 1 11 1 1= + + +
=

∑� � �w † † † † †{ } D aa a a a a a

a a a a HB

1 1 22 2 2 2 2

12 1 2 1 22

+

+ +

�

�

D

D

† †

† †   . 	
(9.70)

Here, w em m( )= /�  is the vibrational frequency of the mth oscillator, and J is the 
coupling constant. The two overtone anharmonic frequency shifts are denoted as 
Dmm, and the combination anharmonic frequency shift as D12. The chromophore–
bath interaction Hamiltonian is again assumed to be

	 H x a a x a a x a a a aSB c= + + +� � �1 1 1 2 2 2 1 2 2 1( ) ( ) ( ){ }† † † †q q q .. 	 (9.71)

The singly excited states can be described by the following Hamiltonian matrix, 
when the two basis states are a1

† | 0 > and a2
† | 0 >:

	

� �H
J

J
0
1 1

2

( ) .=










w
w

	

(9.72)

Next, the Hamiltonian matrix of the doubly excited states with the basis set 
{| | , | | , | |† † † † † †2,0 0,2 1,1> = > > = > > =a a a a a a1 1 2 2 1 20 0 0 >>} is

	

� �H

J

J

J J

0
2

1 11

2 22

1 2 12

2 0 2

0 2 2

2 2

( ) =

-

-

+ -





w

w

w w

D

D

D















.

	

(9.73)

3LS-1 3LS-2

J

3LS dimer

|g>

|e1>
|e2>

|fj>

ε1 ε2

Figure 9.5  Coupled anharmonic oscillators. The coupling constant is J. Each anharmonic 
oscillator is assumed to be a 3LS. Then, the coupled anharmonic oscillators form two singly 
excited states (e1 and e2) and three doubly excited states ( f1 ~ f3).
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Diagonalization of the Hamiltonian matrix, �H0
1( ) , gives the two eigenstates e1 and e2,
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	 (9.74)

Here, the mixing angle θ was defined in Equation 9.5. The two singly excited-state 
energies are the eigenvalues of �H0

1( ) :
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(9.75)

Unlike the case of the coupled 2LS dimer, there are three doubly excited states 
f1 - f3, which are eigenstates of �H0

2( ) in Equation (9.73). The elements of the jth eigen-
state fj will be denoted as cj1 , cj2, and cj3, that is,
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	 (9.76)

The eigenvalues of �H0
2( )  will be denoted as �Wj  ( j = 1 - 3).

With the basis sets for the singly and doubly excited states, the system–bath inter-
action Hamiltonian matrices HSB

( )1  and HSB
( )2  are
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	 (9.77)
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	 (9.78)

Then, the transformed system–bath interaction Hamiltonian matrixes can be obtained 
by using the general results in Equations 8.13 and 8.14. The fluctuating parts of the 
transition frequencies of the e1 and e2 states are

	

δ q q q q

δ

W

W

1 1
2

2
2

2

2( ) ( cos sin cos sin )

( ) (

q

q

= + +

=

x x x

x

c /�

11
2

2
2 2sin cos cos sin ) .q q q q+ -x xc /� 	 (9.79)

Those of the three doubly excited states, denoted as dWj (q), can be obtained by con-
sidering the diagonal elements of V H VSB

-1 2( )  matrix as

	
δW V H Vj SB jj

( ) ( )( )q q=  
-1 2 	 (9.80)

where V-matrix was defined in Equation 9.76.
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Also, the transition dipole matrix elements between g and e1 states and between 
g and e2 states and those between one of the two singly excited states ej (for j = 1 and 
2) and one of the three doubly excited states fk (k = 1 - 3) can be written as linear 
combinations of the two local transition dipoles d1 and d2 (see Equations 8.19 and 
(8.21):
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(9.81)

Here, the harmonic approximation was used to estimate the transition dipole matrix 
element between the first excited state and the overtone state of each individual local 
oscillator, that is, | | | |m m21 102= .

The transition FFCFs for the present coupled anharmonic oscillator system can 
be obtained from the results for the general N-coupled anharmonic oscillator sys-
tem in Chapter 8. Therefore, all the necessary ingredients for calculating the 2D 
photon echo have been specified by now. In the following section, the short-time 
approximation to the third-order response function and the 2D Gaussian peak 
shape approximation will be used to show how many cross-peaks are observable as  
well as what information can be extracted from the 2D photon echo study of the 
coupled anharmonic oscillator systems.

9.7	 Coupled Anharmonic Oscillators: Two-Dimensional 
Photon Echo Spectrum at Short Time

When two anharmonic oscillators are coupled to each other as discussed above, a 
number of third-order response function components contribute to the 2D photon 
echo in addition to those for the coupled 2LS dimer, since there are three doubly 
excited ( f1 – f3) states that are electric-dipole-allowed from the two singly excited 
(e1 and e2) states. Nevertheless, there appear only two diagonal peaks originating 
from g ↔ e1 and g ↔ e2 transitions, and the corresponding expressions for peak 
shapes and amplitudes are identical to those of the coupled 2LS dimer.
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The third-order polarization associated with the diagonal peak at wt = w
_

e1g and 
wt = w

_
e1g is given as the sum of stimulated emission and ground-state bleaching 

diagrams:

	
< >< > < >< >m m| | | | .g g g gand

	 (9.82)

The corresponding 2D photon echo diagonal peak at wt = w
_

e1g and wt = w
_

e1g is given 
as

    
� �E e e eD t ge e g ge e g e gT1 3 2 12 1 1 1 1 1( , , ) [ ] ,w w wτ = <m m m m G δδ w δW W1

2
1
2

1> < >( ), , .e g 	
(9.83)

The two polarizations producing the diagonal peak at wt = w
_

e2g and wt = w
_

e2g are, 
similarly,

	
< >< > < >< >m m| | | | .g g g gand

	 (9.84)

The diagonal peak at wt = w
_

e2g and wt = w
_

e2g is then

  
� �E e e eD t ge e g ge e g e gT2 3 2 12 2 2 2 2 2( , , ) [ ] ,*w w wτ = m m m m G << > < >( )δ w δW W2

2
2
2

2, , .e g 	 (9.85)

All the other nonlinear optical transition pathways (diagrams) contribute to the  
off-diagonal peaks in a given 2D photon echo spectrum of coupled anharmonic 
oscillator system.

In a real experiment utilizing very short pulses, coherence between e1 and e2 
states can be created and contribute to the photon echo polarization. Despite the 
fact that there are a number of diagrams contributing to different cross-peaks, one 
can classify them into two groups. The first group contains diagrams that produce 
cross-peaks at wt = w

_
e1g, whereas those in the second group produce cross-peaks at 

wt = w
_

e2g. The diagrams within each group differ from one another by the coherence 
oscillation frequency during the t3 period, which determines the center frequency of 
each cross-peak along the wt - axis.

(Group 1) Diagrams producing cross-peaks at wt = w
_

e1g 

	
< >< > ∝ - - -m | | exp{ }g g i t i t i te g e e gew w w2 2 1 13 2 1
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< >< > ∝ - -m | | exp{ }g g i t i tf e gew w2 1 13 1

e1  e1 
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e2 
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e1 
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< >< > ∝ - -m | | exp{ }g g i t i tf e gew w3 1 13 1

	
< >< > ∝ - - -m | | exp{ }g g i t i t i tf e e e gew w w1 1 2 1 13 2 1

	
< >< > ∝ - - -m | | exp{ }g g i t i t i tf e e e gew w w2 1 2 1 13 2 1

	
< >< > ∝ - - -m | | exp{ }g g i t i t i tf e e e gew w w3 1 2 1 13 2 1 	 (9.86)

(Group 2) Diagrams producing cross-peaks at wt = w
_

e2g

	
< >< > ∝ - - -m | | exp{ }g g i t i t i te g e e gew w w1 1 2 23 2 1
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< >< > ∝ - - -m | | exp{ }g g i t i t i tf e e e gew w w3 2 1 2 23 2 1 	 (9.87)

It is interesting to note that, within each group, there are four diagrams showing 
quantum beat patterns or coherence oscillations during t2 period, when the photon 
echo signal is measured as a function of the waiting time T (= t2 in the impulsive 
limit). From the diagrams in Equations 9.86 and 9.87, one can obtain the corre-
sponding expressions for the 2D photon echo peak shapes. Using the 2D Gaussian 
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e1 
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e2 

f3    e1 
e2 
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peak shape approximation, one can find the expressions for the eight diagrams in 
Group 1:
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(9.88)

The 2D photon echo peaks associated with the second group of diagrams in Equation 
9.87 are given as
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The above results were obtained by assuming that the population transfer processes 
between the two singly excited states are negligibly slow. It is interesting to note 
that one can show that the above results for the two-coupled anharmonic oscillator 
system reduce to those for the coupled 2LS dimer in the limit that

	

D

D

D

11

22

12 0

→ -∞

→ -∞

→ .
	

(9.90)

In this case, the two eigenvalues, �W1 and �W2, which are the energies of f1 and f2 
states, approach infinity and become nonresonant with the external fields so that 
these two states are out of the range of detection. Secondly, �W3 becomes e1 + e2  
and the state f3 is simply | , ( | )† †1 1 01 2> = >a a . Then, one can show that the results in 
Equations 9.88 and 9.89 reduce to those in Equation 9.29 and 9.32 for the coupled 
2LS dimer.

In this section, the short-time behavior of cross-peak amplitudes for coupled 
anharmonic oscillator system were theoretically described. In the following sections, 
we will consider a few simple cases to illustrate the information that can be extracted 
from the 2D vibrational spectrum of coupled anharmonic oscillator systems.

9.8	 Coupled Anharmonic Oscillators:  
Degenerate Case

When the coupling constant is relatively small in comparison to typical absorption 
bandwidths, that is, J ≤ < >δW2 , the two diagonal peaks cannot be frequency 
resolved. Furthermore, if the overtone and combination band anharmonicities are 

small, that is, D W≤ < >δ 2 , the positive peak originating from g ↔ e transitions 
spectrally overlaps with the negative peak from excited-state absorption contributions 
(e ↔ f). Thus, the total 2D spectrum is spectrally congested. In this case, it is quite 
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difficult to interpret the 2D spectrum and to extract structural and dynamical infor-
mation from peak shape and amplitude changes of the broad peaks. However, when 

J > < >δW2  and D W> < >δ 2 , the two diagonal and corresponding cross-peaks 
are frequency resolved in the 2D spectrum, and furthermore, the overtone and combi-
nation peaks will appear as cross-peaks at proper positions in the 2D spectrum.

For the sake of simplicity, let us consider a degenerate coupled oscillator system 
where the two oscillators have the same frequency w0. The Hamiltonian matrixes 
associated with the singly and doubly excited states are then given as

	

� �H
J

J
0
1 0

0

( ) .=










w
w

	

(9.91)
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(9.92)

The overtone anharmonic frequency shift of each local oscillator is D0 and that of the 
combination state is Dc. For this degenerate two-oscillator system, the mixing angle 
q is π/4 so that we get
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(9.93)

From the eigenvector elements of e1 and e2 states, one can identify them as symmet-
ric and asymmetric vibrations, respectively. If the two oscillators are C=O stretching 
modes, the e1 excited state corresponds to the case when the two C=O stretching 
vibrations are in phase and symmetric. Depending on the sign and magnitude of J, 
the symmetric normal mode frequency can be higher or lower than w0.

Now, after diagonalizing the �H0
2( )  Hamiltonian matrix in Equation 9.92, one finds 

that the three eigenvalues are
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(9.94)
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where
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(9.95)

Note that x defined above is a monotonically decreasing function from p/2 to zero as 
(D0 - Dc)/4J increases from 0 to infinity.

The corresponding eigenvectors are found to be
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From the above eigenvectors of the singly and doubly excited states, the f1 state 
can be viewed as the overtone state of the symmetric vibration, whereas the f3 state 
is the overtone state of the asymmetric vibration. The f2 state can be considered 
the combination state of the symmetric and asymmetric vibrations. The energy of 
the combination (f2) state does not depend on the coupling constant, as expected. 
In Figure  9.6, the relative energy levels of the six vibrational states are shown. 
Although the two energy levels of singly excited states e1 and e2 are just linearly 
dependent on the coupling constant J, the J-dependencies of the three eigenvalues 
associated with the doubly excited states W1 - W3 are not simple. Thus, Figure 9.7 
depicts Wj’s with respect to J when D0 = 30 cm-1 and Dc = 5 cm-1.

Now, the corresponding transition dipole matrix elements are found to be
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ω0 + J
ω0 – J
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Figure 9.6  Energy levels of singly and doubly excited states of coupled anharmonic oscil-
lator system. The two singly excited states are symmetric (e1) and asymmetric (e2) vibrations 
of the two anharmonic oscillators. The three doubly excited states are, on the basis of their 
eigenvector elements, overtone states of symmetric ( f1) and asymmetric ( f3) vibrations and 
combination state ( f2). In this figure, the upward arrows show which vibrational transitions 
are electric dipole-allowed. Vibrational transitions between any two states that are not con-
nected by an arrow are forbidden.
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Figure 9.7  Eigenvalues of the three doubly excited states, W1 ~ W3, versus J (see Equation 
9.94). For numerical calculations, the overtone and combination anharmonic frequency shifts 
are assumed to be 30 and 5 cm-1, respectively.
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In this simple case of degenerate coupled anharmonic oscillators, the energies of 
the singly and doubly excited states, their eigenvectors, and transition dipole matrix 
elements are fully obtained in terms of the coupling constant and overtone and com-
bination anharmonic frequency shifts. Therefore, it is now possible to calculate the 
2D photon echo spectrum by inserting the relevant results into Equations 9.83 and 
9.85–9.87. However, still the results are quite complicated, and it appears to be dif-
ficult to identify the essential physics behind them. Thus, one may find it useful to 
consider a few limiting cases.

Hereafter, it is assumed that the absorption bandwidth is smaller than both the 
coupling constant and anharmonic frequency shifts, that is to say,

	 J c> < > + > < >δ δW D D W2
0

22and /( ) . 	 (9.99)

Then, not only the diagonal peaks but also the cross-peaks are frequency resolved, 
so that the anharmonic frequency shifts and coupling constant can be directly esti-
mated by examining the measured 2D spectrum.

Strong coupling limit ( ( ) )J c> + > < >D D W0
22/ δ . First, let us consider the 

case when the coupling constant is much larger than the average anharmonic fre-
quency shift. Then, the two diagonal peaks originating from g ↔ e1 and g ↔ e2 
transitions are well separated in frequency, and the splitting is 2J (see Equation 9.93). 
Now, the angle ξ defined in Equation 9.95 approaches π/2, that is to say,
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In this strong coupling limit, the energies of the three doubly excited states are given 
as
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Furthermore, the six transition dipole matrix elements in Equation 9.98 in a given 
molecule-fixed frame are simplified as
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Note that the transition from e1 to f3 and from e2 to f1 are forbidden (see Figure 9.6, 
where the upward arrows mean that the vibrational transitions between two 
states connected by such arrows are electric-dipole-allowed). This selection 
rule can be understood from the harmonic oscillator picture. Since the f1 and f2 
states are the overtone state of the symmetric mode and the combination state 
of the symmetric and asymmetric modes, respectively, the transitions from 
the e1 state, which is the first excited state of the symmetric mode, to the two 
( f1 and f2) doubly excited states are harmonically allowed. Similarly, the transi-
tions from the e2 state, which is the first excited state of the asymmetric mode, to 
the f2 and f3 states are also allowed. All these transitions are one-quantum excita-
tion processes. However, the transition from the symmetric mode excited state 
e1 to the asymmetric mode overtone state f3 should involve one de-excitation of 
e1 state to g and a two-quantum excitation of g to f3, which is a multiquantum 
process requiring potential anharmonicity in normal mode picture and is har-
monically forbidden.

From the general results for the 2D photon echo spectrum of a coupled anhar-
monic oscillator system presented in the previous section, one finds that, in the strong 
coupling limit, the 2D spectrum is given by the sum of the following contributions:
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Figure 9.8 schematically depicts the real part of the 2D PE spectrum of this cou-
pled anharmonic oscillator system in the case when the two local oscillators are 
degenerate and the coupling constant is much larger than the average anharmonic 
frequency shift. Eight different peaks appear: two diagonal and six cross-peaks. 
The two diagonal peaks are positive and the two cross-peaks at  wt = w

_
e1g and 

wt = w
_

e2g and at wt = w
_

e2g and wt = w
_

e1g are also positive. On the other hand, all the 
other cross-peaks are negative because they all originate from excited-state absorp-
tion contributions. Therefore, it is possible to say that the two diagonal (D1 and D2 
in Figure 9.8) and two cross- (C12 and C21) peaks all appear as pairs (or couplets) 
consisting of positive and negative peaks. It is interesting to note that the frequency-
splitting magnitudes of the D1 and D2 couplets are identical to each other and that 
they equal the average anharmonic frequency shift (D0 + Dc)/2. This can be under-
stood from the eigenvalues of the three doubly excited states in Equation 9.101. On 
the other hand, the frequency-splitting magnitudes of the C12 and C21 cross-peak 
couplets are determined by the overtone anharmonicity D0. Typically, the overtone 
anharmonic frequency shift D0 is larger than the combination-state anharmonicity, 
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Figure 9.8  2D photon echo spectrum of coupled anharmonic oscillator system in the degen-
erate and strong coupling limit. There appear two diagonal peaks (D1 and D2) and six cross-
peaks. The diagrammatic representations of the associated polarizations are also shown.
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that is, D0 > Dc, therefore we get

	 D D D0 0 2> +( ) .c / 	 (9.104)

If the combination anharmonic frequency shift Dc is vanishingly small, the fre-
quency splitting of the diagonal peak couplet is just half of that of the cross-peak 
couplet. These findings show that the experimentally measured frequency-splitting 
magnitudes of the diagonal and cross-peak couplets can be used to extract informa-
tion on the overtone and combination anharmonic frequency shifts D0 and Dc in the 
local mode representation.

In a real molecular system, the frequency-splitting magnitudes of the two diago-
nal peak couplets are in fact different from each other, despite the fact that they are 
predicted to be the same when the coupled anharmonic oscillator model based on the 
Frenkel-type Hamiltonian is used. Therefore, there is a certain limitation to the pres-
ent model, but the present analysis and method should be of use in further developing 
theoretical models for N-coupled anharmonic oscillator systems such as the amide I 
vibrations of polypeptides and proteins.

Strongly anharmonic case (( ) )D D W0
22+ > > < >c J/ δ . When the coupling 

constant is much smaller than the average anharmonic frequency shift, we get

	
lim .

( )D D0

0
- →∞

=
c J

x 	 (9.105)

In this strongly anharmonic case, the asymptotic energies of the three doubly excited 
states are given as
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W W
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D

D . 	 (9.106)

The corresponding eigenstates in this limit are simplified as
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	 (9.107)

From this expression, one can find that the f1 state is just the combination state |1,1> 
in the local mode representation. The f2 state is the overtone state of the asymmetric 
mode, whereas the f3 state is the overtone state of the symmetric mode. The transi-
tion dipole matrix elements between e and f states are found to be

m m mf e f e f e1 1 1 2 2 11 2 1 2 1 22 2 2= + = - = -( ) , ( ) , )d d d d d d/ / ( / ,,

( ) , ( ) , (m m mf e f e f e2 2 3 1 3 21 2 1 22 2= - + = - + =d d d d d/ / and 11 2 2- d ) ./
 	
(9.108)

However, since the coupling constant was assumed to be larger than the absorp-

tion bandwidth < >δW2 , the diagonal and cross-peaks are still separated in the  
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2D frequency domain, and the two doubly excited states ( f2 and f3) are not degenerate 
(see Figure 9.7). Nevertheless, all the doubly excited states are accessible from e states 
via electric dipole transitions, and thus every possible transition pathway contribut-
ing to the diagonal and cross-peaks should be included. In this particular case, the 
2D spectrum is expected to be similar to Figure 9.9, where for the sake of simplicity, 
the combination anharmonic frequency shift Dc is assumed to be negligibly small in 
comparison to the overtone anharmonic frequency shift D0. The latter assumption 
is generally acceptable. As shown in Figure 9.9, the upper four peaks including two 
diagonal and two cross-peaks are positive, and the frequency splitting magnitude is 
determined by the coupling constant J. The lower four peaks are negative since they 
involve excited-state absorption processes, and the frequency splitting magnitude 
along the wt-axis is slightly smaller than 2J (see the energy difference between f2 
and f3 states in Figure 9.7). From the experimental measurements of such a strongly 
anharmonic case, one can estimate the overtone anharmonic frequency shift as well 
as the coupling constant separately.

9.9	 Coupled Anharmonic Oscillators: 
Population Transfer Effects

For a coupled 2LS dimer, it was shown that population transfer between the two 
singly excited (e1 and e2) states affects the diagonal and cross-peak amplitudes in 
time T. Similarly, one can expect the same behaviors for the coupled anharmonic 
oscillator system.

2J

Coupled Anharmonic Oscillators: 
Degenerate and Strongly Anharmonic Case 

Ω1

Ω1

Ω2

Ω2

ωt

ωτ

2J 

<2J 

∆0

Figure 9.9  Two-dimensional photon echo spectrum of coupled anharmonic oscillator sys-
tem in the degenerate and strongly anharmonic case. Due to the large overtone anharmonic 
frequency shift, the upper four peaks originating from stimulated emission and ground-state 
bleaching contributions are separated from the lower four peaks originating from excited-
state absorption contributions.

84291_Book.indb   204 5/11/09   2:18:31 PM



Two-Dimensional Spectroscopy of Coupled Dimers	 205

The 2D photon echo diagonal peak at wt = w
_

e1g and wt = w
_

e1g is produced by the 
following set of diagrams:

	
G T g g g g11( ) | | | | .< >< > < >< >m mand 	 (9.109)

The diagonal peak at wt = w
_

e2g and wt = w
_

e2g is given by the sum of the following 
two diagrams:

	
G T g g g g22( ) | | | | .< >< > < >< >m mand 	 (9.110)

The cross-peak at wt = w
_

e1g and wt = w
_

e2g is associated with the following 
polarizations:

	
G T g g g g21( ) | | | | .< >< > < >< >m mand 	 (9.111)

The cross-peak at wt = w
_

e2g and wt = w
_

e1g is associated with

	
G T g g g g12( ) | | | | .< >< > < >< >m mand 	 (9.112)

Note that the above contributions are all positive. Furthermore, if the overtone 
and combination anharmonic frequency shifts are large enough to separate the above 
g ↔ ej diagonal and cross-peaks from other negative cross-peaks involving excited-
state absorption, the diagonal peak amplitudes decrease in time due to the time-
dependent changes of survival probabilities.

Now, the negative cross-peaks at wt = w
_

e1g are associated with the following 
diagrams:

	
G T g g11( ) | |< >< >m

	
G T g g11( ) | |< >< >m

	
G T g g11( ) | |< >< >m

	
G T g g21( ) | |< >< >m

	
G T g g21( ) | |< >< >m

	
G T g g21( ) | | .< >< >m 	 (9.113)

e1  e1 
g       e1  g   e1 

e2  e2 
g       e2  g   e2 

e2 e1  e2 
g   e2 e1    g   e1 

 e1 e2  e1 
g   e1 e2   g   e2 

f1    e1 
e1 

f2    e1 
e1 

f3    e1 
e1 

f1    e2 e1 
e2 e1   

f2    e2 e1 
e2 e1   

f3    e2 e1 
e2 e1   
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The other negative cross-peaks at wt = w
_

e2g are associated with the following 
diagrams:

	
G T g g22( ) | |< >< >m

	
G T g g22( ) | |< >< >m

	
G T g g22( ) | |< >< >m

	
G T g g12( ) | |< >< >m

	
G T g g12( ) | |< >< >m

	
G T g g12( ) | | .< >< >m 	 (9.114)

Due to population transfer processes between the two singly excited states, not 
only the diagonal peak amplitudes but also the cross-peak amplitudes change in time 
T, and the entire T-dependency of various peaks is determined by the conditional 
probability functions in time T.

In order to demonstrate the population transfer effects on the 2D peak shape, 
let us consider the strong coupling case of degenerate anharmonic oscillators. The 
transitions from e1 to f3 and from e2 to f1 are forbidden in this case. Therefore, as 
can be seen in Figure 9.10, there are six peaks on the line at wt = w

_
e1g and also at 

wt = w
_

e2g. For the sake of simplicity, let us assume that the coupling constant is suf-
ficiently large enough to ignore the uphill transition from the low-lying e2 state to 
the upper-lying e1 state. Then, the amplitudes of the diagonal and cross-peaks on 
the line at wt = w

_
e1g change in time T, whereas the four peaks at wt = w

_
e2g remain 

essentially constant. The reason that the diagonal and cross-peaks at wt = w
_

e2g do not 
change much is that the survival probability G22 (T) ≅ 1 and the conditional prob-
ability G12 (T) of finding the upper-lying state e1 at T later when the system was on 
the population on the lower-lying e2 state is negligibly small in this case. On the 
other hand, the amplitudes of peaks at wt = w

_
e1g change drastically. First of all, the 

amplitude of the upper diagonal peak D1, which is positive, decreases in time, and 
the main (positive) cross-peak amplitude increases. Furthermore, the other anhar-
monically frequency-shifted cross-peak amplitudes increase or decrease, depending 
on the detailed transition pathways.The amplitude of the cross-peak at wt = w

_
e1g and 

wt = w
_

e1g - (D0 + Dc)/2 decreases in time due to the decay of the survival probability 
G11 (T) with respect to T. On the other hand, the newly appearing peak at wt = w

_
e1g 

and wt = w
_

e1g - D0 increases in time because its T-dependency is determined by the 
conditional probability G21 (T). Similarly, the two cross-peaks in the bottom of the 

f1    e2 
e2 

f2    e2 
e2 

f3    e2 
e2 

f1    e1 e2 
 e1 e2   

f2    e1 e2 
e1 e2   

f3    e1 e2 
e1 e2    
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dashed box in Figure 9.10 show increasing and decreasing patterns. Using the results 
presented above, one will be able to analyze the experimental data for an arbitrary 
coupled anharmonic oscillator system when the population transfer processes are 
measurably faster than the excited-state lifetimes.
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10 Chemical Exchange 
and Two-Dimensional 
Spectroscopy

The 2D spectroscopy of a coupled two-chromophore system was discussed in 
detail in the previous chapter. Due to the impulsive nature of the incident pulses 
used for 2D vibrational or electronic spectroscopy, it is possible to create a num-
ber of coherences differing from one another by oscillation frequencies, phases, 
and transition amplitudes and to follow the dynamical evolution of the generated 
quantum beats at short time. If singly excited-state lifetimes are sufficiently large 
in comparison to the population transfer timescales, one can measure the popula-
tion transfer rate constants between the singly excited states by examining cross-
peak amplitude changes during time T. However, it should be emphasized that the 
main cross-peaks originating from g ↔ e1 and g ↔ e2 transitions are present even 
at short time T due to the nonzero coupling between the transition dipoles of the 
two chromophores.

Similar to the population transfer effects on the 2D spectrum with respect to T, 
there is another process that affects the amplitudes of the diagonal and cross-peaks 
in the T-dependent 2D spectra. It is the chemical exchange process including chemi-
cal reactions and physical changes of molecules.1 For instance, the hydrogen-bond 
formation-dissociation process is a good example for such a chemical exchange.2-9 
Suppose that a molecule M can form a strong hydrogen-bond with a solvent molecule 
and that Mc denotes the hyrogen-bonded complex and Mf represents the free M in 
solution. Then, there is a chemical equilibrium between the two forms of solvated  
M molecule, that is,

	
M Mc f� .

	 (10.1)

If Mc and Mf have common vibrational oscillators with different frequencies, wc  and 
wf , these two oscillators can be considered reporters on these two species, Mc and 
Mf. Here, the two species are not different from each other except for the number 
of hydrogen-bonded solvent molecules, that is, either 1 or 0. If one carries out a 2D 
spectroscopic study of this molecular system in its chemical equilibrium, and the 
equilibrium constant is of order unity, then one can observe time-dependent changes 
of the diagonal and cross-peak amplitudes. At short time T, there won’t be any cross-
peaks, because, unlike the coupled dimer system considered in the previous chapter, 
the two oscillators are not simultaneously present in an individual molecule. Thus, 
there is no intrinsic coupling between the two oscillators. However, as the waiting 
time T increases, the cross-peak amplitudes will increase and their time-dependen-
cies are determined by the chemical exchange rates between the two species.
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A clear advantage of chemical exchange 2D spectroscopy is that the ultrafast 
relaxation rates can be measured without relying on an external perturbation such 
as T-jump, pressure-jump, concentration-jump, pH-jump, or and so on to initiate the 
exchange process. This is because the photo-excitation of one particular species is 
a kind of tagging process. Then, after the waiting time T, the survival probability 
of the tagged species or the conditional probability of finding other specific spe-
cies different from the tagged one can be measured by analyzing the correspond-
ing diagonal and cross-peak amplitude changes. In this chapter, chemical exchange 
effects on the 2D spectrum will be discussed by assuming that the two chemi-
cal species are represented by either 2LSs or anharmonic oscillators (effectively 
3LS). It also will be shown that, from the peak shape analysis of the 2D spectra 
with respect to the waiting time T, one can extract kinetic information on chemical 
exchange processes.

10.1 �M odel System

There could be a number of cases when the 2D spectroscopy can provide critical 
information on the kinetic networks and exchange rates among spectroscopically 
inequivalent species in condensed phases. In the Introduction, hydrogen-bonding 
dynamics was mentioned as an example. Other examples include chemical reactions, 
van der Waals complexation, conformational changes of complex molecules such as 
proteins and nucleic acids, protein–protein complexation, protein–ligand binding, 
protein-DNA or -RNA binding, and so on. In this chapter, a two-species model will 
be considered in detail, in which two distinctively different species are in chemical 
or physical equilibrium, that is,

	
A B

k

k

b

f

� .
	

(10.2)

The forward and backward rate constants are denoted as kf  and kb, respectively. The  
excited states of these two species will be denoted as A* and B*. Suppose that these 
two excited states can also form a thermal equilibrium state, provided that the life-
times of these two excited states denoted as TA and TB , are sufficiently larger than the 
chemical exchange times (1/ *k f and1/ *kb). Then the chemical or physical equilibrium 
of A* and B* is given as

	
A B

k

k

b

f
* *

*

*

.�
	

(10.3)

Note that the exchange rate constants k f
* and kb

* could be different from k f and 
kb, because the electronic structures of the excited states are, in general, different 
from those of the ground states, which in turn make the solute-solvent interactions 
of the excited states different from those of the ground states.5, 7 In addition, the 
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excited-state potential energy surface along the reaction coordinate is likely to be 
different from the ground-state potential energy surface. In Figure 10.1, a sche-
matic picture of the ground and excited-state potential energy surfaces is shown. 
Although the chemical exchange processes depicted in this figure are assumed to 
be barrier-crossing problems, the following results and discussions are quite gen-
eral as long as a given exchange process involves just two species. In the case of 
chemical reaction, the two species A and B represent the reactant and the product, 
respectively. If the process of interest is conformational change of biomolecule 
such as protein folding and unfolding, and if it is a two-state process, the two spe-
cies are the native and unfolded proteins. If the chemical exchange of interest is 
protein-ligand binding such as enzyme-substrate complex formation, the two spe-
cies may correspond to the free substrate (or enzyme) and the enzyme-substrate 
complex, respectively.

For the sake of simplicity, the chemical exchange process on the ground state is 
assumed to be determined by the following master equation:

	

d
dt

G t G t

G t G t

k k

k k
AA AB

BA BB

f b

f b
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( ) ( )
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(10.4)

where G tAA( ) (G tBB( )) is the survival probability of the A (B) species. The conditional 
probability of finding B (A) species at t later when it was A (B) initially at time 0 

A*Excited-state
chemical
exchange

Reaction coordinate

A
B

A*
B*

kb

kf

kb
*

kb
*K *

eq =

=

kf
*

kb
*

kf
*
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Keq
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kf
*
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A B
kf

kbGround-state 
chemical
exchange

Figure 10.1  Reaction potential energy surfaces along the relevant reaction coordinate.
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is denoted as G tBA( ) (G tAB( )). The solutions of these coupled differential equations 
were already presented and discussed in Section 9.5, where we obtained

	
G t

k k kt

kAA
b f( )

exp( )
=

+ -

	
G t

k k kt

kBB
f b( )

exp( )
=

+ -

	
G t

k kt

kBA
f( )
{ exp( )}

=
- -1

	
G t

k kt
kAB

b( )
{ exp( )}= - -1

	
(10.5)

with

	
k k kf b= + .

	 (10.6)

The conditional and survival probabilities, denoted as G tjk
* ( ), for the chemical 

exchange process on their excited states are similarly given except that k kf f→ * ,  
k kb b→ *, and k k→ *. In the following section, the 2D spectroscopy of chemical 
exchange dynamics for this two-species model will be discussed.

10.2 � Chemical Exchange Diagrams: Two-Level System

In this section, let us consider a 2LS chromophore. If the chemical exchange pro-
cesses are slow in comparison to the experimental timescale and the excited-state 
lifetime, the two chemical species that are present in an equilibrium distribution 
contribute to the 2D spectrum separately. In this slow reaction limit, the 2D photon 
echo polarization consists of the following four contributions:

	
< >< >mA A A| |g g

	
< >< >mA A A| |g g

	
< >< >mB B B| |g g

	  
< >< >mB B B| | .g g 	

(10.7)

The first diagram is the stimulated emission contribution from A, whereas the second 
is the ground-state bleaching contribution from A. Similarly, the third and fourth 

gA     eA 

eA 

gA   eA 

eA 

gB     eB 

eB 

gB   eB 

eB 
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ones correspond to those from B. Now, since the transition frequencies we gA A
and

we gB B
of the two species A and B are assumed to be different from each other, the 2D 

photon echo spectrum consists of two diagonal peaks at w wτ = e gA A
and w wt e gA A

=
and at w wτ = e gB B

and w wt e gB B
= , that is,

� �E e e ePE t A ge
A

eg
A

ge
A

eg
A

eT X
A

( , , ) [ ] *w w wτ = 2 3 2 1m m m m G gg A e g AA A A
, , ,W W2 2w( )

	
+ 2 3 2 1

2XB ge
B

eg
B

ge
B

eg
B

e g B e gB B B B
[ ] , , ,*m m m m �e e e G Ww w WWB

2( ).
	 (10.8)

Here, the mean square fluctuation amplitudes of the difference potentials (fluctuat-
ing parts of transition frequencies) of A and B species are denoted as WA

2 and WB
2 ,  

respectively. The transition dipole matrix element meg
A , for example, is defined as 

m meg
A

A A Ae g≡ < >| | . In Equation 10.8, the mole fractions of A and B species are 
denoted as XA and XB, respectively. Since the relative numbers of A and B species at 
time zero are determined by the corresponding mole fractions (or concentrations), 
the two diagonal peak amplitudes are linearly proportional to X j (for j = A or B).

Next, let us consider the more interesting case when the chemical exchange rates 
are sufficiently fast to significantly change the 2D spectral peak shape. Typically, the 
2D spectrum is obtained by carrying out double Fourier transformations of the echo 
signal with respect to τ and t. Note that the signal is determined by the electronic 
coherence present in the system during these two periods so that the required experi-
mental scanning times for τ and t are often very short. Therefore, chemical exchange 
processes during τ and t can be ignored, but during the waiting time T the elec-
tronic population undergoes chemical exchange electronic between the two species. 
Consequently, we need to take into account more diagrams for the total 2D photon 
echo polarization. Since not only the ground-state species but also the excited-state 
species undergo chemical exchanges, both the stimulated emission and ground-state 
bleaching terms in Equation 10.7 should be divided into two parts that contain either 
a survival probability or a conditional probability function. Now, the four diagrams 
in Equation 10.7 should be replaced with the following four diagrams:

	
G T g gAA A

∗ < >< >( ) | |m A A

	
G T g gAA A( ) | |< >< >m A A

	
G T g gBB B

∗ < >< >( ) | |m B B

	
G T g gBB B( ) | | .< >< >m B B 	 (10.9)

The upper two polarizations in Equation 10.9 contribute to the diagonal peak at 
w wτ = e gA A

and w wt e gA A
= , whereas the lower two are associated with the diagonal 

gA     eA 

eA 

gA   eA 

eA 

gB     eB 

eB 

gB   eB 

eB 
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peak at w wτ = e gB B
and w wt e gB B

= . Since the survival probability functions decay in 
time T, the diagonal peak amplitudes decrease.

Next, let us consider the diagrams involving chemical exchange from one species 
to the other during the waiting time T,

	 G T g gBA B
∗ < >< >( ) | |m A A

	 G T g gBA B( ) | |< >< >m A A

	
G T g gAB A

∗ < >< >( ) | |m B B

	
G T g gAB A( ) | | .< >< >m B B 	 (10.10)

These four diagrams show that the coherence during t1 period in each diagram is 
different from that during t3 period, which suggests that they will contribute to cross-
peaks. The T-dependent increasing patterns of cross-peak amplitudes are thus deter-
mined by the conditional probability functions.

From the generalized diagrams in Equations 10.9 and 10.10, one can show that 
the diagonal and cross-peaks can be written in terms of the 2D Gaussian peak shape 
function as,

(1)  Diagonal peak at (w wτ = e gA A
, w wt e gA A

= )

� �E e e eD t ge
A

eg
A

ge
A

eg
A

A AT X G1 3 2 1( , , ) {*w wτ =  m m m m AA AA

t e g A e g A

T G T

A A A A

* ( ) ( )}

, , ,

+

× = =( )G W Ww w w wτ
2 2

	 (10.11)

(2)  Diagonal peak at (w wτ = e gB B
, w wt e gB B

= )

� �E e e eD t ge
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(3)  Cross-peak at (w wτ = e gA A
, w wt e gB B

= )

� �E e e eAB t ge
B

eg
B

ge
A

eg
A

A BT X G( , , ) {*w wτ =  m m m m 3 2 1 AA BA

t e g B e g A

T G T

B B A A

* ( ) ( )}

, , ,

+

× = =( )G W Ww w w wτ
2 2

	 (10.13)

gB   eB eA 

eB eA 

gB gA   eA 

eB  gB 

gA   eA eB    

eA eB 

gA gB   eB 

eA  gA 

84291_Book.indb   214 5/11/09   2:19:02 PM



Chemical Exchange and Two-Dimensional Spectroscopy	 215

(4)  Cross-peak at (w wτ = e gB B
, w wt e gA A
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From these results, one finds that no cross-peaks appears at time T = 0, since
G GBA AB( ) ( )0 0 0= = and G GBA AB

* *( ) ( )0 0 0= = . In Figure  10.2, a schematic 2D 
spectrum of the present two-species chemical exchange system is drawn. The 
T-dependency of the upper (high-energy) diagonal peak amplitude is determined 
by the average survival probability function{ ( ) ( )}/*G T G TBB BB+ 2, which describes 
the average of B → B and B* → B* processes. The upper-left cross-peak amplitude 
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Figure 10.2  2D spectrum of two-species chemical exchange system. Each species is mod-
eled as a 2LS.
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is determined by the average conditional probability function,{ ( ) ( )}/*G T G TBA BA+ 2, 
which decribes the forward reaction processes, that is, A → B and A* → B*. Similarly, 
one can understand the T-dependencies of the lower (low-energy) diagonal and 
lower-right cross-peak amplitudes. Thus, measurements of both diagonal and cross-
peaks can provide direct information on the forward and backward rate constants, 
when it is assumed that the rate constants on the ground state are close to those on 
the excited state.

Before this section is closed, it should be mentioned that the lifetime-broadening 
effects as well as rotational relaxation contributions should be properly included if 
necessary. As shown in Section 7.5, the lifetime-broadening effects can be taken into 
account by multiplying the appropriate exponentially decaying function to the cor-
responding third-order response function. The lifetime-broadening function for the 
first two diagrams in Equation 10.7 is simply given by exp( / / / )- - -t T T T Te e eA A A

2 2τ , 
where TeA

is the lifetime of the eA state. The corresponding lifetime-broadening func-
tion for the last two diagrams in Equation 10.7 is exp( / / / ).- - -t T T T Te e eB B B

2 2τ  If the 
system undergoes a chemical exchange process during the waiting time T, one can 
take the average lifetime of the two excited states to construct the lifetime-broaden-
ing function. For the first two diagrams in Equation 10.9, it is approximately given by
exp( / ( ) / / )- - + -- -t T T T T Te e e eB A B A

2 2 21 1 τ . The corresponding lifetime-broadening func- 
tion for the last two diagrams in Equation 10.9 is exp( / ( ) /- - + -- -t T T T Te e eA A B

2 21 1

 τ/ )2TeB
. By including these lifetime-broadening effects properly and taking the 2D 

Fourier-Laplace transform of the third-order response function, one obtains the life-
time-broadened 2D spectrum.

In addition to lifetime broadening, it is also necessary to consider the rota-
tional relaxation contributions to third-order response functions. Usually, the 
relevant experimental timescales are determined by dephasing times and life-
times. Such timescales are generally quite short in comparison to molecular 
reorientation times. However, if the size of target molecule is sufficiently small 
and the rotational relaxation timescale is comparable to the above experimen-
tal timescales, it is necessary to consider the rotational relaxation contribu-
tions to the response funtion. Usually, most target systems are fairly large, for 
example, peptides, proteins, light-harvesting complexes, semiconductors, and 
so forth. Therefore, the rotational relaxation contributions won’t be considered 
in detail in this chaper, even though it is a straightforward exercise to include  
them.

10.3 � Chemical Exchange Diagrams: 
Anharmonic Oscillator

When the two characteristic chromophores representing the two species A and B are 
vibrational modes with different frequencies for each species, the chemical exchange 
processes can be investigated by using 2D IR spectroscopy. If the exchange time is 
very slow, the 2D IR photon echo polarization of this equilibrium system is just the 
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sum of polarizations associated with the two species. For the A species, one needs to 
consider the following three polarizations:

	
< >< >mA A A| |g g

	
< >< >mA A A| |g g

	
< >< >mA A A| | .g g 	 (10.15)

Note that the third term in the above is the excited-state absorption diagram, which 
contributes negatively to the 2D photon echo spectrum. Similarly, there are three 
diagrams for the B species. If the vibrational ground or excited-state molecules 
undergo chemical exchange processes, the above diagrams should be replaced with 
those including the survival probability functions. Also, due to the forward and 
backward reactions, there are new pathways (diagrams) that also contribute to the 
2D spectrum.

In addition to the eight diagrams in Equations 10.9 and 10.10 for a chemically 
exchanging 2LS considered in the previous section, one needs to consider the excited- 
state absorption contributions whose diagrams are given by

	 G T g gAA( ) | |< >< >mA A A

	 G T g gBB( ) | |< >< >mB B B

	 G T g gBA B
∗ < >< >( ) | |m A A

	 G T g gAB A
∗ < >< >( ) | | .m B B 	 (10.16)

The first two diagrams in the above are the usual excited-state absorption contribu-
tions, but their amplitudes are now determined by the corresponding survival prob-
ability functions. The latter two diagrams describe the transitions from A to B and 
from B to A, respectively. Due to these two terms, there will appear two new cross-
peaks that are negative.

By combining these four more diagrams in Equation 10.16 with the eight digrams 
in Equations 10.9 and 10.10 discussed in the previous section, the total 2D spectrum 

gA     eA 

eA 

gA   eA 

eA 

fA  eA 
eA 

eA 

fA  eA 

eB 

fB  eB 

eB  eA   

fB   eB  eA 

eA  eB   

fA   eA  eB 

84291_Book.indb   217 5/11/09   2:19:10 PM



218	 Two-Dimensional Optical Spectroscopy

is given by the sum of stimulated emission, ground-state bleaching, and excited-state 
absorption contributions as

	
� � � �E E E E( , , ) ( , , ) ( , , ) (w w w w w w wτ τ τt SE t GB t EA tT T T= + + ,, , ),T wτ 	 (10.17)
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(10.20)

The 2D peak shape of the measured spectrum strongly depends on the magnitudes 
of the overtone anharmonicities of the two species. Let us denote the overtone 
anharmonic frequency shifts of the two species as δwanh

A and δwanh
B , that is,

	
δw w wanh

A
e g f eA A A A

= -

	
δw w wanh

B
e g f eB B B B

= - .
	

(10.21)
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In the limiting case that the difference between the fundamental transition frequen-
cies of the oscillators of the species A and B is smaller than the overtone anharmonic 
frequency shifts, that is,

	
| | | |w w δw w w δwe g e g anh

A
e g e g anh

B
B B A A B B A A

- < - <and
	 (10.22)

the excited-state absorption peaks in the real part of a given 2D spectrum are well-
separated from the positive peaks from the stimulated emission and ground-state 
bleaching peaks.7 In this large anharmonicity case, the 2D spectrum appears as 
in Figure 10.3. It should be noted that the time-dependencies of the negative peak 
amplitudes shown in the bottom part of Figure 10.3 are determined by the chemical 
exchange processes on the vibrationally excited states, that is, eA ↔ eB. The posi-
tive diagonal and cross-peaks originating from the stimulated emission and ground-
state bleaching contributions, which appear in the upper part of the 2D spectrum 
in Figure  10.3, are functions of the waiting time T, and their amplitude changes 
depend on the exchange processes on both the ground and excited states. Therefore, 
by selectively analyzing the time-dependent changes of the excited-state absorption 
peak amplitudes with respect to the waiting time T, it is possible to estimate the rates 
of the chemical exchange processes on the vibrationally excited state only.

If the overtone anharmonic frequency shifts are relatively small in comparison 
with the magnitude of frequency difference (| |w we g e gB B A A

- ) associated with the 
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Figure 10.3  2D spectrum of two-species chemical exchange system. The two species are 
anharmonic oscillators with large overtone anharmonic frequency shifts.
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chemical exchange, the diagonal and cross-peaks show up as a couplet with both 
positive and negative peaks (see Figure 6.3). When such a single anharmonic oscilla-
tor acts as a reporter of the chemical exchange process of interest, only two couplets 
along the diagonal line should appear at short time. However, as T increases, new 
cross-peak couplets will appear and their amplitudes grow in time T. In Figure 10.4, 
schematic 2D spectra for this case are shown. Despite the fact that each peak ampli-
tude is mainly determined by the corresponding transition strength (dipole prod-
uct), the survival and conditional probabilities do contribute to the peak amplitude 
changes in time T. As T increases, (a) the diagonal peak amplitudes decrease because 
of the decaying survival probability functions and (b) the cross-peak amplitudes 
increase due to the increasing conditional probability functions.

Now, similarly to the case of chemical exchanging 2LS, one can approximately 
describe and include the lifetime-broadening contributions for the excited-state 
absorption terms. For the four diagrams in Equation 10.16, the lifetime-broadening 
functions that should multiply to the corresponding time-domain nonlinear response 
functions are given as, respectively,

	
exp( / / / )- - -t T T T Tf e eA A A

2 2τ

	
exp( / / / )- - -t T T T Tf e eB B B

2 2τ

	
exp( / / / )- - +( ) -- -t T T T T Tf e e eB A B A

2 2 21 1 τ

	
exp( / ( ) / / ).- - + -- -t T T T T Tf e e eA A B B

2 2 21 1 τ
	 (10.23)
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Figure 10.4  Chemical exchange 2D spectroscopy of weakly anharmonic oscillator. At 
short time, there are two main couplets along the diagonal line. As T increases, due to chemi-
cal exchange processes, the cross-peak amplitudes increase and the diagonal peak amplitudes 
decrease in time T.
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Here, the lifetimes of the overtone states fA and fB are denoted as TfA
and TfB

, respec-
tively. If these lifetime broadening effects are significantly large, the corresponding 2D 
peak shape function should be properly modified by including these contributions.

Exercise 10.1
Chemical exchange 2D spectroscopy of two-species model was theoretically 
discussed. Consider the following three-species chemical exchange process.

	
A B C

k

k

k

k

1

1

2

2- -
� ���� ��� � ���� ���

Suppose that the reporter chromophores representing these species are the 
same anharmonic oscillator with different frequencies. (1) What are the diagrams 
associated with the three diagonal peaks? (2) Obtain the corresponding expres-
sions for these diagonal peaks. (3) What are the diagrams and expressions associ-
ated with cross-peaks? (4) Can the chemical exchange 2D spectroscopy be used to 
distinguish the above chemical equilibrium system from the following case?
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11 Polarization-Controlled 
Two-Dimensional 
Spectroscopy

Fundamental aspects of 2D photon echo-type spectroscopy have been discussed in 
detail, where the effects from chromophore–bath interactions, electronic couplings 
between chromophores, excitation transfer process, coherence quantum beats, and 
chemical exchange processes on the frequency distributions, shapes, and amplitudes 
of diagonal and cross-peaks. When a given pair of singly excited states are energeti-
cally close to each other so that the frequency resolution is not perfect, the cross-
peaks cannot be easily identified due to the spectral congestion problems. Then, it 
is not always straightforward to quantitatively estimate the cross-peak amplitudes to 
extract information on structure and dynamics of coupled multi-chromophore sys-
tems. In this regard, the polarization-controlled measurement has been considered 
to be a useful technique for selectively eliminating the diagonal peaks from the 2D 
spectrum.1-4 Sometimes, one can measure the anisotropy of cross-peak to determine 
the relative angle between two different transition dipoles, which can provide infor-
mation on the 3D structure of target molecules such as peptides in solution.

In this chapter, we will focus on the photon echo spectroscopy and present results 
on how the measured diagonal and cross-peak amplitudes depend on the polarization 
directions of incident beams used to carry out the echo experiment. Since most of the 
applications of 2D spectroscopy focused on optical samples with chromophores dis-
solved in solution, the rotational average of the corresponding third-order response 
function or the relevant echo polarization over randomly oriented molecules in solu-
tion is critical. In Chapter 3, a theoretical description of the corresponding rotational 
average of nth-rank tensor was presented and discussed in detail. For model systems 
such as coupled 2LS dimer and coupled anharmonic oscillators, a few specific cases 
of experimental beam configurations will be considered in this chapter.

11.1 �P arallel Polarization ZZZZ-Echo: Two-Level System

One of the critical steps in a theoretical description of 2D photon echo is to carry out 
a proper rotational average of the fourth-rank tensorial response function. The solu-
tion sample with chromophores having random orientations will only be considered 
in this chapter, but it will be a straightforward exercise to apply the 2D spectroscopic 
technique to samples with broken centrosymmetry such as molecules adsorbed on 
the surface or at interface. Nevertheless, because the 2D optical spectroscopy is 
found to be useful for studying complex molecules in solution, it is important to pay 
more attention to the rotational averaging calculation for those having a centrosym-
metry property.

84291_Book.indb   223 5/11/09   2:19:19 PM



224	 Two-Dimensional Optical Spectroscopy

In Section 3.3, it was shown that the rotationally averaged fourth-rank tensor T( )4  
in a laboratory-fixed frame is connected to t( )4 in a molecule-fixed frame as5

	
T I tl l l l l l l l m m m m m m m m1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

4 4 4( )
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		  (11.2)

This is a general expression for any arbitrary cases of l1 ~ l4, which are one of the 
three Cartesian coordinates in the laboratory-fixed frame.

In Chapter 7, the 2D photon echo spectrum of 2LS was discussed in detail, where 
the diagonally elongated peak shape and its T-dependency were fully described by 
using an analytic but approximate expression for the 2D spectrum. However, for the 
sake of simplicity and to focus on the rotationally averaged transition strength, let us 
invoke the 2D Gaussian peak shape approximation (see Section 7.6) to the spectrum 
in this chapter. The 2D spectrum of 2LS was found to be

	
� �E e e ePE t ge eg ge eg eg eT( , , ) [ ] , ,*w w w wτ = 2 3 2 1

2m m m m G W gg , .W2( )
	

(11.3)

Note that the amplitude of the complex 2D photon echo spectrum is determined 
by the transition strength factor, [ ] ,*m m m mge eg ge eg �e e e3 2 1 which is still a vector. Now, 
let us consider the case when the three incident beams have polarization directions 
that are parallel to the laboratory Z-axis and also the Z-component of the echo field 
vector is detected. Then, we have e e e3 2 1= = = Ẑ and need to consider the rotation-
ally averaged fourth-rank tensor element, [ ] .m m m mge eg ge eg ZZZZ Using the relationship 
in Equation 11.1, we get
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(11.4)

The transition dipole matrix element mge
M  in Equation 11.4 is that in a molecule-fixed 

frame. For real wavefunctions, we have m mge
M

eg
M=  and it is real. Since the choice of 

the molecule-fixed frame is arbitrary, it is assumed that the direction of mge
M vector is 

parallel to the z-axis of the molecule-fixed frame, that is,

	
m m mge

M
eg
M

ge
M z= = ˆ.

	
(11.5)
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Then, one can find that [ ]m m m mge eg ge eg ZZZZ in Equation 11.4 is given as

	
[ ] .m m m m mge eg ge eg ZZZZ ge

M= 1
5

4

	
(11.6)

Noting that the dipole strength determining the absorption spectrum of the g ↔ e  
transition is defined as the square of the transition dipole matrix element | | ,mge

M 2  
one can find that the ZZZZ-echo signal in this case is proportional to the square 
of the dipole strength. From Equation 11.3 with 11.6, the ZZZZ-echo spectrum of 
a 2LS is

	
� �E TPE t ge

M
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2 2m G W W

	
(11.7)

The more interesting case is the coupled 2LS dimer, which exhibits a variety of inter-
esting features originating from coupling and delocalized natures of excited states. 
At short time T, one can observe quantum beat contributions to the T-dependent 2D 
spectra. Also, it is possible to observe characteristic changes of the diagonal and 
cross-peak amplitudes induced by excitation transfers between the two singly excited 
states. For the sake of simplicity, let us consider the intermediate time region where 
the population transfer rates are sufficiently slow but the quantum beats are fully 
relaxed and disappeared.

In this case, as shown in Section 9.4, the 2D photon echo spectrum consists of two 
diagonal and two cross-peaks as
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		  (11.8)

where
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Again, it is assumed that the direction of the transition dipole vector, mge
M

1
, which 

determines the amplitude of the g ↔ e1 transition, is chosen to be parallel to the 
z-axis in a molecule-fixed frame. Without loss of generality, mge

M
2

is assumed to be 
on the x-z plane in the same molecule-fixed frame by properly choosing the x-axis. 
Furthermore, one can show that the transition dipole vectors me f

M
1

and me f
M
2

are on 
the same x-z molecular plane (see Equation 9.12 and Figure 11.1). Consequently, 
we have

	
m mge

M
ge
M z

1 1
= ˆ
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M
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e f
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m m m mge
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e f
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e f
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ge e f1 2 1 2 1 2
⋅ = cos .,q

	 (11.10)

Here, the angles qm n, of the three transition dipole vectorsmge
M

2
,me f

M
1

, andme f
M
2

 with 
respect to the direction ofmge

M
1
vector were defined above. Then, the rotationally 

z

x
θge1,e2 f

θge1, ge2

θge1,e1 f

µM
ge1 µM

ge2

µM
e1 f

µM
e2 f

Figure 11.1  Transitions dipole vectors of coupled 2LS dimer. They are all on the same 
plane in a molecule-fixed frame. Angles between two different transition dipole vectors are 
defined here.
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averaged transition strengths in Equation 11.9 are found to be
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(11.11)

The resultant ZZZZ-spectrum of coupled 2LS dimer is then given as
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		  (11.12)

It should be noted that not only the absolute magnitudes of the transition dipoles 
but also the angles between any two different transition dipole vectors can be written 
as functions of the mixing angle θ, transition dipoles of the two individual chro-
mophores d1 and d2, and the angle between d1 and d2 vectors. Here, one should 
not confuse the mixing angle θ with the angles qm n, between two different transition 
dipole vectors in Equations 11.11 and 11.12. The mixing angle is a function of the 
coupling constant J. Since the coupling constant J depends on the relative distance 
between the two chromophores as well as the relative orientation of the two local 
transition dipole vectors, the experimentally determined J value can provide infor-
mation on the structure of the 2LS dimer.
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It is interesting to note that the amplitudes of C12 and C21 cross-peaks  
(see Equation 11.12) are mainly determined by the interference between the GB+SE 
contribution and EA contribution. If the two chromophores are uncoupled, that is,  
J = 0, the coupling-induced mixing angle θ = 0. Then, from Equations 9.11 and 9.12, 
for J = 0, we get

	
m m m me g e g e f e f1 2 1 21 2 2 1= = = =d d d d, , , .and

	 (11.13)

In this zero-coupling limit, we have q fge ge1 2, = , q fge e f1 1, = , and qge e f1 2
0, = , where the 

angle between the two local transition dipoles d1 and d2 was denoted as f. Inserting 
these results into the expressions for �E TC t12( , , )w wτ and �E TC t21( , , )w wτ , one can 
show that the two cross-peaks vanish, as expected. This indicates that the nonzero 
cross-peaks are a direct signature of coupling between the transitions of the two 2LS 
chromophores.

11.2 �P erpendicular Polarization  
ZYYZ-Echo: Two-Level System

The ZZZZ-measurement is based on the experimental configuration where the three 
incident beam polarization directions as well as the detected echo polarization direc-
tion are all parallel to the laboratory Z-axis. This is often called the parallel polariza-
tion photon echo. However, one can control the incident beam polarization directions 
to carry out the perpendicular polarization photon echo measurement. In this case, 
the first pulsed beam polarization direction and the detected echo polarization direc-
tion are the same and they are paralled to the laboratory Z-axis, whereas the second 
and third beam polarization directions are orthogonal to the first one and assumed to 
be parallel to the Y-axis. Here, it was assumed that the beam propagation directions 
are all along the X-axis.

For a single 2LS chromophore, the ZYYZ-echo spectrum requires the rotational 
average of [ ]m m m mge eg ge eg ZYYZ , and using the relationship in Equation 11.1 one can 
connect it to the transition strength in a molecule-fixed frame as
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∑
× m m m m m m m m1 2 3 4

. 	(11.14)

Again, let us assume that the direction of themge
M vector is parallel to the molecular 

z-axis asm m mge
M

eg
M

ge
M z= = | | ˆ. Then, we get
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15

4

	
(11.15)

The ZYYZ-echo spectrum of a 2LS is
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(11.16)
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This result shows that the ZYYZ-echo spectrum is just one-third of the ZZZZ-echo 
spectrum in magnitude, but the shape of the 2D spectrum remains unchanged by the 
alteration of the beam polarization directions.

Next, let us consider the coupled 2LS dimer in the intermediate time region. 
The rotationally averaged transition strengths that are needed in the calculations of 
ZYYZ-echo spectrum are
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(11.17)

Using these results, we find that the perpendicular polarization ZYYZ-spectrum of 
the coupled 2LS dimer is given as
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		  (11.18)

It is noted that the two diagonal (D1 and D2) peaks in the ZZZZ-spectrum are identi-
cal to those in the ZYYZ-spectrum except for the constant factor 3 between them. 
However, the cross-peak amplitudes of the present perpendicular polarization echo 
spectrum are different from those of the parallel polarization echo spectrum.
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11.3 � Difference Two-Dimensional Photon Echo 
Spectrum: Coupled Two-level System Dimer

Noting that the diagonal peak amplitudes in parallel polarization echo spectrum 
are just three times larger than those of perpendicular polarization echo spectrum, 
one can find it useful to consider the difference between parallel polarization echo 
spectrum and three times the perpendicular polarization echo spectrum.1, 2, 6 Let us 
define the different 2D echo spectrum as
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From Equations 11.12 and 11.18, we get
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(11.20)

It should be noted that the diagonal peaks disappear in this difference spectrum and 
that only the cross-peaks survive. Furthermore, the cross-peak amplitudes in the 
difference 2D spectrum are determined by sin ,

2 qm n, where qm n, is the angle between 
the two transition dipole vectors, and again it shouldn’t be confused with the mixing 
angle θ. As the angle qm n, approaches 90°, the corresponding cross-peak amplitude 
increases.

Now, consider a simple homodimer. In this case, the two local transition dipoles 
d1 and d2 have the same magnitudes, that is, d = |d1| =|d2|, but the directions of the 
two vectors can be different from each other by φ (see Section 10.4). Due to the 
degeneracy of the two site energies, the mixing angle θ is π/4 and the delocalization 
factor κ (=cosθ sinθ) is 0.5. In this case, from Equation 11.20, we find that
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	 (11.21)
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The parallel and perpendicular polarization 2D spectra are then highly simplified. 
The parallel polarization photon echo peaks are given as
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			   (11.22)

We assumed that the exciton-exciton binding energy is negligibly small so that 
w wfe e g1 2

= and w wfe e g2 1
= . Note that the above results are identical to Equation 9.40, 

where only the peak amplitudes were considered. Next, the perpendicular polariza-
tion photon echo peaks are
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(11.23)

From these results, it will be possible to determine the angle between the transition 
dipoles of two chromophores, which can in turn be used to determine the relative 
orientation of the two chromophores once the direction of the transition dipole vector 
of each molecule is known in a molecule-fixed frame.

11.4 �P arallel Polarization ZZZZ-Echo: 
Anharmonic Oscillators

Except that a single anharmonic oscillator should be effectively treated as a 3LS 
consisting of g, e, and f states, the polarization dependencies of the 2D IR spectra 
of coupled anharmonic oscillators are quite similar to those of a coupled 2LS 
dimer.
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The 2D photon echo spectrum of an anharmonic oscillator, within the 2D 
Gaussian approximation to the spectral peak shape, was shown to be
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(11.24)

By following the same procedure, the parallel polarization ZZZZ-echo spectrum of 
an anharmonic oscillator is obtained as

� �E TPE t ge
M

eg eg ge
M( , , ) , , ,w w w wτ = ( ) -2

5
1

15

4
2 2

2
m mG W W mmef

M
ge ef

fe eg

2
2

2 2

2 1cos

, , , ,

,q

w w

+( )
× ( )G W W

	
(11.25)

where the angle qge ef, is defined as
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Within the harmonic approximation, the dipole matrix element associated with the 
transition from the first vibrationally excited state to the overtone state is m mef

M
ge
M= 2 .

Then, the ZZZZ-echo spectrum for a weakly anharmonic oscillator is simplified as
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(11.27)

The overtone state lifetime is usually shorter than that of the first excited state, so 
that the negative peak associated with the excited-state absorption is broader along 
the wt-axis than that of the positive peak. Unless there are other modes acting like 
energy acceptors from the first excited state, the two peak amplitudes decay in time 
T as exp( / ).-T Te This means that the shape, not the amplitude, of 2D spectrum does 
not change in time. Any deviation from this will be a signature of intramolecular 
energy transfer from the first excited state to other accepting modes such as bath 
degrees of freedom or other anharmonically coupled intramolecular vibrational 
modes.

Next, let us consider the coupled anharmonic oscillators. Again, the intermediate 
time region is considered for the sake of simplicity. This means that, in Equations 
9.88 and 9.89, the quantum beat terms that decay as exp( ( ))- f T12 are ignored in the 
following discussion. First of all, the two diagonal peaks are
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(11.28)
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The cross-peaks appearing at w wτ = e g1
, which were collected in the Group 1 in 

Section 9.7, are
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The Group 2 cross-peaks at w wτ = e g2
are
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Depending on (a) the energies of the three doubly excited states f1 - f3, (b) the relative 
angles of the corresponding transition dipole vectors, and (c) their magnitudes, the 
ZZZZ-echo spectrum of coupled anharmonic oscillators change significantly.

11.5 �P erpendicular Polarization  
ZYYZ-Echo: Anharmonic Oscillators

It is now a straightforward exercise to obtain the perpendicular polarization ZYYZ-
echo spectrum of an anharmonic oscillator, and we get
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Within the harmonic approximation, we havem mef
M

ge
M= 2 and find that Equation 

11.31 is simplified as
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		  (11.32)

Note that the total ZYYZ-spectrum is just one-third of the ZZZZ-spectrum in this 
limiting case, which is similar to the case of the 2LS chromophore.

For the coupled anharmonic oscillators, in the intermediate time region the two 
diagonal peaks in the ZYYZ-echo spectrum are
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(11.33)

The cross-peaks at w wτ = e g1
are
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The Group 2 cross-peaks at w wτ = e g2
are
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Similar to the ZZZZ-echo spectrum, the ZYYZ-echo spectrum also critically 
depends on the energies of the three doubly excited states f1 – f3, the relative angles 
of the corresponding transition dipole vectors, and their magnitudes.

11.6 � Difference Two-Dimensional Echo Spectrum: 
Coupled Anharmonic Oscillators

From the results on the parallel and perpendicular polarization measurements for 
coupled anharmonic oscillators, one can eliminate the two major diagonal peaks by 
taking the difference spectrum D �E TPE t( , , )w wτ defined in Equation 11.19, and it is
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(11.36)

In order to show how the difference spectrum of the present coupled anharmonic 
oscillators are different from that of the coupled 2LS dimer, let us consider the degen-
erate case when the two constituent oscillators have the same frequency. The general 
results for this degenerate case were already presented and discussed in Section 9.8.  
Now, taking the rotational averages of all the contributing response function com-
ponents, one can obtain the expressions for the difference spectrum D �E TPE t( , , )w wτ  
in this limiting case.

Degenerate coupled anharmonic oscillators with strong coupling. As shown in 
Section 9.8, the transitions from e2 to f1 state and from e1 to f3 state are forbidden in 
this case. Furthermore, the relative angles qm n, are 0, π/2, or π, depending on a pair 
of two transition dipoles. Using the results in Section 9.8 for degenerate coupled 
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anharmonic oscillators with a large coupling constant, one can find that the differ-
ence 2D photon echo spectrum is highly simplified as
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(11.37)

Interestingly, there are only four cross-peaks, and they all have the same transi-
tion strength. Nevertheless, in reality the peak amplitudes could be slightly differ-
ent from one another since the dephasing constants associated with each term in 
Equation 11.37 can be different. As shown in Figure 11.2, not only the two diagonal 
peaks but also the other two cross-peaks that form couplets with the main diagonal 
peaks D1 and D2 disappear in the difference 2D spectrum (compare Figure 9.8 with 
Figure 11.2). Also, it should be mentioned that all the peak amplitudes in this spec-
trum are linearly proportional to sin2 f, where φ is the angle between the transition 
dipole vectors of the two local oscillators. This φ-dependency of D �E TPE t( , , )w wτ  
would be an interesting property for determining the relative orientation of two 

∆0

∆0

ωτ

ωt

Ω1

Ω1

Ω2

Ω2

2J

2J

C21

Difference 2D Spectrum
Degenerate Coupled Anharmonic Oscillators

with Strong Coupling  

D1

C12
D2

Figure 11.2  Difference 2D vibrational spectrum of degenerate coupled anharmonic oscil-
lators. In comparison with Figure 9.8, the two diagonal peak couplets disappear in this  
difference 2D spectrum.

84291_Book.indb   236 5/11/09   2:19:55 PM



Polarization-Controlled Two-Dimensional Spectroscopy	 237

vibrational chromophores, as long as their transition dipole vectors in a molecule-
fixed frame are known.

In the other limiting case when the anharmonic frequency shifts are sufficiently 
larger than the coupling-induced frequency-splitting magnitude between the two sin-
gly excited states, that is, D0 2> J , there are two groups of peaks originating from 
SE+GB and EA, as can be seen in Figure 9.9. In that case, there would be four cross-
peaks in its difference 2D spectrum, and it will only show cross-peaks in the upper 
and lower blocks in Figure 9.9.

11.7 �G eneralized Polarization-Controlled 
Two-Dimensional Spectroscopy

In the previous sections, we have specifically considered two cases, that is, paral-
lel and perpendicular polarization configurations that have been extensively used 
to selectively eliminate the diagonal peaks to ultimately enhance the frequency 
resolution of the 2D measurement technique. However, since there are virtually an 
infinite number of possibilities to control the beam polarization directions and rela-
tive propagation directions, it will be of interest to consider the more general situa-
tion. Assuming that the three beams propagate almost collinearly, even though, in 
reality, the angles between the beam propagation directions should not be zero to 
achieve the phasing-matching detection, there are four polarization directions that 
can be experimentally controlled. Without loss of generality, we shall assume that 
the Z-component of the emitted echo field vector is selectively detected and that 
the three incident beam polarization directions are controllable with respect to the 
Z-direction.

In this case, the directions of linearly polarized beams are in general written as

	 e1 1 1= +ˆ sin ˆ cosY Zj j

	 e2 2 2= +ˆ sin ˆ cosY Zj j

	 e3 3 3= +ˆ sin ˆ cosY Zj j

	 es Z= ˆ. 	 (11.38)

Here, es is the unit vector of the emitted echo signal field polarization direction. There 
are three anlges j j that can be arbitrarily controlled.

Now, we are interested in finding beam configurations that can selectively remove 
the main diagonal peaks. As shown in this chapter, regardless of the number of 
chromophores that are coupled to one another, the diagonal peaks always originate 
from two-state g ej↔ contributions only. Consequently, one should only consider 
the rotational average of the tensor element such as [ ] .m m m mge eg ge eg s⊗ e e e e3 2 1 Again, 
it is assumed that the direction of the transition dipole vectormge

M is chosen to be 
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parallel to the molecular z-axis, that is,m mge
M

ge
M z= | | ˆ. Then, the rotationally averaged 

tensor element [ ]m m m mge eg ge eg s⊗ e e e e3 2 1 is found to be

[ ] { cos cos cosm m m m mge eg ge eg s ge
M⊗ =e e e e3 2 1
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M {cos( )cos cos( )cos cos(j j j j j j j22 3 1- j j)cos }.

		
		  (11.39)

Finding a proper set of beam polarization direction angles ( )j j1 3- that makes 
the above rotationally averaged transition strength vanish is to solve the following 
equation:

	 cos( )cos cos( )cos cos( )cosj j j j j j j j j1 2 3 1 3 2 2 3 1- + - + - == 0. 	 (11.40)

We have only one equation, but there are three unknowns. Thus, there are an infi-
nite number of solutions satisfying the above equality. For instance, j j1 2 0= =  and 
j p3 2= / , which is the case when e e e1 2= = =s Ẑ and e3 = Ŷ . However, in this par-
ticular case, not only the rotationally averaged transition strengths of diagonal peaks 
but also those of cross-peaks vanish within the electric dipole approximation. This 
can be easily shown by examining the property of Il l l l m m m m1 2 3 4 1 2 3 4

4
:

( )  in Equation 11.2.  
More specifically, one should avoid the case when three out of the four polariza-
tion directions, that is, e1, e2, e3, and es, are parallel to one another as well as when 
the remaining one is perpendicular to the others, e.g., e e e e1 2 3� � ⊥ s . Bearing this 
aspect in mind, let us consider two simple cases, which can be of use in practice.

Case 1
ej ||es (for j =1 ~ 3). In order to reduce the number of possibilities or the number of 
experimentally controlled variables j1, j2, and j3, let us consider the case when 
one of the three incident beam polarization directions is parallel to the polariza-
tion direction of the radiated echo field vector,

	
e ej s Z= = ˆ

 
for any arbitrary j (=1 ~ 3),	 (11.41)

so that j j = 0. Then, Equation 11.40 is simplified as

	 3 0cos cos sin sin ,j j j jk l k l+ = 	 (11.42)

where k ≠ j, l ≠ j, and k ≠ l. From Equation 11.42, it is noted that the two controllable 
angles jk and jl are related to each other as

	 j j j jl k k l= - = -- -tan ( cot ) tan ( cot ).1 13 3or 	 (11.43)

In Figure 11.3, jl is plotted with respect to jk. Although one can choose any 
values for jk and jl angles as long as they satisfy Equation 11.43 to make the 
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diagonal peaks disappear, a pair of angles jk and jl that are in the forbidden 
regions should be avoided because those regions are either jk = 0 (or π) or jl = 0. 
In these cases, as mentioned above, not only do the diagonal peaks vanish, but 
also the entire 2D echo signal becomes vanishingly small due to the properties 
of rotational averages within the electric dipole approximation. As an example, if 
j pk = /3 (60°) and j pl = - /3 (-60°), the diagonal peaks vanish automatically, but 
the cross-peaks do not. For instance if j = 1, this is the case when the polarization 
direction angles for the beams 1, 2, 3, and echo field are given as 0°, 60°, -60°, 
and 0°, respectively.7

Case 2
e ej s⊥ (for j =1 ~ 3). Now, let us consider the other limiting case when one (ej) of 
the three incident beam polarization directions is controlled to be perpendicular 
to the emitted echo field polarization direction. In such a case, Equation 11.40 is 
reduced to

	 sin cos cos sin ,j j j jk l k l+ = 0 	 (11.44)

where again k ≠ j, l ≠ j, and k ≠ l. The two controllable angles jk and jl are then 
related to each other as

	 j j j jl k k l= - = -- -tan ( tan ) tan ( tan ).1 1or 	 (11.45)

This is simply identical to the following equation:

	 j j j p j p j p j pl k k l k k= - < < = - < <(when ) or (when0 2 2/ / ). 	 (11.46)

In Figure 11.3 (right panel), Equation 11.45 is plotted. A pair of angles jk and 
jl in the “forbidden regions” should not be chosen, because the entire 2D echo 
signal, which is rotationally averaged over the randomly oriented molecules in 
solution, becomes vanishingly small. Now, one of the possible choices is the case 
when the polarization direction angles for the beams 1, 2, 3, and echo field are 
given as 90°, 45°, -45°, and 0°, respectively.7 

Forbidden
regions

Forbidden
regions

φl = tan–1 (–3 cot φk)
φ l

φk φk

0

00

π/2

π/2 π/2π π–π/2

φl = tan–1 (–tan φk)

Figure 11.3  Plots of Equations 11.43 and 11.44.
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As shown in this section, instead of measuring difference 2D spectrum by taking 
the difference between perpendicular and parallel polarization echo spectra, one can 
use beam polarization control scheme to selectively eliminate the diagonal peaks.

11.8 � Determination of the Angle between 
Any Two Transition Dipole Vectors

Up until now, the polarization-controlled 2D echo spectroscopy for several model 
systems was theoretically discussed in detail. Since the polarization directions are 
additional variables that can be experimentally controlled, there are a number of 
interesting possibilities for enhancing the spectral resolution of 2D spectrum by 
selectively enhancing or suppressing particular peaks. In the previous section, only 
the case when one can selectively eliminate the diagonal peaks was considered in 
detail. However, one can explore a wide range of possible applications with the 
generalized polarization-controlled technique. In general, as will be shown below, 
one can directly and simultaneously measure the angles between two transition 
dipole vectors by measuring a series of 2D spectra for varying polarization direc-
tion angles.

Three relative angles of beam polarizations directions with respect to that of the 
generated echo field vector are still too many in real experiments, so we will consider 
one particular case that is likely to be practically useful. First of all, let us assume 
that the first beam polarization direction is parallel to the emitted echo field polariza-
tion direction, that is, e e1 � s . Now, there are two independently controllable variables 
j2 and j3. Then, the 2D echo spectrum becomes dependent on these two angles as

	
� �E E TPE PE t= ( , , ; , ).w w j jτ 2 3 	 (11.47)

For a fixed waiting time T, one can obtain 2D spectra for varying j2 and j3. 
Then, as shown in the previous section, when j jl k= --tan ( cot ),1 3 for example, 
j j p2 3 3= - = / , the diagonal peaks will disappear. If there are certain cross-peaks 
that also vanish for this particular beam configuration, one can conclude that the 
corresponding two transition dipoles are either parallel or antiparallel to each 
other. However, this is just one limiting case. More generally, one can use the 
polarization-controlled 2D spectroscopy to extract information on the relative 
angles between any given pair of transition dipole vectors.

Let us consider the cross-peak at w wτ = m and w wt n= , where m and n (≠ m)  
represent two different transitions, e.g., w wm e g=

1
and w wn e g=

2
. The corresponding 

cross-peak is, within the 2D Gaussian peak shape approximation, given as

	
� �E e e ecross t n n m m n nT( , , ) [ ] , ,*w w w δ wτ = < >m m m m 3 2 1

2G W mm m, .< >( )δW2

	
(11.48)

Here, the amplitude of this cross-peak is determined by the rotationally averaged 
transition strength [ ] .*m m m mn n m m �e e e3 2 1 Note that this value depends on the two 
angles j2 and j3. Without loss of generality, one can choose the molecular z-axis 
to be parallel to the direction ofmm

M in a molecule-fixed frame, that is,m mm
M

m
M z=| | ˆ.  
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If the relative angle ofmn
M with respect to the z-axis is qn m, , one can always write the 

mn
M vector as

	
m mn

M
n
M

n m n mz x= +( ˆ cos ˆ sin )., ,q q
	

(11.49)

Then, using Equation 11.2, one can find that the rotationally averaged transition 
strength is given as

	  
[ ] cos cos cos, , ,m m m m m mn n m m n

M
m
M

0 0
2 2

2 3
2

3 2

1
30

4j j j j q= nn m, +( ){ 2

	
+ -( )}sin sin cos ,,j j q2 3

23 1n m 	
(11.50)

where the subscript “0 03 2, , ,j j ” means that, by reading it from right to left, the 
polarization direction angles of the first, second, third, and echo fields are 0, j2, j3, 
and 0 degrees from the laboratory Z-axis.

Now, let us consider a series of experiments measuring this cross-peak amplitude 
for varying j2 and j3. There should be angles j2

* and j3
* where the rotationally aver-

aged transition strength of the cross-peak vanishes, that is,

	
cos cos cos sin sin cos, ,j j q j j q2 3

2
2 3

24 2 3 1n m n m+( ) + -( ) == 0
	

(11.51)

or equivalently

	
cos

tan tan
tan tan
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* *

* *
2 2 3

2 3

2
4 3

q j j
j jn m = -

+ 	
(11.52)

To make the experiment easier, one can set the j2 value to be π/4 as a constraint, and 
in this case the cross-peak amplitude is determined by

[ ] cos cos
, , , ,m m m m m mn n m m n

M
m
M

n m0
4

0

2 2
3

2

3

1
30 2

4
j p j q= + 22 3 13

2( ) + -{ }sin ( cos ) .,j qn m

	
		  (11.53)

For varying j3, one can find the angle j3
* that makes[ ] , , ,*m m m mn n m m 0 03 4j p zero. For this 

particular angle j3
*, we have

	
cos

tan
tan

.,

*

*
2 3

3

2
4 3

q j
jn m = -

+ 	
(11.54)

In Figure 11.4, the right-hand side of Equation 11.54 is plotted. Thus, once j3
* 

is determined, it is possible to use Equation 11.54 to determine the important 
angle qn m, . Unfortunately, however, it is not possible to distinguish whetherqn m,  
is in the range from 0 to p/2 or in the range from p/2 to p, because the mea-
sured value is cos ,

2 qn m not cos .,qn m In addition, one should be cautious about the 
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j3-scan. Since cos ,
2 qn m varies from 0 to 1, j3 value should be in the following 

range in radians:

	
tan ( ) tan ( ) tan ( ) tan- - - -< < + - + < < +1

3
1 1

3
12 3 2 2j p p j por (( )-3

	 (11.55)

or equivalently, in degrees,

	
63 4 108 4 116 6 71 63 3. . . . .° < < ° - ° < < - °j jor

	 (11.56)

The beam polarization directions for this particular j3-scan experiment are shown 
in Figure 11.5, where three polarization directions, e1, e2, and es, are fixed but only 
the third beam polarization direction represented by e3 is varied.

This section showed that polarization-controlled 2D spectroscopy can be a 
useful technique for selectively measuring cross-peaks by taking the difference  

tan φ*
k – 2

φk
*

4 + 3 tan φ*
k 

φk-scan
range

π/20
–3

0

1

3

π

Figure 11.4  Plot of the right-hand side of Equation 11.54.

Z

Y

e1 = es
e2

e3φ3

π/4

Figure 11.5  ϕ3-scan experiment. The first beam polarization direction is parallel to the 
echo field vector. Now, the second beam polarization direction is rotated by π/4 from the 
Z-axis in a laboratory-fixed frame. The third beam polarization direction is then scanned 
from 63.4 to 108.4 degrees, and 2D spectra are measured.
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2D spectrum. If a particular cross-peak associated with two different transitions 
vanishes in the difference 2D spectrum, the corresponding transition dipole vectors 
should be parallel or antiparallel to each other. The more general scheme is to mea-
sure a series of 2D spectra for varying the polarization direction angles. For a given 
cross-peak, if it vanishes at a specific polarization direction angle, the experimen-
tally measured angle can be connected to the angle between the two transition dipole 
vectors. This is a remarkable result because the macroscopically controlled beam 
polarization directions are related to the angles between microscopic (molecular) 
transition dipoles, even though the molecules have completely random orientations 
in solution. Once all the angles qn m,  for all m and n are determined, they can be an 
extremely useful set of constraints for the determination of 3D structure of complex 
molecules.
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12 Applications of  
Two-Dimensional 
Vibrational Spectroscopy

The 2D vibrational spectroscopic technique based on four-wave-mixing schemes 
has certain advantages in comparison with conventional 1D vibrational spectros-
copy such as IR absorption, Raman scattering, vibrational circular dichroism, and 
the like.1–5 Due to the doubly vibrationally resonant condition, IR fields different in 
frequency can be simultaneously resonant with two different vibrational degrees of 
freedom, and consequently, cross-peaks in a two-dimensionally displayed spectrum 
arise from their couplings that are usually difficult to be measured by using 1D 
method (compare the magnitudes of primary and secondary spectroscopic proper-
ties mentioned in Chapter 1). In addition, the two oscillators have to be anharmonic 
to avoid complete destructive interferences among different nonlinear optical tran-
sition pathways. Note that the nonlinear response function of perfectly harmonic 
oscillators vanishes.

An early attempt to obtain 2D IR spectrum was based on 2D IR pump–probe 
and dynamic hole-burning techniques, where the pump frequency scanning was 
required to fully construct the 2D spectrum with respect to the pump and probe 
frequencies.1 The 2D IR pump–probe spectra of apamin and scyllatoxin are shown 
in Figure 12.1, where the x- and y-axis are the pump and probe frequencies in cen-
timeters–1. Instead of the pump frequency scanning to obtain a series of 1D spectra  
used to construct a full 2D spectrum, one can scan the first delay time τ in an infra-
red photon echo experiment to obtain the 2D IR PE spectra of peptides. A number 
of 2D IR experiments have been performed to study amide I vibrations of polypep-
tides, since the amide I band shape and center frequency have been known to be 
highly sensitive to protein secondary structures.6–8 In addition, it is comparatively 
easy to introduce isotope-labeled amino acid residue to polypeptides and proteins. 
Two-dimensional IR spectroscopic investigations of those isotope-labeled amide 
I modes can provide information on local structure and dynamics around the iso-
tope-labeled peptide. In this chapter, only those representative experimental results 
and theoretical interpretations are presented. Particularly, the 2D IR photon echo 
spectroscopic studies of single oscillator systems, coupled two-oscillator systems, 
coupled multi-oscillator systems, protein folding-unfolding dynamics, and chemi-
cal exchange dynamics will be discussed to show how useful the 2D vibrational 
spectroscopic technique is in studying ultrafast solvent-solute dynamics, protein 
structure determination, structural changes of proteins, and hydrogen-bonding 
dynamics.

84291_Book.indb   245 5/11/09   2:20:13 PM



246	 Two-Dimensional Optical Spectroscopy

12.1 � Single Anharmonic Oscillator Systems

Despite that the 2D vibrational spectroscopic technique is particularly useful in 
studying molecular complexes and coupled multi-chromophore systems, its applica-
tion to single oscillator systems had to be performed first to obtain vital information 
on the solvent–chromophore (oscillator) interaction dynamics in condensed phases. 
Two representative examples, which are the amide I vibration of N-methylacetamide 
(NMA) and the O-D (or O-H) stretching mode of HOD in H2O (HOD in D2O) will 
be discussed in this section. NMA is an excellent model system for understand-
ing vibrational dynamics of peptides in solution.9 In order to understand hydrogen-
bonding dynamics and network formation of water, the model systems, HOD in D2O 
or HOD in H2O, have also been extensively studied. The amide I vibrations in NMA 
or OH (OD) stretch of HOD in D2O (H2O) are essentially uncoupled to all the other 
intramolecular vibrational degrees of freedom or to solvent modes so that they could 
be treated as a single anharmonic oscillator.
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Figure 12.1  2D IR pump–probe spectra of apamin and scyllatoxin. A series of dynamic 
hole-burning experiments were performed to construct these 2D spectra. (From Hamm, P., 
Lim, M. H., and Hochstrasser, R. M., Journal of Physical Chemistry B, 102, 6123, 1998. With 
permission.)
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N-methylacetamide. NMA containing a single peptide bond is a prototype model 
for peptide. By considering it a unit peptide, polypeptide can be described as a collec-
tion of such units with certain configurations representing its backbone structure.10–14 
For the NMA in solutions, 2D pump–probe and photon echo experiments were 
carried out to investigate the peptide-water interaction dynamics.15–17 The hydro-
gen bonding interactions between NMA and surrounding protic solvent molecules 
induce an amide I mode frequency red-shift, where the amide I vibration is mainly 
C=O stretch + N-H in-plane bend. Since the carbonyl oxygen atom can form one 
or two hydrogen bonds with surrounding water molecules, the amide I vibrational 
frequency is sensitive to the number and orientation of hydrogen-bonded water mol-
ecules around the carbonyl oxygen atom.18–20 To quantitatively describe the hydrogen 
bonding effect on the amide I mode frequency shift, denoted as δν� I , an approximate 
linear relationship between δν� I and the hydrogen-bond distance r O H( )� in Å, that 
is, δν α� �I Hyd r O H= - -{ . ( )}2 6 , was used before.21 Here, the slope αHyd was assumed 
to be 30 cm-1/Å. Although this simple relationship between δν� I and r O H( )� was 
found to be of use to some extent, its validity is limited only in short-distance range 
around the optimum hydrogen-bond distance, which is here assumed to be 2.6 Å.1, 22 
Consequently, it was necessary to develop a model that can incorporate the effects 
from (1) hydrogen-bonding interaction between the N-H group of a given peptide and 
water oxygen atom, (2) dependency of such a relationship on solvent, and (3) different  
orientations of hydrogen-bonded solvent molecules.

To elucidate the hydrogen bonding effects on the amide I frequency, ab initio 
calculation studies on the amide I mode frequency shift (δν� I ) for a number of NMA-
(D2O)n (n = 1 – 5) clusters were carried out to establish the relationship between δν� I  
and electrostatic potentials at six different sites (O, C, N, H, CH3(C), and CH3(N)) of 
the NMA molecule.23, 24 Here, the electrostatic potential at a given site is created by 
the distributed partial charges of the surrounding solvent molecules, that is,

	

� � � �ν ν δν ν fI I I I a a

a

l= + = +
=

∑0 0

1

6

	

(12.1)

where fa is the electrostatic potential at the ath site of the NMA. The expansion coef-
ficients, la, in the above equation were obtained by carrying out multivariate least 
square regression analysis with Equation 12.1, for clusters consisting of an NMA and 
varying number of solvent molecules. The electrostatic potential, fa, at the site a is

	

f
pea

j m
solvent

aj mjm

C

r
= ∑∑1

4 0

( )

( )

,

	
(12.2)

where C j m
solvent
( ) denotes the partial charge of the jth site of the mth solvent molecule 

and raj m( ) is the distance between the NMA site a and the jth site of the mth solvent 
molecule. The above model in Equations 12.1 and 12.2 is called the electrostatic 
potential model for solvatochromic frequency shift. The distributed sites on the sol-
ute collectively act like an antennae sensing local electrostatic potential distribution, 
which is highly anisotropic and spatially nonuniform around a solute.
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Instead of electrostatic potential calculations at each site, one can employ the 
vibrational Stark theory to simulate the amide I frequency shift and fluctuation.20 For 
the NMA in solution, the amide I frequency is in this case assumed to be linearly 
dependent on the electric field components as

	

� �ν ν α α
α

I I i i

i

c E= +∑0

	
(12.3)

where α = {x, y, z}, Eiα is the αth component of the electric field vector on the 
ith atom, i corresponds to either the C, O, N, or D in the deuterated NMA, and  
ciα’s are the expansion coefficients. The electric field vector at the ith atom is 
calculated as

	

E ri
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=
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2
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ˆ

	

(12.4)

where j runs over all the charged sites of the surrounding solvent molecules, r̂ij is 
a unit vector pointing from the jth solvent atomic site to the ith solute atom, N is 
the number of solvent molecules, M is the number of charged sites in a single sol-
vent molecule, and rij denotes the distance between the two sites. If the entire solute- 
solvent interaction causing frequency shift is dipolar in nature, only one point dipole 
is required. However, the above model in Equation 12.3 means that the solute-solvent 
interactions are between properly weighted point dipoles at those distributed sites 
and solvent polarization. This model is in fact based on the assumption that the 
solute-solvent interaction is described as the sum of interactions between dipoles 
distributed on the solute and the solvent electric fields at the centers of the solute’s 
point dipoles. This method utilizing the electric field vector calculation was also 
found to be quantitatively acceptable in reproducing the amide I band of NMA and 
the OH stretch band of water.20

For the NMA-water solution, by using the above relationship in Equation 12.1 and 
by carrying out classical MD simulations of the NMA-water solution, it was possible 
to estimate the amide I mode frequency shift from that of an isolated NMA mol-
ecule. Note that the MD simulation trajectories can provide instantaneous solvent 
configurations around a solute. From them, one can obtain the electrostatic poten-
tials at each site as a function of time, which in turn were used to obtain the amide  
I frequency trajectory, �νI t( ). The estimated amide I mode frequency shift, defined as 
〈 〉 = 〈 〉 -δν ν ν� � �I I It( ) ,0 was found to be in good agreement with the experimental value, 
indicating that the electrostatic interaction between the NMA and solvent water mole-
cules is the principal contribution to the amide I frequency shift and fluctuation.19 Then, 
the amide I vibrational dephasing can be investigated by calculating the frequency- 
frequency correlation function (FFCF) 〈 〉δν δν� �I It( ) ( ) .0 The spectral density r w( ) of the 
coupled bath modes was obtained from the cosine transformation, that is,

	
r w w w δν δν δ( ) tanh( / ) cos( ) ( ) ( ) /= 〈 〉2 2 0� � � �k T dt t tB I I ννI

2

0
{ }

∞
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(12.5)
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The resultant r w( ) showed that the librational (hindered rotational) motions of the 
water molecules directly hydrogen-bonded to the NMA play a critical role in modu-
lating the amide I frequency in time. Once the amide I FFCF C(t) is obtained, the 
corresponding IR absorption spectrum can be calculated by using Equations 3.97 
and 3.38.

In order to study the hydrogen-bonding dynamics of a given peptide in water, 2D 
IR pump–probe experiment for NMA/D2O solution was performed. In this chapter, 
we instead discuss the 2D IR photon echo studies on NMA in D2O, CDCl3 and 
DMSO-d6 solutions for the sake of direct comparisons with theoretical descriptions 
discussed in Chapter 7.17 In the top panel of Figure 12.2, four snapshot 2D IR PE 
spectra at the waiting times of 0, 400, 1000, and 2000 fs are shown. The upper-lying 
positive peak originates from the g ↔ e transitions, that is to say, it is the summation 
of stimulated emission and ground-state bleaching contributions, where the corre-
sponding polarizations are given as, respectively,

	
< >< >m | |g g

	
< >< >m | | .g g 	

(12.6)

The negative peak appearing in the lower frequency region is from the excited-state 
absorption contribution whose polarization is given as

	
< >< >m | | .g g 	 (12.7)

The frequency separation between the positive and negative peaks is due to the finite 
overtone anharmonic frequency shift δwanh, which was estimated to be about 16 
cm-1. However, since the absorption bandwidth is comparable or even larger than 
the anharmonic frequency shift, the peak-to-peak frequency difference denoted as 
Dw( )T in Chapter 7 is not simply identical to the overtone anharmonic frequency 
shift, δwanh . In this case of weakly anharmonic limit, Equation 7.39 can be used 
to approximately estimate the peak-to-peak frequency difference for this case of 
NMA in D2O solution. From Figure 12.2, one can estimate Dw( )T = 2ps to be about 
25 cm-1. From Equation 7.40 with ignoring the solvent reorganization energy, 2W, 
where W is the root mean square of fluctuating amide I frequency, is about 25 cm-1. 
This is consistent with the absorption bandwidth.

For all three NMA solutions, the 2D IR PE spectra have nodal lines separating the 
upper positive and lower negative peaks. The slope of the nodal line at w wτ = eg var-
ies from 1 to 0 as the waiting time T increases from 0 to a few picoseconds (ps). For 
a single anharmonic oscillator system, it was shown that this slope is in fact directly 
related to the FFCF as25

	
s δw δw δw( ) ( ) ( ) / .T T= 〈 〉 〈 〉0 2

	 (12.8)

In the case of the NMA/water solution, the slope of the nodal line, s(T), approaches 
zero in about 2 ps, whereas that of the NMA/DMSO-d6 solution decreases 
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comparatively slowly and is finite even at T = 6 ps. An interesting observation for 
the NMA/CDCl3 solution is that the nodal line at T = 6 ps appears to be curvilinear. 
More specifically, the slope of the nodal line in the lower frequency region decays 
slower than that in the higher frequency region. This was explained by the presence 
of improper hydrogen-bonding interaction between the NMA C=O group and the 
deuterium atoms of CDCl3. From the classical MD simulation, it was found that the 
NMA molecule can form a single improper hydrogen-bond with a solvent CDCl3 
molecule.17 Therefore, there are two solvation species, either free NMA or NMA 
with a single hydrogen-bonded CDCl3. Due to this inhomogeneity, the 2D IR PE 
spectra of NMA/CDCl3 solution appear to be significantly diagonally elongated and 
asymmetric. This shows the existence of such an improper hydrogen bond and pro-
vides a hint on its dynamic timescale.

HOD/H2O and HOD/D2O. The dynamics of water is highly important, and it has 
crucial effects on diverse areas of science. It has been known that a number of water 
properties are largely related to strong hydrogen bonds that each water molecule can 
form with its neighbors. Thus, formed hydrogen bond networks are evolving in time, 
and its time and length scales are critically dependent on the hydrogen bond form-
ing and breaking dynamics.26 Such hydrogen-bonding dynamics of liquids has been 
extensively studied by using femtosecond IR spectroscopic methods such as transient 
absorption experiments and femtosecond IR photon echo studies.27–47 Here, the 2D 
IR photon echo studies are primarily discussed and the vibrational chromophore of 
interest is the O-D stretch of HOD in H2O.

The 2D IR correlation spectra of the OD stretch of HOD in H2O with respect to wait-
ing time T show typical positive-negative couplet.41 At short time T = 0.1, the 2D spec-
trum is diagonally elongated as expected, which indicates inhomogeneous distribution 
of the OD stretch frequencies. As the waiting time T increases from 0.1 to 1.6 ps, the 
widths of the peaks increase and the slope s(T) of the nodal line separating the positive 
peak from the lower negative peak decreases from about 1 to zero.41 Much like the case 
of the NMA in heavy water, the inhomogeneity of the hydroxyl stretch frequency distri-
bution persists for a couple of picoseconds, which evidently corresponds to the lifetime 
of the local hydrogen-bond network around an OD vibrational chromophore.

In order to quantitatively describe the time-dependent change of the 2D IR cor-
relation spectrum, theoretical studies utilizing an MD simulation method were car-
ried out, and the resultant simulated spectra were compared with the experiment.41 
To calculate the instantaneous OD stretch frequencies from the MD trajectory, the 
vibrational Stark theory, where the electric field component E, which is the pro-
jected electric field onto the OD bond, is assumed to be linearly proportional to the  
frequency shift induced by the electrostatic interaction of the OD group with sur-
rounding solvent molecules, that is,48

	 w w αOD ODt E t( ) ( ),= +0
	 (12.9)

where wOD
0 is the OD frequency of an isolated HOD molecule and E is calculated as
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The proportionality constant α is known as the vibrational Stark tuning rate. Here,
r̂OD is a unit vector pointing from O to D in the direction of the OD bond; the  
summation in Equation 12.10 is over all charged sites of solvent water molecules; 
and r̂jD is the unit vector pointing from the solvent site j to the D atom of the HOD 
molecule.

From the ab initio calculations of HOD-(H2O)n clusters sampled from classi-
cal MD trajectories, the expansion coefficient a in Equation 12.9 was obtained and  
estimated to be −10792 cm-1/au. Because those solvent water molecules around an 
HOD solute continually change its relative distances and orientations in time, the 
site-site distances rjD and the projection angles determining the factor of ˆ ˆr rOD jD⋅
fluctuate in time. These essentially modulate the electric field component E(t) in 
Equation 12.9, and the OD stretch frequency fluctuates. From the OD stretch fre-
quency trajectory, the FFCF < >δw δwOD ODt( ) ( )0 , where δw w wOD OD ODt t( ) ( )= - , is 
calculated and used to numerically simulate the corresponding linear and nonlinear 
vibrational spectra. The FFCF obtained from the MD simulations with employing 
the above connection formula in Equation 12.9, which was based on the vibrational 
Stark theory, was found to be in excellent agreement with experimentally retrieved 
FFCF of which decaying pattern is multimodal with a wide range of different times-
cales. The fast component (~32 fs) in the correlation function appears to be related to 
the fluctuations of the hydrogen-bond length coordinate. On the other hand, the slow 
(~2 ps) component is likely due to hydrogen bond making and breaking dynamics, 
which is consistent with MD simulations showing that the hydrogen bond lifetime 
is about 2 ps.

Later, a heterodyne-detected 2D IR photon echo experiment on HOD/D2O solu-
tion was carried out, and the OH stretch frequency fluctuation and ultrafast hydrogen- 
bond dynamics were investigated.42, 44–46 One of the issues for understanding 
hydrogen bond networks in water was the roles of nonhydrogen-bonded configura-
tions and dangling hydrogen bonds.42 The proposition was that the nonhydrogen- 
bonded configuration should be considered a transition state in an event of thermally 
activated hydrogen bond breaking and subsequent new hydrogen bond forming with 
a different partner. From the ultrafast IR photon echo and MD simulation studies, 
it was shown that virtually all water molecules in the nonhydrogen-bonded con-
figurations return to a hydrogen bonding partner in 200 fs, strongly indicating that 
hydrogen bonds in water are broken only fleetingly.42 Again, the slope of nodal line 
in the experimentally measured 2D photon echo spectrum decays in time T and its 
decaying pattern was found to be in agreement with the OH stretch mode FFCF 
experimentally measured from the photon echo peak shift. The MD simulations 
suggested that the nonhydrogen-bonded configuration is just a transitory state and 
that most likely librations on the 50 fs timescale are mainly responsible for making 
the nonhydrogen-bonded configurations proceed to a new hydrogen bond or return 
back to the original hydrogen bond. This picture is in contrast to that treating various 
hydrogen-bonded species such as nonhydrogen-bonded molecules, dangling waters, 
and hydrogen-bonded molecules with different coordination numbers as chemically 
distinct states.
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12.2 � Coupled Two-Oscillator Systems

Solution structures of small oligopeptides have been paid lots of attention, but it was 
found to be quite difficult to determine their structures in solution. Small peptides 
containing two peptide bonds have thus been extensively studied by using the 2D IR 
technique. The amide I band of a dipeptide can be described in terms of two delocal-
ized normal modes, since the two amide I local oscillators are coupled to each other 
via through-space and through-bond interactions.13, 49–51 The coupling constant J is 
then strongly dependent on the relative distance and angle between the two transition 
dipoles located at the two peptide bonds. For such a coupled-anharmonic-oscillator 
system, detailed theoretical descriptions of model Hamiltonian and vibrational prop-
erties were presented and discussed in Section 9.6.

Two important factors determining the extent of delocalization of vibrationally 
excited states are (1) two local mode frequencies, w1 and w2, and (2) coupling con-
stant J. For an isolated dipeptide, the entire map of J with respect to the two dihe-
dral angles φ and ψ, which determine the backbone conformation of the dipeptide, 
was reported.13, 50, 52 For a glycine dipeptide (Ac-Gly-NHMe), the coupling constants  
J(φ, ψ) were calculated and are shown in Figure 12.3. Once the coupling constant J 
is measured experimentally by analyzing the 2D IR spectrum of a given dipeptide, 
the map in Figure 12.3 can be of use to obtain information on possible dipeptide 
conformations.

Acetylproline. As a simple model dipeptide system, acetylated proline amide 
(Ac-Pro-ND2) in D2O solution has been studied by using the 2D IR photon echo 
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Figure 12.3  Amide I vibrational coupling constant J of glycine dipeptide analog for vary-
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method.53–56 Due to the five-membered pyrrolidine ring strain, the amide I local-
mode frequency of the acetyl-end peptide is about 30 cm-1 red-shifted from that of 
the amide-end peptide.57 Therefore, the amide I IR band appears as a doublet with 
two amide I IR sub-bands separated from each other by about 30 cm-1. Interestingly, 
its backbone conformation changes for varying solvents. For instance, the acetyl-
proline adopts a C7eq conformation when it is dissolved in nonpolar aprotic solvent, 
because it is stabilized by an intramolecular hydrogen-bonding interaction.58 On 
the other hand, if the acetylproline is dissolved in water or other protic solvents, 
the water molecules actively participate in the intermolecular H-bonding interac-
tions with the two peptide groups so that its backbone conformation changes and 
becomes close to the so-called polyproline II structure. Therefore, the 2D IR spec-
trum of the acetylproline in CDCl3 differs from that in D2O. Now, the extent of 
mode mixing depends on the conformation-dependent coupling constant J. Note 
that the cross-peak amplitudes and shapes are determined by the coupling.

In Section 11.4, it was shown that the parallel-polarization ZZZZ-echo spec-
trum for coupled anharmonic oscillators consists of two diagonal peaks, four off-
diagonal peaks at w wτ = e g1

, another four off-diagonal peaks at w wτ = e g2
. Similarly, 

the perpendicular-polarization ZYYZ-echo spectrum would show those peaks with 
different amplitudes. If the overtone and combination anharmonic frequency shifts 
are sufficiently large to make all the off-diagonal peaks frequency-resolvable, one 
can directly compare one cross-peak in the ZZZZ-echo spectrum with that in the 
ZYYZ-echo spectrum to determine the angle between the two transition dipole vec-
tors of normal modes. From Equations 11.29 and 11.30, the cross-peak at w wτ = e g1

and w wt e g=
2

in the ZZZZ-echo spectrum is given as
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whereas that in the ZYYZ-echo spectrum is
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Thus, if these two cross-peak amplitudes are separately measured and their ratio is 
estimated from them, it is possible to obtain the following simple relation,
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(12.12)

From this relationship between the cross-peak amplitude ratio and the angle qge ge1 2,

between the two transition dipole vectors, one can estimate qge ge1 2, value in principle, 
which provides critical information on the dipeptide backbone conformation. This 
procedure was used to determine the solution structure of acetylpronine with a lim-
ited success. Often, it is difficult to use the above strategy using Equation 12.12  
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to determine qge ge1 2, , because the cross-peaks in the 2D amide I spectrum are not well 
separated in freqency domain due to spectral congestion. Thus, crude estimations of 
the cross-peak amplitudes from the spectrally congested 2D spectrum could poten-
tially lead to an erroneous conclusion on the dipeptide conformation. Nevertheless, 
as shown in Chapter 11, there are alternative ways to determine qge ge1 2, values, and 
they should be of use in the future.

Alanine dipeptide. There are two different alanine dipeptide systems that contain 
two peptide bonds each. The first is the trialanine (Ala-Ala-Ala) with free amine and 
carboxyl groups at the two terminals,15, 59, 60 and the second is Ac-Ala-NHMe that 
is an alanine capped by an acetyl group at the amino terminal and by an N-methyl 
amino group at the carboxyl terminal.61, 62 Due to the two charged groups in the 
trialanine at neutral pH, it is believed that the intrinsic peptide backbone conforma-
tion is affected by the intramolecular electrostatic interactions. On the other hand, 
Ac-Ala-NHMe is not.

In order to determine the solution structure of trialanine, the 2D IR pump–probe 
experiments on the trialanine and its two isotopomers (Ala*-Ala-Ala and Ala-Ala*-Ala) 
in combination with classical MD simulation studies were carried out.59, 60 Here, the 
asterisk in Ala*-Ala-Ala for example means that the amino acid with * has a 13C-isotope  
labeled carbonyl group. From the measured anisotropy values of these three triala-
nines, it was possible to estimate the angle φ12 (≅ 106°) between the two amide I tran-
sition dipole vectors. Also, from the least-square fit to the experimentally measured 
2D IR pump–probe spectrum, the coupling constant J between the two amide I local 
modes was obtained to be 6 cm-1. Then, by using the maps of the coupling constant in 
Figure 12.3 as well as of the angle between the two transition dipoles with respect to φ 
and ψ angles, it was shown that the secondary structure of trialanine does not change 
upon isotope substitution and that the average φ and ψ angles are about −60 and 140 
degrees. Later, carrying out MD simulation studies with GROMOS96 force field and 
SPC water, the relative populations of PII and right-handed α-helical (αR) conforma-
tions were found to be about 80 and 20 percent, respectively.15

The alanine dipeptide analog (Ac-Ala-NHMe) and its isotopomers were also inves-
tigated in detail by using the 2D IR photon echo method. The two amide I modes 
were found to be fairly localized due to relatively small coupling constant of ~1.5 
cm-1. The polarization-controlled experiments discussed in Chapter 11 were carried 
out, and the results suggested that the allowed angle qge ge1 2, is either 52° or 128°. This 
indicates that the most probable conformation is polyproline II with Ramachandran 
angles, φ = −70° and ψ = 120°.61, 62

Dicarbonyl metal complex. Dicarbonylacetylacetonato rhodium complex (RDC), 
which is a square-planar compound with two equivalent CO groups and a bidentate 
acac (OC(CH3)CHC(CH3)O) ligand coordinated to the rhodium metal center, has 
been found to be an excellent model for coupled oscillator system. The CO stretch-
ing vibrations in this organometallic compound have very large dipole strengths so 
that the photon echo signals are comparatively large, which rendered detailed inves-
tigations with various nonlinear vibrational spectroscopic techniques.7 Furthermore, 
due to the strong coupling between the two CO stretching vibrations, symmetric 
and asymmetric CO stretching normal modes are formed and the frequency differ-
ence was found to be about 70 cm-1, which indicates that the magnitude of coupling 
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constant J is 35 cm-1. In Section 9.8, a detailed theoretical description of this kind of 
coupled anharmonic oscillators in the degenerate case was presented and discussed. 
Particularly, the RDC system corresponds to the strong coupling limit, because
J c> + > < >( )/ .D D W0

22 δ
In such a case of strongly coupled degenerate anharmonic oscillators, the energies 

of the three doubly excited states were found to be
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(12.13)

For this case, one can expect that the experimentally measured 2D spectrum should 
be similar to Figure 9.8. For the RDC molecule in hexane, the 2D IR (rephasing, 
nonrephasing, and purely absorptive) spectra were measured, and they are shown in 
Figure 12.4.7 One can immediately find that the schematic spectrum in Figure 9.8 is 
indeed quite similar to the absorptive 2D IR spectrum, which results from the addi-
tion of equally weighted rephasing and nonrephasing spectra, in Figure 12.4(c).

From the experimentally measured spectra in Figure 12.4, the anharmonic fre-
quency shifts of the overtone states were found to be 11 and 14 cm-1 for the symmet-
ric and asymmetric CO stretch normal modes, respectively. The combination band is 
red-shifted by 26 cm-1 with respect to the sum of the fundamental frequencies, due 
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Figure 12.4  Real parts of 2D IR spectra of RDC (dicarbonylacetylaceto Rhodium) com-
plex. The rephasing (SPE), nonrephasing (SNR-PE), and absorptive (rephasing + nonrephasing) 
photon echo spectra are shown in (a), (b), and (c), respectively. In (c), the four peaks 1, 1’, 2, 
and 2’ are positive, and all the other cross-peaks are negative in magnitude. (From Khalil, 
M., Demirdoven, N., and Tokmakoff, A., Journal of Physical Chemistry A, 2003, 107, 5258. 
With permission.)
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to the coupling between the carbonyls. The line widths of the two CO stretch bands 
are about 2.6 cm-1, which is significantly smaller than the anharmonic frequency 
shifts, that is, ( )/ .D D W0

22+ > < >c δ The two diagonal peaks, denoted as 1’ and 
1, in the absorptive 2D IR spectrum in Figure 12.4(c) correspond to the asymmetric 
and symmetric fundamental peaks, respectively, and they can be described by the 
following expressions:

	
� �E e e eD t ge e g ge e g e gT1 3 2 12

1 1 1 1 1
( , , ) [ ] ,*w w wτ = m m m m G << > < >( )δ w δW W1
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(12.14)

where e1 and e2 states are the vibrational excited states of the symmetric and asym-
metric CO stretch normal modes, respectively. The negative peaks 3 and 3’ in the 
off-diagonal region are excited-state absorptions from the symmetric and asymmet-
ric mode excited states, e1 and e2, to their overtone states, respectively. They are 
associated with the following terms, respectively,

- < -[ ] , ( )*m m m me f f e e g ge f e W
1 1 1 1 1 1 1 13 2 1 1 1

2�e e e G Ww δ δ >> < >( ), ,w δe g1 1
2W

- < -[ ] , ( )*m m m me f f e e g ge f e W
2 3 3 2 2 2 3 23 2 1 3 2

2�e e e G Ww δ δ >> < >( ), , .w δe g2 2
2W

	
(12.15)

Due to the overtone frequency shifts, Ds and Da , these two peaks appear in the off-
diagonal region. The other two cross-peaks 2 and 2’ are produced by coupling, and 
they are associated with the following expressions, respectively,

	
[ ] , , ,*m m m mge e g e g ge e g e g2 2 1 1 2 13 2 1 2

2�e e e G W Ww δ w δ< > < 11
2 >( )

	
[ ] ( , , ,*m m m mge e g e g ge e g e g1 1 2 2 1 23 2 1 1

2�e e e G Ww δ w δ< > < WW2
2 >).

	
(12.16)

Again, due to the anharmonicity of the combination band, Das , the conjugate cross-
peaks 4 and 4’ can be found in the 2D IR spectrum, and their contributions are 
described as, respectively,

- < -[ ] , ( )*m m m me f f e e g ge f e W
1 2 2 1 1 1 2 13 2 1 2 1

2�e e e G Ww δ δ >> < >( ), ,w δe g1 1
2W and

- < -[ ] , ( )*m m m me f f e e g ge f e W
2 2 2 2 2 2 2 23 2 1 2 2

2�e e e G Ww δ δ >> < >( ), , .w δe g2 2
2W

	
(12.17)

Later, signatures of vibrational coherence transfer processes were investigated by 
using the time(T)-resolved 2D IR spectroscopy.63 From the measured absolute value 
2D IR rephasing spectra as a function of waiting time T, a few interesting peak ampli-
tude changes were observed. The coherence transfer between the two fundamental 
vibrations can affect the amplitude of all the peaks. Time evolution of the sym-
metric and asymmetric superposition state (off-diagonal density matrix) appears as 
modulated cross- and diagonal-peak amplitudes in the rephasing and nonrephasing  
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spectra, respectively, where the modulation frequency corresponds to the frequency 
splitting between the two fundamental modes, ~70 cm-1. Population transfers between 
the two excited states lead to the growth of relaxation-induced cross-peaks. Finally, 
the slow population relaxation to the ground state induces simultaneous decays of 
all resonance peaks, and the timescale was estimated to be about 60 ps. Most of the 
salient features of 2D vibrational spectroscopy of a coupled oscillator system have 
thus been studied for this simple model system, RDC.

12.3 �P olypeptide Secondary Structures

Proteins in nature contain varying extents of secondary structure polypeptide seg-
ments. Therefore, small polypeptide that adopts a specific secondary structure has 
been considered to be a valuable model system for studying vital factors influencing 
protein stability and folding. In order to establish the secondary structure–2D vibra-
tional spectrum relationship, steady-state 2D IR spectroscopic studies of secondary 
structure proteins have been performed. In order to enhance frequency resolution 
and to study site-specific local backbone conformation in a given chain of polypep-
tide, isotope-labeling techniques have been extensively used, where 12C=O in a given 
peptide bond is replaced with either 13C=O or 13C=18O. In this section, 2D vibrational 
spectroscopic investigations of the amide I vibrations of four representative model 
polypeptides, α-helix, β-sheet, β-hairpin, and 310-helix, will be briefly discussed.

Right-handed α-helix. Two-dimensional IR pump–probe spectroscopic study of 
amide I band of Fs helix in D2O was carried out.64 The Fs peptide is an alanine-
based 21-residue system with three arginine residues, and it has been known to have 
a high propensity to form a right-handed α-helix. Its amide I absorption spectrum 
appears to be a broad and featureless single band with peak maximum at 1637 cm-1 
at 4°C. Due to the overtone anharmonic frequency shift of amide I oscillators, the 
2D IR pump–probe spectrum exhibits positive and negative peaks. Despite that there 
are some differences in the parallel- and perpendicular-polarization 2D IR pump–
probe spectra, the 2D peak shape is featureless.65 Nevertheless, it was possible to 
show that there is sizable inhomogeneity associated with conformational disorder. 
The time-resolved 2D measurements indicated that the conformational fluctuation 
is in a picosecond timescale. To gain more information on the underlying dynamics 
of the α-helix in water, MD simulations with employing the electrostatic potential 
calculation model discussed in Section 12.1 were carried out and conformational 
fluctuations, frequency-frequency correlations, and delocalization extents of amide I 
vibrational excited states were studied.65 If the polypeptide forms a stable and struc-
turally uniform α-helix, the average amide I local mode frequencies for all the pep-
tide bonds are approximately constant.65, 66 However, each individual amide I local 
mode frequency (ωj) fluctuates in time due to the hydrogen-bonding and electrostatic 
interactions with surrounding water molecules. Despite that the coupling constants 
(Jmn) also fluctuate due to thermally driven conformational fluctuations, their fluctua-
tion amplitudes, that is, standard deviations, are comparatively small, suggesting that 
the off-diagonal Hamiltonian matrix element (coupling constant) fluctuations and 
off-diagonal disorders can be ignored in this case of the amide I vibrations of poly-
peptides. Furthermore, the cross-correlations between any two amide I local mode 
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frequencies ( ( ) ( )< >δw δwm nt 0 for m n≠ ) were also found to be negligible so that the 
independent bath approximation in Equation 8.23 was confirmed to be acceptable 
in that case.

To extract structural information from the measured 2D spectrum, the 2D IR 
technique was applied to site-specifically isotope-labeled α-helical polypeptides. 
Since the amide I vibrational frequency of 13C=O-labeled peptide is red-shifted by 
about 30 to 40 cm-1 from that of normal amide I frequency, such an isotope-labeled 
amide I peak is separated from the main (unlabeled) amide I band. In order to sepa-
rate the isotope-peak even farther from the main band, 13C=18O labeled amino acid 
was also used and incorporated into a chain of polypeptide or protein. In that case, 
the amide I frequency shift is as large as 65 cm-1. Since the precise isotope-peak 
frequency and line shape are known to be sensitive to the local structure around 
the isotope-labeled residue, Fourier-Transform Infrared (FT-IR) study itself could 
provide useful information. However, a far more detailed picture was obtained from 
the 2D IR photon echo studies for a series of doubly isotope-labeled alanine-rich 
α-helices, Ac-(A)4K(A)4K(A)4K(A)4K(A)4Y-NH2.67 Particularly, the 2D spectra of 
[0,11], [12,13], [11,13], and [11,14], where the notation for these compounds: [alanine  
residue with 13C=16O, alanine residue with 13C=18O], were measured. The two iso-
tope-labeled peaks that are frequency resolved from each other as well as from 
the unlabeled amide I band were identified in the 2D IR spectra. The cross-peak 
between the 13C=16O and 13C=18O stretching modes showed that their amplitudes 
decrease in the following order: [12,13] > [11,14] > [11,13]. The off-diagonal anhar-
monicity values for [12,13], [11,14], and [11,13] were also estimated to be 0.9, 3.2, and  
4.5 cm-1, respectively. The observed trend in the cross-peak amplitudes is in agree- 
ment with the trend of coupling constants, that is, |Jn,n+1| (6.5 cm-1) > |Jn,n+3| (-4.4 cm-1) >  
|Jn,n+2| (-3.4 cm-1).66 To shed light on the site-specific conformational inhomogeneity, 
a series of singly 13C=18O-labeled 25-residue α-helical polypeptides was also studied 
by using the 2D IR spectroscopic method.68 The labeling site is at residue numbers 11 
to 14 in the middle of the helix. Elongation of the diagonal isotope-labeled peak was 
observed, indicating that there is sizable inhomogeneous contribution. Furthermore, 
amide I frequencies at the residues 11 and 14 have large inhomogeneous distributions 
in comparison to those at 12 and 13. This indicates modifications of the intra-helical 
hydrogen-bond network by the nearby lysine residues, which have positively charged 
side chains and are spatially close to the residues 11 and 14.

Antiparallel and parallel β-sheet polypeptides. Another well-known and widely 
studied protein second structure is extended β-sheet conformation, where multiple 
interstrand hydrogen-bonding interactions stabilize the β-sheet. Due to these strong 
H-bonds, the coupling constants between two amide I local modes of H-bonded 
peptides are fairly large, whereas those between two neighboring amide I modes in 
a given strand are comparatively small.69–72 In addition, it was found that there are 
non-negligibly large coupling constants between peptides in neighboring strands. 
Thus, the amide I normal modes are delocalized over many strands along the chain 
of H-bonds. Furthermore, the corresponding frequencies of such delocalized amide 
I normal modes are dependent on the number of strands constituting the β-sheet 
and become red-shifted as the number of strands increases and reaches to a certain 
asymptotic value.69
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An ideal antiparallel β-sheet structure is shown in Figure 12.5. Also, the orienta-
tions of the transition dipole vectors (thick arrows) of amide I local modes are shown 
on the right-hand side of this figure. Note that individual amide I transition dipole 
vector is not parallel to the C=O bond but slightly tilted by 10 to 20 degrees from the 
C=O bond axis. Figure 12.5 also depicts the molecular structure of parallel β-sheet 
and the orientations of the corresponding transition dipole vectors of amide I local 
modes. Except for differences in small tilted orientations, the two β-sheet structures 
are quite similar in terms of primary spectroscopic properties (see Chapter 1 for a 
detailed discussion on the hierarchy of spectroscopic properties) such as the most 
strongly IR-active mode frequency and its dipole strength.71 Consequently, the amide 
I IR spectra of these two β-sheet structures have been found to be very similar, but 
that of antiparallel β-sheet exhibits not only a strong amide I peak at ~1620 cm-1 
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but also a weak peak at ~1680 cm-1, which was considered to be a characteristic 
feature of antiparallel β-sheet polypeptide. These two amide I vibrations of anti-
parallel β-sheet polypeptide were denoted as w⊥- and w�-modes, respectively, since 
the corresponding normal mode transition dipole vectorsm⊥ andm� in an antiparallel 
β-sheet are perpendicular and parallel to the directions of the constituent strands, 
respectively. Note that the transition dipole of amide I normal mode is a linear com-
bination of the transition dipoles of amide I local modes.

The mm mm⊥ ( )� of the antiparallel β-sheet, which is shown as a large gray arrow in 
Figure 12.6a(b), is produced by the sum of properly weighted amide I local mode 
transition dipoles (short black arrows in the same figure). Here, the weighting fac-
tors are the eigenvector elements of w⊥- and w�-modes. In the case of the antiparallel 
β-sheet, the frequency of w⊥-mode is lower than that of w�-mode, that is, w w� - ⊥ =
∼50 cm-1, and | |mm⊥ is larger than | |mm� due to the tilting angle of 10–20 degrees men-
tioned above. In a real antiparallel β-sheet, however, in addition to these two major 
amide I normal modes, there are other amide I normal modes whose transition dipoles 
do not vanish, which in turn complicates the amide I IR spectrum. Nevertheless, it 
was found that the characteristic w⊥- and w�-modes are important and dominant in 
determining the line and peak shapes of the linear and 2D IR spectra. Considering 
only these two representative modes whose frequency difference is sizable, one can 
easily understand the general features observed in the 2D IR photon echo spectra of 
antiparallel β-sheet as will be discussed below.

Next, let us consider the amide I vibrations of parallel β-sheet polypeptides. 
Similar to the antiparallel β-sheet polypeptide, a strongly IR-active w⊥-mode is 

(a)

µ_| µ||

(b)

(c)

µ_| µ||

(d)

Figure 12.6  Transition dipole vectors (long gray arrows) of the two major amide I normal 
modes in antiparallel and parallel β-sheet polypeptides.
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present, and its transition dipole vector mm⊥ is perpendicular to the constituent strands 
(Figure 12.6c). It was also possible to show that there is a strongly IR-active w�-mode 
in this parallel β-sheet, but a critical difference from the antiparallel β-sheet is that 
the w�-mode frequency is not significantly different from the w⊥ -mode frequency 
for the parallel β-sheet. This is related to detailed alignments of amide I vibrations in 
this sheet and turns out to be important in spectroscopically distinguishing these two 
different β-sheet polypeptides by using the 2D vibrational spectroscopic method.

Poly-L-Lysine at high pH and temperature greater than 30°C has been known 
to form an extended antiparallel β-sheet conformation, and it was chosen for 2D 
IR spectroscopic investigation.73 The w⊥- and w�-mode frequencies were found to 
be 1611 and 1680 cm-1, which indicates that the number of strands is significantly 
larger than 5. Its parallel-polarization 2D IR spectrum � �EPE t( , )w wτ was measured 
and exhibits a Z-shape 2D spectrum.70 Note that the two diagonal peaks and two 
additional cross-peaks make the 2D spectrum look like Z. The perpendicular-po-
larization 2D IR spectrum, �EPE t

⊥ ( , )w wτ , was also measured, but its 2D peak shape is 
quite similar to that of � �EPE t( , )w wτ , as expected.

Although the linear and parallel-polarization 2D IR spectra of antiparallel and par-
allel β-sheet polypeptides appear to be slightly different from each other, the difference 
2D IR spectroscopy, which is defined as D � � � �E E EPE t PE t PE t( , ) ( , ) ( , ),w w w w w wτ τ τ= -⊥3  
can provide incisive information for distinguishing the two. In Figure 12.7, the dif-
ference 2D IR spectra of model antiparallel and parallel β-sheets are plotted. Since 
the difference 2D IR spectroscopy is useful for selectively eliminating the diago-
nal peaks, all the spectral features in Figure 12.7 originate from cross-peaks. The 
cross-peaks in D �EPE t( , )w wτ of antiparallel β-sheet are significantly larger than those 
of the cross-peaks near the diagonal line. On the other hand, the cross-peaks in
D �EPE t( , )w wτ of the model parallel β-sheet are much weaker than the cross-peak 
appearing near the diagonal line. The seemingly different D �EPE t( , )w wτ ’s for the 
two β-sheets can be easily understood by using the results discussion presented in 
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Figure 12.7  Difference 2D IR spectra of antiparallel and parallel β-sheet polypeptides.
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Section 11.6. It was shown that the cross-peak amplitudes are determined by the cor-
responding two dipole strengths and the factor sin ,

2
1 2

qge ge , where qge ge1 2, is the angle 
between the transition dipole vectors of the two modes.71 That is to say, the cross-
peak amplitude is approximately described as

D D� �
� � �E EPE t PE t( , ) ( , ) | | | |w w w w w w w wτ τ= = = = = ∝⊥ ⊥ ⊥mm mm2 22 2sin .,q⊥ � 	 (12.18)

In the case of the antiparallel β-sheet, the frequency-splitting amplitude between the
w⊥- and w�-modes is very large and sin ,

2 1q⊥ ≈� . Therefore, there should be cross-
peaks that are located far from the diagonal line even in the difference 2D IR spec-
trum. In contrast, the frequency splitting amplitude between the w⊥ - and w�-modes 
for the parallel β-sheet is small so that the corresponding cross-peaks appear very 
close to the diagonal line in the difference 2D IR spectrum. This explains why the 
cross-peak amplitudes in the difference 2D IR spectrum of the parallel β-sheet is 
comparatively weak. This simple example demonstrates that the 2D spectroscopic 
method, which has an additional capability of measuring the angle qge ge1 2, between 
two different vibrational transition dipole vectors, can be of critical use in spectro-
scopically distinguishing two different secondary structure proteins, even though it 
is not always easy to do so with linear spectroscopic techniques.

β-hairpin. β-hairpin secondary structure motif is critical for 3D structure forma-
tion of protein. Furthermore, spectroscopic studies of its thermodynamic stability and 
conformational fluctuation dynamics have been considered to be important and help-
ful in understanding protein folding and unfolding dynamics and mechanisms.72, 74–80  
In order to understand the effects of interstrand hydrogen-bonding interactions and 
couplings on the vibrationally excited amide I states of β-hairpins, quantum chem-
istry calculation and equilibrium MD simulation studies were carried out. It was 
shown that the 2D IR spectrum of β-hairpin is largely determined by the amide I 
normal modes that are delocalized on the peptides in the two antiparallel strands. 
Tryptophan zipper 2 (Trpzip2: SWTWENGKWTWK), which is a 12-residue peptide 
with a type I′ turn using the ENGK sequence, was studied by using the 2D IR meth-
od.76 In particular, a series of 2D IR spectra were recorded for varying temperature 
to study the thermal denaturation process. From the temperature-dependent amide 
I IR spectra, its melting temperature was estimated to be about 60°C.81 The amide 
I IR band of Trpzip2 is peaked at 1636 cm-1 and has a shoulder band at ~1676 cm-1, 
and they can be assigned to the w⊥- and w�-modes, similar to the case of antiparallel 
β-sheet with just two strands. From the three representative 2D IR spectra at temper-
atures 25, 63, and 82°C, it was found that the Z-shape pattern in the 2D IR spectrum 
persists throughout that temperature range. This indicates that the interstrand hydro-
gen bonding interactions in Trpzip2 remain, even at a high temperature of 82°C.

Later, to further study site-specific denaturation and residue-sensitive local solva-
tion dynamics and structural changes, a 2D IR spectroscopic investigation of site-
specifically isotope-labeled Trpzip2 peptides was carried out. The 13C-isotope-labeled  
peptide was introduced in the terminal (Trp2) or turn (Gly7) region of the hair-
pin, and these two isotopomers were denoted as L2 and L7, respectively, whereas 
the unlabeled β-hairpin as UL.77 Although the isotope peak in the L2 amide I IR 
spectrum appears as a shoulder band at ~1600 cm-1, that in the L7 IR spectrum is 
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frequency resolved from the main band and appears at ~1590 cm-1. From the amide 
I IR spectra, it was possible to deduce the fact that the two peptides (Trp2 and Gly7) 
in the Trpzip2 have different dephasing environments or solvation structures. The 
observation that the lineshape of UL is quite similar to that of L7 in the frequency 
range from 1620 to 1700 cm-1 suggests that the amide I IR spectrum of β-hairpin is 
largely determined by the amide I normal modes delocalized on peptide groups in 
the two strands, and not by those on the turn region. Thus, the isotope-labeling at 
Trp2 significantly reduces the extent of delocalization of amide I normal modes. The 
2D IR spectra of L2 and L7 showed cross-peaks between 13C-labeled and unlabeled 
modes, which indicate couplings between the amide I local mode of labeled peptide 
and those of nearby unlabeled ones. Furthermore, the slope of nodal lines, s(T), 
separating the v = 0 ↔ v = 1 (stimulated emission and ground-state bleaching contri-
butions) and v = 1 ↔ v = 2 (excited-state absorption) transitions were experimentally 
measured. It turned out that the amide I frequency of Trp2, a terminal residue, has 
larger inhomogeneity than that of Gly7, a turn-region residue. This is consistent with 
the picture that the terminal region of β-hairpin is structurally flexible in comparison 
to the turn region, which has been known as the end-fraying phenomenon.

310-helix. There have been some attentions on the 310-helix as one of the secondary 
structural motifs. With hydrogen bonds between the C=O oxygen of the jth amino 
acid and the N-H hydrogen atom of the ( j+3)th amino acid, 310-helix has been known 
to play important roles in protein structures and functions.82-87 A transmembrane 
channel-forming antibiotic contains a large portion of 310-helical conformation and 
also the 310-helical conformation was considered to be an intermediate structure in 
folding or melting of α-helix.86, 88, 89 Although a number of spectroscopic investi-
gations exist that identify 310-helix formation of synthetic model oligopeptides in 
nonaqueous solutions, a lack of sufficient time resolution of the previous techniques 
such as electronic and vibrational CD and 2D NMR prohibited discriminating 
α-helix and 310-helix at an early stage of the helix formation process. In this regard, 
the 2D IR spectroscopy was considered to be a useful tool for extracting unambigu-
ous information on transient 310-helix formation.90, 91 For three model octapeptides, 
that is, Z-[L-(αMe)Val]8-OtBu, Z-(Aib)8-OtBu, and Z-(Aib)5-L-Leu-(Aib)2-OtBu,  
(Z, benzyloxycarbonyl; (αMe)Val, Cα-methyl valine; Aib, α-aminoisobutyric acid; 
OtBu, tert-butoxy) in organic solvents, 2D IR experiments were performed. Although 
the amide I IR spectra of these model octapeptides appear as a broad featureless 
singlet, the [π/4, −π/4, π/2, 0] 2D IR spectrum of 310-helix (three octapeptides in 
CDCl3) shows a doublet peak above and below the diagonal line. The readers may 
find it useful to see Section 11.7 for this polarization-controlled experimental geom-
etry. Particularly, the 2D IR amide I cross-peak pattern was found to be highly 
sensitive to the difference between 310- and α-helical structures because these two 
conformations have quite different vibrational coupling constants.13 When the octa-
peptide Z-[L-(αMe)Val]8-OtBu is dissolved in 1,1,1,3,3,3-hexafluoro-2-propanol, 
the 2D IR spectrum changes in timescale of days. The cross-peak pattern-changes 
in time and sensitively reflect the 310-to-α-helix conformational transition process. 
These experiments demonstrate that the 2D IR spectroscopic technique can be used 
to study transient structural changes in the helix-coil or coil-helix conformational 
transition.
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12.4 �G lobular Proteins and Membrane-Bound Proteins

By focusing on the amide I vibrations in proteins, 2D IR experiments for conca-
navalin A, ribonuclease A, lysozyme, and myoglobin were performed.70 A notable 
difference among the four proteins is the relative fraction of β-sheet structure. The 
first three proteins contain 46, 32, and 6 percent antiparallel β-sheet and 0, 18, and 
31 percent α-helix. Among them, only the concanavalin A has two almost-flat six-
stranded antiparallel β-sheets so that its 2D IR correlation spectrum is qualitatively 
similar to that of poly-L-Lysine, which has been known to form extended antipar-
allel β-sheet structure. As the extent of β-sheets decreases from concanavalin A 
to lysozyme, the characteristic Z-form 2D peak shape disappears with concomi-
tant frequency blue-shift of the main peak from 1635 to 1650 cm-1. Furthermore, 
the 2D peak shape becomes more symmetric in frequency domain as the β-sheet 
content decreases. The frequency splitting between the w⊥-mode frequency and the  
w�-mode frequency is related to the extent of delocalization of the two characteristic 
amide I normal modes of β-sheet or to the number of strands involved in the forma-
tion of the antiparallel β-sheet. This was confirmed by comparing the 2D spectra of 
concanavalin A and ribonuclease A. Such experimental results show that the 2D IR 
spectra of amide I bands of proteins offer a sensitive measure of underlying β-sheet 
content and detailed structural variables.

Although 2D NMR spectroscopy and X-ray crystallography have proven to be 
extremely useful to determine protein structures in an atomic resolution, they cannot 
be easily used to study membrane-bound proteins. In this regard, the 2D IR spectro-
scopic method should be an alternative tool that is capable of providing structural 
and dynamic information on the membrane-bound proteins. For CD3ζ peptide seg-
ment from residue 31 to 51, where the CD3ζ(31–51) peptide is the transmembrane 
domain of the T-cell receptor, 2D IR spectroscopic studies were carried out.92-94 
Particularly, eleven different isotopomers of CD3ζ, where each peptide at different 
sites was labeled with 13C=18O, were considered for linear IR and 2D IR studies. 
The CD3ζ peptide is known to form a tetrameric bundle in the membrane, and the 
helices are kinked at residue 39-Leu.95, 96 Therefore, such site-specifically isotope-
labeled CD3ζ isotopomers are interesting systems for detailed understanding of site-
dependent inhomogeneity of amide I frequencies and vibrational dynamics along 
the transmembrane peptide backbone. Using the 2D IR spectroscopic techniques 
with notably enhanced frequency resolution, it was possible to measure the amide 
I bandwidths and frequencies of the isotope-labeled peaks for those isotopomers.92 
Average frequency is highest in the middle and lowest at the two ends, even though 
the distribution of amide I local mode frequency along the helix is not symmetric. 
The experimental 2D IR diagonal line width for the amide I band of inner residues 
is 25 percent narrower than that of the residue near the water-membrane interfaces. 
This is consistent with the expectation that the vibrational dynamics of residues in 
the middle is likely to be different from those near the membrane surface, due to 
the water solvation dynamics and conformational inhomogeneity of peptide back-
bone segments near the interfaces. Nevertheless, these two variables, line width and 
frequency of isotope-labeled peak, do not monotonically change as the distance of 
the isotope-labeled residue from the surface increases. Note that an isotope labeling 
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does not induce any peptide structure change, unlike electron spin resonance labels 
or fluorophores introduced in the middle of protein sequence. Thus, the vibrational 
dynamics of individual amide I modes were successfully probed with 2D IR spec-
troscopy combined with the isotope-labeling technique.

Another interesting 2D IR experiment was performed for 27-residue human eryth-
rocyte protein Glycophorin A (GpA: KKITLIIFG79VMAGVIGTILLISWG94IKK), 
which is a transmembrane helix dimer.97 Specifically labeling 13C=16O or 13C=18O 
to G79 and G94 in a given GpA sequence, one could generate various combinations 
of isotope-labeled GpA dimers, that is, homodimers and heterodimers. The isotope-
labeled amide I band of the homodimer system with 13C=18O-labeled at Gly79 was 
found to be asymmetric and consists of two underlying bands with a frequency dif-
ference of 8.6 cm-1. This is direct and clear evidence of coupling between the two 
amide I modes localized on the two Gly79 peptides. The cross-peaks between the 
13C=18O-labeled G79 in one of the two monomers and the 13C=16O-labeled G79 in the 
other were observed, whereas there appears no cross-peaks between 13C=16O-labeled 
G94 in one monomer and 13C=18O-labeled G79 in the other. These observations indi-
cate coupling and spatial proximity between G79 peptide groups in the two mono-
mers. In addition, from the polarization-controlled experiments, the angle θ between 
the transition dipoles of the 13C=18O-labeled G79 amide I local mode in one monomer 
and that of the 13C=16O-labeled G79 in the other was estimated to be 110°. This could 
be translated into the helix crossing angle, and it is 45°, which is consistent with 
NMR results for the same helix dimer.

12.5 � Nucleic Acids

A collection of IR spectra of nucleic acids in solution was presented in a review 
article, where linear vibrational spectroscopy was shown to be a powerful tool for 
investigating structural fluctuations and transitions, hydrogen bonding interactions, 
and global structures of nucleic acid bases, base pairs, and various nucleic acids.98 
Effects of hydrogen bond-induced base pairing, base stacking, coordination of metal 
ions, and solvation on nucleic acid structure were studied by examining marker band 
frequency shifts in the IR spectra. In order to understand the natures of delocalized 
normal modes and vibrational properties of base pairs and DNA oligomers, a series 
of theoretical investigations were performed.99–102

In addition to the linear vibrational spectroscopic investigations, heterodyne-
detected 2D IR photon echo technique was used to elucidate the strengths of vibra-
tional couplings and the nature of delocalized normal modes in DNA double helix 
in heavy water, particularly for a dG5C5 duplex.103, 104 In addition to four diagonal 
peaks in the frequency range from 1580 to 1720 cm-1, a number of cross-peaks were 
observed in the measured parallel-polarization echo spectrum. Among the strongly 
IR-active modes in that frequency range, guanine and cytosine C=O stretching vibra-
tions mainly contribute to the 2D IR spectrum. From the fits to the linear and 2D IR 
spectra, the interstrand coupling between the guanine and cytosine C=O stretching 
modes was estimated to be -7.4 cm-1. Also, the intrastrand couplings between cyto-
sine C=O stretching modes and between guanine C=O stretching modes are 2.3 and 
9.7 cm-1, and interstrand coupling between guanine C=O stretching mode at the jth 
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base pair and cytosine C=O stretching mode at the ( j+1)th base pair is -5.0 cm-1. 
Anharmonicities of guanine and cytosine C=O stretching modes were found to be 
14 and 9 cm-1, respectively.

To elucidate the nature of vibrationally delocalized modes in various DNA double 
helices, extensive quantum chemistry calculation studies of nucleic acid bases, base 
pairs, and base pair stacks in H2O and D2O were performed.99–102 Once basis modes 
and coupling constants are identified and calculated for each base, it becomes pos-
sible to quantitatively describe vibrationally delocalized excited states by using the 
LCBM-Exciton (Linear Combination of Basis Modes-Exciton) theory for coupled 
multi-anharmonic-oscillator systems discussed in Chapter 8.

Although a few limited experimental studies have been reported, in principle 
one can apply the 2D IR technique to study polymorphic natures of DNA dou-
ble helices. DNA structure has been known to depend on a number of different 
factors such as base composition, water content, pH, counter ions, and so forth. 
Three representative antiparallel double-stranded helical geometries of DNA are 
the right-handed A- and B-forms and the left-handed Z-form, and their structures  
are different from one another by interlayer distance, twist angle between two 
neighboring base pairs, and other geometric parameters. Motivated by the success 
of simulating 1D and 2D IR spectrum of the B-form DNA, extensive quantum 
chemistry calculations to obtain coupling constants, basis mode frequencies, and 
the associated transition dipoles for A- and Z-form DNA double helices were per-
formed to numerically simulate the corresponding 2D IR spectra of X(GC)n and 
X(AT)n (for X=A, B, or Z). Here, the number of constituent base pairs is denoted as n.  
Detailed aspects characterizing these three different DNA conformations were 
discussed and would be of use in further elucidating the natures of delocalized 
vibrationally excited states in such complicated molecular systems as well as in 
studying conformational transitions between different polymorphic DNA struc-
tures in the time domain.

12.6 � Hydrogen-Bonding Dynamics 
And Chemical Exchange

Solvents play a critical role in chemistry and biology by actively participating in 
solvation and energy dissipation and alter thermodynamic and kinetic properties of 
reactions significantly.105 Among many different solute-solvent interactions, hydro-
gen bonding is one of the most crucial ones.106 Thus, the timescales of H-bond form-
ing and breaking processes are keenly related to thermal equilibrium and dynamics 
of reactive systems in solvents capable of forming H-bonds.26 The lifetime of a given 
H-bond depends on its strength, and typically it is about picoseconds at room tem-
perature. Due to this ultrafast nature of H-bond making and breaking processes, only 
those femtosecond nonlinear optical spectroscopies can offer a means of probing 
rapid dynamics and chemical evolutions along H-bond reaction coordinates. This is 
a good example of chemical exchange processes in condensed phases so that the 2D 
IR spectroscopy can be a useful tool to directly probe dynamic aspects of hydrogen 
bond and other weak noncovalent bond such as van der Waals interaction.
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NMA-methanol solution (Chemical exchange 1). Time-resolved 2D IR pump–
probe spectroscopy of hydrogen-bond chemical exchange dynamics of NMA 
(N-methylacetamide) in methanol solution was investigated and showed that the  
two-species model works well in this case (see Chapter 10).107 Here, the two species 
are NMA with a single H-bonded MeOD molecule and that with two H-bonded 
MeOD molecules at the NMA’s carbonyl oxygen atom.108, 109 These two species are 
denoted as NM1 and NM2, respectively. In Figure  12.8, the equilibrium reaction 
between the two species is shown, that is,

	
NM NM

k

k

f

b
1 2
� ���� ��� .

	
(12.19)

The H-bond formation and dissociation rate constants are denoted as kf and kb, respec-
tively. It should be noted that the amide I frequency of NM1 is about 20 cm-1 larger 
than that of NM2, because the latter has two H-bonds at the carbonyl group.17, 107, 108  
Note that a single H-bonding interaction between the amide C=O group and H-bond 
donor (e.g., water, MeOH) can induce a red-shift of the amide I frequency by about 
20 cm-1. Consequently, the amide I IR spectrum of NMA in MeOD is a doublet, and 
the low- and high-frequency peaks correspond to the amide I transitions of NM2 
and NM1 species, respectively. Thus, this system is a good example of the chemical 
exchange processes of anharmonic oscillators, which were discussed in detail in 
Section 10.3.

Later, detailed heterodyne-detected 2D IR photon echo study for the same com-
posite system with improved time-resolution was performed (see Figure 12.8).17 At 
time zero, the 2D IR spectrum exhibits two diagonal peaks, where the upper positive 
peaks are from the sum of stimulated emission and ground-state bleaching contri-
butions from the two species, and the lower negative peaks are from the excited-
state absorption contributions. The two diagonal peaks are diagonally elongated, 
indicating the presence of short time inhomogeneous solvent environment around 
the NMA. As the waiting time T increases up to 5 ps, the slopes of the nodal lines 
decrease to zero, which suggests that the local solvent configuration looks like a 
homogeneous medium in a timescale longer than 5 ps. However, the more impor-
tant observation is that the cross-peak amplitudes in the upper-left and lower-right 
regions increase in time T. This is clear evidence of chemical exchange processes 
between the two species. Since the amide I vibration is a relatively weak anharmonic 
oscillator, the corresponding schematic picture directly related to this experiment is 
Figure 10.4. Consequently, one can immediately find that the cross-peak amplitude 
rising patterns can provide quantitative information on the conditional probabilities 
discussed in Section 10.3 and in turn on the H-bond formation and dissociation rate 
constants. Furthermore, carrying out the same experiments for varying temperature, 
one can directly measure the reaction enthalpies and entropies associated with the 
H-bond making and breaking processes.

Acetonitrile-methanol solution (Chemical exchange 2). Another chemical 
exchange system studied experimentally was CH3CN in methanol.110 Again, the CN 
nitrogen atom can form a single H-bond with CH3OH molecule. The FT-IR absorp-
tion spectrum of the CN stretch in CH3CN/CH3OH solution was found to be a doublet 
at a low temperature, -17°C, with the frequency splitting of 8 cm-1. This indicates 
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that there are two different CH3CN molecules having either zero or one H-bonded 
CH3OH molecule around the CN group.

	
H C C N H OCH H C C N CH OH3 3 3 3´ æ ´ ´ æ�� � ���� ���

k

k

f

b
+

	

Thus, this system is very similar to the NMA/CH3OH solution, except that the 
amide I vibration is replaced with CN stretching vibration. Nevertheless, the chemi-
cal exchange effects on the experimentally measured 2D IR spectra are quite simi-
lar, and the interpretation of the experimental data with the theoretical procedure 
discussed in Section 10.3 is straightforward. Here, it should be noted that the CN 
vibration has relatively large overtone anharmonic frequency shift, which is about 
19 cm-1. Thus, the positive peaks associated with ground-state bleaching and stimu-
lated emission contributions representing transitions between v = 0 and v = 1 states 
are well separated from the negative peaks associated with excited-state absorp-
tion from v = 1 to v = 2. Consequently, this molecular system is a good example of 
chemical exchange processes of strongly anharmonic oscillators (see Figure 10.3 in 
Section 10.3). The waiting time T-dependent changes of cross-peak amplitudes were 
successfully interpreted in terms of conditional probabilities. An interesting point 
in this case is that, unlike NMR spectroscopy, since the v = 0 → v = 1 transitions 
are separately displayed from the v = 1 → v = 2 transitions, the hydrogen-bonding 
dynamics of the ground and first excited states of the CN group can be studied sepa-
rately. The chemical exchange rate constants for the ground-state molecular system 
were denoted as kAB and kBA, where A and B are the two different species with one 
and zero hydrogen-bonded methanol, respectively. Those for the first excited state 
are denoted as kAB

* and kBA
* . The hydrogen-bond dissociation rate constants kAB and 

kAB
* at 22°C were estimated to be1 07 1010. × s-1 and1 27 1011. × s-1, respectively. The 

hydrogen-bond formation rate constants could be estimated by using these quantities 
and relaxation rate constants.

12.7 � Solute–Solvent Complexation and Micro-Solvation

One of the fundamentally important issues in chemistry is the nature of organic 
solutes in condensed phases and the role of solvents. The homogeneous dielectric 
continuum concept for solvent is a simple, but quite often unrealistic, approach to 
the description of solvent roles in chemical reaction dynamics. In simple liquids, due 
to the isotropic and spherically symmetric properties of intermolecular interactions, 
the radial distribution function can provide detailed information on the local solva-
tion structure, thermodynamic properties, and diffusive dynamics around a solute 
molecule. Unlike simple liquids, intermolecular interactions between typical organic 
solutes and solvents are anisotropic, and their strengths can be comparable to or even 
larger than thermal energy. Consequently, solute–solvent complexes can exist for 
finite times, and its dynamic behaviors are without a doubt important in understand-
ing chemical reactions involving such molecules.

In this regard, experimental and theoretical 2D vibrational spectroscopic studies 
on phenol/benzene/CCl4 solution showed how such phenomena can be investigated 
and what quantitative information can be extracted from experimental data.111–113 
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Here, the phenol molecule is the solute, and the solvent is a mixture of benzene and 
CCl4. It was known that the phenol can form a complex with a benzene molecule via 
dispersive interaction, quadrupole–dipole interaction, and so forth. To create equally 
populated phenol-benzene complex and free phenol in solution, a mixed solvent, 
benzene+CCl4, was deliberately used. Here the free phenol represents the case when 
phenol is in a solvation state without forming van der Waals complex with benzene 
molecules. The corresponding chemical equilibrium is given by

	

O D
O Dkf

kb
+

Here, the anharmonic oscillator under spectroscopic investigation is the O-D 
stretching mode. The IR spectrum of O–D stretch of phenol-D in the mixed solvent 
is again a doublet, and the low- and high-frequency peaks at 2631 and 2665 cm-1 cor-
respond to the O–D vibrational transitions of the phenol-benzene complex form and 
the free phenol form, respectively. From a number of quantum chemistry calculations 
using Hartree-Fock, density functional theory, and Møller-Plesset methods, the most 
stable complex was found to be the T-form structure shown above.112 Furthermore, 
the electron correlation effects on the intermolecular interaction are very important 
so that the Hartree-Fock or density functional theory cannot provide quantitatively 
reliable potential energy surface in this case.

Again, this molecular system is a good example for chemical exchange of strongly 
anharmonic oscillator because the overtone anharmonic frequency shift is as large as 
91 cm-1. The two species are in equilibrium state so that the time-dependent 2D IR 
spectra would reveal the underlying chemical exchange processes through the cross-
peak amplitude changes. The integrated volumes of the two diagonal and two cross-
peaks were estimated as functions of the waiting time T, and such experimental data 
were successfully used to determine the complex formation and dissociation rate 
constants. The experimentally measured complex dissociation time was found to be 
8 ps. To numerically simulate the 1D and 2D IR spectra, the vibrational Stark effect 
theory was used to obtain the OD frequency trajectory from MD simulation results. 
In addition, the transition dipole of the OD stretch were also found to be strongly 
dependent on the electric field along the OD bond, indicating that the non-Condon 
effect should not be ignored. The comparisons between theory and experiment were 
found to be excellent. However, the more important conclusion drawn from the com-
parative investigation was that the 2D IR spectroscopy of such a complex system can 
provide detailed information on a local solvation environment and micro-solvation 
domain formation.112 Direct evidence on the heterogeneity of solvation environment 
around a phenol was obtained by examining configurations from the MD trajecto-
ries A plausible picture on the dynamic process revealed by this 2D spectroscopy is 
that the phenol solute undergoes random jumps from one micro-solvation domain 
to the other, which are reflected by the OD stretch frequency changes. By counting 
the numbers of benzene and CCl4 molecules in the vicinity of a phenol, it was found 
that the local number fraction of benzene molecules is quite different from the mole 
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fraction of bulk benzene/CCl4 mixed solvent. This suggests that the mixed solvent 
forms microscopic domains on the molecular level. Furthermore, it was shown that 
the OD stretch FFCF is directly related to the correlation function of a fluctuating 
number of benzene molecules in the immediate vicinity of the solute phenol.112

12.8 �Int ernal Rotation

Rotational isomerization around a chemical bond is an important process in the 
chemical reaction dynamics and reactivity and biological activity of proteins and 
biomolecules. One of the simplest model systems is ethane, which is a textbook 
example molecule on isomerization through internal rotation. However, due to the 
rotational symmetry, ethane could not be used for 2D vibrational spectroscopic 
investigation. Instead, a 1,2-disubstituted ethane derivative, 1-fluoro-2-isocyanato-
ethane (FICE) was chosen for 2D IR spectroscopic study of its rotational isomeriza-
tion reaction in solution.114

Since the FICE contains two different substituents, there are four different confor-
mational isomers. FT-IR spectrum of isocyanate (-NCO) group in FICE/CCl4 solu-
tion shows two peaks at 2265 and 2280 cm-1 that correspond to the NCO stretching 
vibrations of gauche and trans conformers. These two conformers are in equilibrium 
due to internal rotations as

	

C C

F

H
H

H
NCO

H

Gauche

C C

F

H H

H
H

NCO

Trans

kf

kb

	

Time-resolved 2D IR spectra were directly used to estimate the internal rotation 
time constants. Note that this problem is also a chemical exchange process. The inte-
grated volumes of diagonal and cross-peaks were used to extract kinetic constants, 
and the isomerization time constant was found to be 43 ps. Then, by carrying out 
density function theory calculations of the barrier heights of FICE, n-butane, and 
ethane, it was even possible to approximately estimate the isomerization time con-
stants of n-butane and ethane under the same conditions, which are about 40 and 12 
ps, respectively.

12.9 � Transient Two-Dimensional IR Spectroscopy: 
Protein Folding and Unfolding

Protein folding, a conformational change of protein as it folds from an ensemble 
of disordered denatured structures into a compact native structure, has been an 
important experimental and theoretical research subject. Protein folding or unfold-
ing experiments use a variety of spectroscopic means aimed at measuring kinetics 
such as rate constants of increasing or decreasing spectroscopic signatures directly 
reflecting protein’s structural changes. From the beginning of the new development 
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of 2D vibrational spectroscopic technique, protein folding study with this novel 
method has been considered to be one of the most important applications. However, 
a number of complicating issues such as (1) sensitivity (small signal-to-noise ratio) 
problems, (2) lack of proper model systems, (3) difficulty of selecting representative 
marker bands, and so forth made experimental studies quite difficult in reality. Two 
examples are discussed below.

Ubiquitin unfolding dynamics. Temperature-jump induced by an intense nano-
second pulse with wavelength of 2 µm, which excites OD stretch overtone of the 
D2O buffer solution, can trigger protein unfolding processes when the system is 
initially prepared at a temperature near their melting points. Time-dependent dis-
persive vibrational echo spectra of ubiquitin protein on nanosecond to millisecond 
timescales were recorded to elucidate the associated unfolding mechanism.115 Here, 
the dispersive vibrational echo spectroscopy is a technically simpler nonlinear IR 
experiment than the 2D IR photon echo spectroscopy, and its spectrum is identical 
to the projected 2D IR spectrum onto one frequency axis.116, 117

From the temperature-dependent dispersive vibrational echo spectra, the ther-
mal melting temperature of ubiquitin in D2O was estimated to be about 61°C. The 
melting curve based on the singular value decomposition analysis of the tempera-
ture-dependent dispersive vibrational echo spectra was nicely fitted with a sigmoi-
dal curve, suggesting a simple two-state unfolding kinetics. As the temperature 
was raised, a concerted blue-shift of the strongly IR-active amide I mode of which 
transition dipole is perpendicular to the β-sheet strands was observed. In addition, 
the cross-peak ridges were shrunken, indicating unfolding of β-sheet structure in 
ubiquitin. To follow the temperature-jump-induced unfolding process, an initial 
temperature of 58°C was chosen, and the temperature increment induced by the 
nanosecond 2 µm pulse was about 12°C. The dispersive vibrational echo spectra 
after temperature-jump were recorded from 20 ns up to 9 ms, and the relative inten-
sity changes at 1621, 1658, and 1677 cm-1 were measured to extract information 
on the unfolding mechanism. Note that a different frequency region of dispersive 
vibrational echo spectrum represents different types of amide I vibrations that are 
critically dependent on protein structure. It was found that there are two stages on 
the course of unfolding, which are separated by timescale. The short-time (tens 
of microseconds) nonexponential component was attributed to increased config-
urational flexibility and partial disruptions of antiparallel β-sheet and β-hairpin 
structures. Nevertheless, it was conjectured that for such a short time the global 
structure of ubiquitin is still rather close to the nativelike one. The long-time  
(millisecond) component was then interpreted as a concerted unfolding, exhibiting 
two-state kinetics.

Transient 2D IR spectroscopy of model β-turn peptide. In order to probe struc-
tural changes of proteins, it is necessary to introduce external perturbation to place 
the system onto a new nonequilibrium state virtually instantaneously in comparison 
to the timescale of the folding or unfolding process. One of the most popular tech-
niques is the temperature-jump method discussed above. Another popular trigger-
ing method is to use a photochemical reaction. In this regard, a disulfide bond has 
been known as a good UV-vis photo-cleavable site with dissociation energy of about  
65 kcal/mol.
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By introducing a disulfide bond into a short model peptide (see the molecular 
structure below), a cyclic disulfide-bridged peptide containing three peptide bonds 
and two ester groups was synthesized. 

	 	

An intense UV-vis pulse can break the disulfide bond to generate linear peptide 
in a nonequilibrium state. Its subsequent structural change in CD3CN solution was 
monitored by using 2D IR spectroscopic technique.118 Note that the model cyclic pep-
tide studied has a single intramolecular hydrogen bond since the tetrapeptide struc-
ture mimics a β-turn motif. Due to this hydrogen-bonding interaction, the amide I 
local modes of the hydrogen-bond donor and acceptor peptide groups are coupled, 
which produces corresponding cross-peaks in an equilibrium 2D IR spectrum. After 
ultrafast photo-cleavage of the disulfide bond, the model peptide unfolds and the 
hydrogen bond breaks. To obtain the difference 2D IR spectra as a function of the 
waiting time T, two sets of 2D IR spectra had to be recorded simultaneously, one 
with the ultraviolet pulse switched on, and one with the ultraviolet pulse switched 
off. Among various peaks reflecting structural changes of the peptide, only the inten-
sity change of the transient cross-peak, which is the characteristic one reporting the 
hydrogen-bond breaking, was monitored in time T. From the MD simulation of the 
same system, it was found that the hydrogen-bond breaking induces a concomitant 
opening of the β-turn on a timescale of 160 ps. This experiment is a good example 
demonstrating the ability of transient 2D IR spectroscopy to directly probe ultrafast 
changes of local contacts between small groups in biomolecules.
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13 Applications of  
Two-Dimensional 
Electronic Spectroscopy

As molecular systems of interest become increasingly complicated, such as photo-
synthetic complexes, molecular aggregates of quantum dots, or nanoparticles, and 
so forth, conventional optical spectroscopic methods such as time- or frequency-
resolved absorption or spontaneous emission spectroscopy can provide only limited 
information on the secondary spectroscopic properties such as electronic couplings 
between chromophores, 3D structures, and excitation and coherence transfers 
between chromophores or quantum states. For those electronically coupled multi-
chromophore systems, the 2D electronic spectroscopy based on heterodyne-detected 
photon echo technique has been found to be of use for extracting far more detailed 
information from two-dimensionally displayed spectra recorded with respect to the 
waiting time T.1–4 In the case of electronic systems, except that each electronic chro-
mophore can be approximately modeled as a 2LS in contrast to an effectively three-
level anharmonic oscillator, one can use the same theoretical method developed for 
the amide I vibrations of proteins to numerically calculate the 2D electronic spectra 
of coupled multi-electronic-chromophore systems.

Electronic photon echo spectroscopy has been extensively used to study ultra-
fast solvation dynamics and inhomogeneous distribution of electronic transition fre-
quency of chromophore in condensed phase. Furthermore, a fifth-order electronic 
spectroscopy was theoretically proposed to address the question “Can we separate 
homogeneous and inhomogeneous contributions to optical spectra?” and shown to 
be of use in elucidating underlying dynamic inhomogeneity of solute transition fre-
quency in detail.5 Instead of a simple 2LS, a variety of coupled multi-chromophore 
complexes, such as photosynthetic protein, semiconductors, DNA, and so on can be 
studied by using the 2D electronic spectroscopy. Particularly interesting processes 
would be exciton formation and annihilation, exciton coherence transfer, population 
relaxation, electron transfer, and the like. These chemical or physical changes of 
photo-excited states affect diagonal and cross-peak amplitudes and frequencies in 
time T, which reveal detailed spatial correlation and wavefunction overlaps between 
excitonic states. A few critical examples will be discussed in this chapter.

13.1 �A pplication to Fenna–Matthews–Olson  
Light-Harvesting Complex

Photosynthetic light-harvesting complexes containing a few to hundreds of chro-
mophores, such as chlorophylls or bacteriochlorophylls and carotenoids, are impor-
tant systems that have been investigated by using the heterodyne-detected 2D photon 
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echo method.1, 2, 6, 7 Electronic interactions between constituent chromophores and 
chromophore-solvent dynamics play important roles in light absorption of solar radi-
ation, directional excitation transfers from antennae complexes to the reaction cen-
ter, and dramatic enhancement of trapping efficiency of solar energy.8 Unfortunately, 
linear spectroscopy cannot provide sufficiently detailed information to deter-
mine the corresponding electronic Hamiltonian, where the diagonal Hamiltonian  
matrix elements represent site energies of constituent chromophores and the off- 
diagonal elements are electronic coupling constants. Various models for light- 
harvesting complexes have been developed, but their validities have been tested by 
comparing theoretical calculation and simulation results with a few different linear 
spectra such as absorption, linear dichroism, circular dichroism, and so forth. Despite 
some successes of such attempts, due to the limited information, contents extract-
able from linear spectra, exciton dynamics and couplings could not be described 
in a quantitative manner. In this regard, 2D electronic spectroscopy was shown to 
be highly useful to extract incisive information on the spatial relationship of the 
excitonic states. Furthermore, excitation transfer processes within the complex or 
between two neighboring light-harvesting complexes in real time can be efficiently 
studied by using this technique.

The first 2D electronic spectroscopy experiment and theory for a coupled multi-
chromophore system was reported in 2005, where the Fenna–Matthews–Olson 
(FMO) pigment protein complex from green sulfur bacterium Chlorobium tepidum 
was considered for the experimental study.1 The FMO complex is an energy transfer 
bridge connecting a large peripheral light-harvesting antenna, the chromosome, to 
the reaction center. Although the FMO complex consists of three protein subunits, 
the entire photophysics is fully determined by a single unit, and there are seven bac-
teriochlorophylls (BChl) in it.

Since these seven BChl’s are electronically coupled to one another, the correspond-
ing seven one-exciton states (e1 - e7) are delocalized over a few BChl’s.6 In addition, 
there are spatially delocalized 21 two-exciton states ( f1 - f21). Thus, even without 
including population or coherence transfer processes, there are quite a number of 
pathways (polarization diagrams) that contribute to the 2D echo signal.6, 9 Those third-
order photon echo polarizations will produce different signal electric fields with vary-
ing phases and temporal amplitudes. The measured signal field is thus a consequence 
of complicated wave interferences between the signal electric fields. Furthermore, 
due to the population and coherence transfers in the manifold of seven one-exciton 
states, the diagonal and cross-peak amplitudes and shapes change in time T.

On the left column of Figure  13.1, the experimentally measured 2D spectra at 
waiting times 100, 200, 300, 600, and 1,000 fs are shown. Seven vertical and horizon-
tal lines in each spectrum correspond to the one-exciton state energies. At T = 100 fs, 
there are positive diagonal peaks, but due to the spectral congestion the seven diago-
nal peaks are not fully frequency resolved. However, the lowest diagonal peak associ-
ated with g ↔ e1 transitions is separated from the other diagonal peaks in frequency, 
and it is produced by the stimulated emission and ground-state bleaching terms:

	
< >< > < >< >m m| | , | | .g g g g

	 (13.1)g   e1 g       e1 

e1 
e1 
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Figure 13.1  2D photon echo spectra of FMO light-harvesting complex. The waiting time 
varies from 100 to 1,000 fs. The five spectra on the left are experimentally measured ones, 
whereas those on the right are numerically simulated spectra. (From Cho, M., et al., Journal 
of Physical Chemistry B, 2005, 109, 10542. With permission.)
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By carefully examining the experimentally measured absorption spectrum, 
diagonal peak intensities in the 2D spectrum, and theoretical calculation results, 
it was found that the second, third, and fifth one-exciton states have comparatively 
large dipole strengths. Nevertheless, the broad diagonally elongated peak centered at 
around 12,400 cm-1 in the 2D spectrum at T = 100 fs is produced by the stimulated 
emission and ground-state bleaching contributions as

	

< >< > + < >< >
=

∑ m m| | | | .g g g g
j 2

7

	

(13.2)

In addition to the diagonal peaks, there appear broad cross-peaks in the lower diago-
nal region even at short time T = 100 fs. This indicates that the seven BChl’s are 
coupled to one another. From the fact that the cross-peaks are positive, one can infer 
that they are from the SE and GB contributions involving two different one-exciton 
states, for example, for j ≠ k

	
< >< > < >< >m m| | | | .g g g gand

	 (13.3)

Here, the cross-peaks in the lower diagonal region are the cases when Ek < Ej. The 
first diagram in Equation 13.3 involves coherence oscillation (quantum beat) during 
T as exp( { } / )- -i E E Tk j � , and such a coherence decays quite fast. The cross-peaks 
in the upper diagonal region appear to be weak, because the excited-state absorption 
contributions largely cancel out the SE+GB contributions.
As T increases, all the cross-peak amplitudes increase with concomitant decreases 
and shape changes of diagonal peaks. Particularly, the cross-peaks in the lower 
diagonal region increase dramatically in time T. At T = 1000 fs, the cross-peak 
(A) amplitude becomes almost comparable to that of the diagonal peak G. From 
the cross-peak position, which is around at w wτ = e g4

and w wt e g=
1

, the time-re-
solved measurement of the amplitude of the cross-peak A provides kinetic infor-
mation on the downhill population transfer from the fourth one-exciton state e4 to 
the lowest one-exciton state e1. The polarization diagram that is associated with 
this cross-peak is thus given as

	   
G T g g14( ) | | .< >< >m 	 (13.4)

This diagram shows that the population on the e4 state undergoes a transition to that 
on the e1 state during time T. The increasing pattern of this cross-peak amplitude is 
thus determined by the conditional probability G14(T) of finding e1 state population 
at time T later when the system was initially on the e1 state. Of course, there can be 
more contributions to this peak as long as the corresponding coherence oscillation 
frequencies during τ and t periods are close to we g4

and we g1
. Some of them could be 

negatively contributing excited-state absorption terms.
Another notable cross-peak is the B-peak at w wτ = e g4

or we g5
and w wt e g=

2
in 

Figure  13.1. Its amplitude increase is approximately described by the population 

g   e1 g       ej 

eI  ej 

g   ej g       ej 

ek  ek  

g   e1 e4   

e1 e4 
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transfer from e4 and e5 states to e2 state. Thus, one should consider the following 
diagrams to quantitatively describe its T-dependency,

G T g g G T g gA A24 25( ) | | ( ) | | .< >< > < >< >m mand
		

		  (13.5)

In addition, one can expect that there should be a population transfer from e2 to 
e1 state as T increases. Indeed, the 2D spectrum at T = 1,000 fs exhibits such a 
cross-peak at w wτ = e g2

and w wt e g=
1

. Although only a few cross-peaks have been 
discussed above, the entire 2D spectrum with respect to T results from complicated 
kinetic networks of the population transfer processes among the seven one-exciton 
states. Note that the excitation transfer processes and their effects on the 2D elec-
tronic spectra can be considered a seven-species chemical exchange system.

Another interesting observation is that the amplitude of the lowest-energy diago-
nal peak at w wτ = e g1

and w wt e g=
1

remains the same. This can also be easily under-
stood by noting that its time-dependency is determined by the survival probability 
G11(T). Because the e1 state is the lowest one-exciton state, once it is excited, the 
population does not change much because any population transfers from this e1 state 
to other states are uphill transitions, which are small.

As emphasized above, the 2D spectrum is a product of complicated interferences 
between different nonlinear optical transition pathways, but to facilitate analysis of 
these experimental results, a rather simple theoretical description would be useful and 
provides the basis for an intuitive understanding of the 2D spectra. To this end, it was 
necessary to properly parameterize the diagonal and off-diagonal matrix elements, 
which are the BChl’s site energies and coupling constants, respectively, to numerically 
simulate the time-resolved 2D spectra of the FMO complex (see the spectra on the right 
column of Figure 13.1).6 The general trends and spectral changes in the experimentally 
measured spectra were successfully reproduced by the theoretical calculations. Here, the 
short-time approximations to the photon echo response functions, which were discussed 
in detail in Section 5.3, were used, and the modified Redfield theory for the population 
transfer rate constants was used to obtain the conditional and survival probabilities.10

Later, for the same FMO protein complex, another refined 2D electronic spectros-
copy experiment was carried out to shed light on coherence transfer processes and 
underlying excitation migration mechanism within the complex.2 Since the spectral 
bandwidth of a femtosecond laser pulse is sufficiently broad enough to cover the 
transition frequencies of all the seven one-exciton states, the first field-matter inter-
action can generate an ensemble of multiple electronic coherences, which are super-
position states of the electronic ground state and one-exciton states. Then, the second 
field-matter interaction generates (1) ground-state bleach (hole), (2) populations on 
the one-exciton states (diagonal density matrix elements), and (3) electronic coher-
ences (off-diagonal density matrix elements in the one-exciton block). The diagrams 
representing these three cases are, respectively,

	
< >< > < >< > < >< >m m m| | , | | | | .g g g g g g, and

		
		  (13.6)

e2 e5 e2 e4 
g   e2 e4   g   e2 e5  

g       ej g       ej 
g   ej 

ej  ek ej 
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These third-order polarization components evolve differently during the waiting 
time T. Time-dependencies of the ground-state bleaching state and the one-exciton 
population were discussed above, but the coherence evolution and its transition to the 
other coherence could only be studied by measuring ultrafast (tens of femtosecond) 
changes of the 2D spectra and by examining quantum beats of the diagonal and off-
diagonal peaks in the 2D spectra. Here, a diagrammatic representation of the coher-
ence transfer from re ej k

( )2 to re ej l

( )2 for example is

	
G T g gjl jk, ( ) | | .< >< >m

	 (13.7)

Again, the conditional probability function describing the above coherence transfer 
process was denoted as Gjl,jk(T). From a series of measured 2D spectra with respect 
to T, it was shown that the amplitudes of the lowest-energy diagonal peak and the 
corresponding cross-peak oscillate in time, that is, quantum beating. One can imme-
diately find that they originate from diagrams like

	 < >< >m | | .g g 	 (13.8)

The power spectrum of oscillating lowest-energy diagonal (at w wτ = e g1
 and w wt e g=

1
)  

peak amplitude showed six different frequency components. This is because, for 
j = 1, there are six different diagrams like Equation 13.8 with k = 2 ~ 7. Note that 
the off-diagonal density matrix element, which describes the time–evolution of the 
electronic coherence between the jth and kth excitons, is approximately given as
r jk j kT i E E T( ) ( ) exp{ ( ) / }2 ∝ - - � (note that the superscript “(2)” in r jk T( ) ( )2  means that it 
is a second-order perturbation-expanded density matrix with respect to field-matter 
interaction Hamiltonian). This suggests that an experimental measurement of the 
quantum beating pattern of a diagonal peak provides information on the excitonic 
state energies directly. Furthermore, it was found that the quantum beats of the diag-
onal and cross-peaks persist even longer than population relaxation times, which 
is in stark contrast with the notion that the coherences are destroyed quite rapidly 
in comparison to population relaxation times. It was therefore suggested that chro-
mophore-bath interactions are correlated for different chromophores, that is, a piece 
of evidence on the breakdown of the independent bath approximation.

In addition, the ratio of the diagonal to antidiagonal widths of the lowest-energy 
diagonal peak oscillates with the same frequencies of its peak amplitude, but the 
fluctuation of the diagonal width is anticorrelated with that of the antidiagonal 
width. This was found to be strong evidence of excitonic quantum coherence. More 
specifically, direct evidence on coherence transfer was observed by examining the 
oscillating behavior of the cross-peak between excitons 1 and 3, which is one of 
the most clearly frequency-resolved cross-peaks. Although from the corresponding 
power spectrum, all frequency components coupled to either exciton 1 or 3 were 
identified, the cross-peak amplitude and beating did not appear at time zero. This 
indicates that the 1–3 coherence was generated at finite time later, that is, coher-
ence transfer from some other coherences to the 1–3 coherence. An interesting sug-
gestion from the analysis of quantum coherences involved in energy transfer was  

g   ek ek   

ej  ej 

ek 
g       ej 
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that the generated superposition states are efficient in directing the energy transfer 
in such a light-harvesting complex, which is analogous to a single quantum compu-
tation. This is in contrast with an incoherent hopping mechanism. A further study 
is required whether a real light-harvesting complex absorbing incoherent sunlight 
instead of femtosecond coherent laser photons is affected by such effects. In addi-
tion, a more refined chromophore-bath interaction model should be developed to 
address the issue on bath-mediated correlation effects on line broadening and exci-
ton population and coherence transfers.

13.2 �A pplication to Semiconductors

Two-dimensional electronic spectroscopy has also been applied to semiconductors 
for studying exciton dynamics, exciton-exciton coupling, and exciton-continuum 
state coupling.3, 11, 12 Optical excitation of a direct-gap semiconductor produces  
electron-hole pairs, which are called excitons because electron and hole pair can 
result in a bound state due to the Coulomb attraction between the two oppositely 
charged particles. In the case of GaAs (gallium arsenide) semiconductor heterostruc-
ture, excitonic resonance appears at a low temperature because the exciton binding 
energy is just about 10 meV. In order to study exciton dynamics of which timescale 
varies from femtosecond to picosecond, a variety of ultrafast spectroscopic means 
have been used.

The first 2D optical spectroscopy experiment on a semiconductor was performed 
for GaAs semiconductor quantum wells consisting of 10 periods of 10 nm GaAs well 
and 10 nm Al-GaAs barrier at 8 K. The heavy-hole and light-hole valence bands 
were formed, and the two are energetically separated from each other by about  
6 meV. In the upper panel of Figure 13.2, the absorption spectrum exhibiting a heavy-
hole exciton band, a light-hole exciton band, and continuum band is shown. The 
spectrum of excitation pulse is also shown in the same figure. Normalized 2D mag-
nitude spectrum shows four well-resolved peaks (see the lower panel in Figure 13.2). 
Here, it should be mentioned that the x- and y-axes in the 2D spectrum correspond to 
wt  and wt, unlike the other 2D spectra shown in this and the previous chapters. First 
of all, the cross-peaks in this spectrum originate from coherent coupling between 
the heavy-hole exciton and the light-hole exciton or spatial overlaps of these two 
excitonic states. Interestingly, the upper left cross-peak intensity appears to be stron-
ger than the two diagonal peaks. It turned out that the excitation-induced dephas-
ing, which is related to incoherent many-body effects, and excitation-induced shift 
play important roles in couplings. Here, the excitation-induced dephasing means that 
the effective dephasing rate of the off-diagonal density matrix element for a 2LS 
contains a term that is linearly proportional to the number density of oscillators. 
Similarly, the excitation-induced shift means that the resonance frequency is shifted 
linearly with respect to the number density.

Another notable feature in the 2D spectrum is the presence of two vertical 
ridges. If the continuum states can be modeled as a collection of inhomoge-
neously distributed 2LSs, the peaks would appear diagonally elongated, not verti-
cally elongated. From the model simulations, the excitation-induced dephasing 
was found to play a critical role here, since the characteristic vertically elongated 
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cross-peaks appear only when the excitation-induced dephasing is included. This 
experiment demonstrates that the 2D spectroscopic method can give a critical 
insight into the microscopic nature of the many-body interactions in semiconduc-
tors. From the measurements of the real and imaginary parts of the 2D spectrum, 
it was even possible to distinguish two different mechanisms, that is, excitation-in-
duced dephasing and excitation-induced shift. The former affects the off-diagonal 
density matrix amplitude (decoherence), whereas the latter changes its oscillation 
frequency (spectral diffusion). From these investigations, it was found that the 
excitation-induced dephasing of the heavy-hole exciton is different from that of 
the light-hole exciton. This and related experiments demonstrate that the peak-
shape analysis of semiconductor 2D electronic spectrum is extremely useful to 
elucidate the underlying physics of the exciton dynamics induced by many-body 
interactions, which cannot be easily studied by any other spectroscopic means.
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Figure 13.2  Absorption spectrum of GaAs quantum wells (upper panel). Also, the excitation 
pulse spectrum is shown in this figure. 2D magnitude spectrum is shown in the lower panel. 
(From Borca, C. N., et al., Chemical Physics Letters, 2005, 416, 311. With permission.)
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14 Two-Dimensional 
Second-Order Response 
Spectroscopy

In Chapter 4, a response function theory for general second-order response spec-
troscopy was presented and discussed. Here, it will be shown that they can be used 
as 2D measurement techniques. An essential element for 2D spectroscopy is that 
radiation–matter interactions cause doubly resonant transitions, and two coherence 
evolutions should be recorded experimentally. Thus measured 2D signal in time-
domain is then doubly Fourier–Laplace transformed to obtain the corresponding 2D 
spectrum in frequency domain. The second-order response measurement techniques 
such as time-resolved doubly resonant sum frequency generation, fifth-order Raman 
scattering, IR–IR-vis four-wave-mixing spectroscopy, and so forth are a few exam-
ples that will be considered in this chapter. Note that they all involve two coherence 
evolutions during the nonlinear optical processes.

Denoting effect operator, two cause operators, and conjugate external fields as
ˆ,B   Â1 and ˆ ,A2 and F t1( ) and F t2 ( ), respectively, and using the second-order time- 

dependent perturbation theory, we showed that

	
B t B t dt dt t t FA A BA A( ) ˆ ( ) ( , )( )= < > =

∞ ∞

∫ ∫r f
2 1 2 1

2
2

0
1

0
2 1 22 2 1 2 1( ) ( ),t t F t t t- - - 	 (14.1)

where the second-order response function is

	
f q qBA A t t

i
t t B t t

2 1 2 1

2

2 1 2 1( , ) ( ) ( ) [[ ˆ( ), ˆ= 



 < +
�

AA t A2 1 1 0( )], ˆ ( )] ( ) .r -∞ > 	 (14.2)

Expanding the two commutators in Equation 14.2, one can rewrite it as

	

f q qBA A t t
i

t t B t t A
2 1 2 1

2

2 1 2 1 2( , ) ( ) ( ){ ˆ( ) ˆ= 



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�

(( ) ˆ ( ) ( )

ˆ ( ) ˆ( ) ˆ ( ) ( )

t A

A t B t t A

1 1

2 1 2 1 1

0

0

r

r

-∞ >

- < + -∞ >

-- < + -∞ >

+ <

ˆ ( ) ˆ( ) ˆ ( ) ( )

ˆ ( ) ˆ ( ) ˆ

A B t t A t

A A t

1 2 1 2 1

1 2 1

0

0

r

BB t t( ) ( ) }.2 1+ -∞ >r
	 (14.3)

Detailed expressions for the effect operator and effective radiation–matter interac-
tion Hamiltonian should be properly chosen to describe a given experimental result 
or nonlinear optical process of interest.
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In the present chapter, we will focus on a few different 2D second-order response 
spectroscopic techniques. Although there are a number of possible and potentially 
useful second-order 2D spectroscopic methods in general, only a few simple cases 
will be discussed in detail. Nevertheless, one can easily explore other possibilities 
and experimental feasibilities by using the general theoretical framework presented 
and discussed in this book.

14.1  Two-Dimensional Sum Frequency Generation

One of the most widely used second-order nonlinear optical spectroscopic meth-
ods is the sum frequency generation (SFG), including second-harmonic generation.1 
SFG has been extensively used to study molecular dynamics, chemical reaction, 
molecular orientation, and various material properties of molecules and composite 
systems on surface or at interface. The SFG and difference frequency generation 
(DFG) signals are nonzero for those samples having no centrosymmetry, and they 
are the lowest-order nonlinear optical processes. The SFG signal from molecules in 
an isotropic medium such as solution vanishes because the rotational average of typi-
cal third-rank tensorial response function over randomly oriented molecules usu-
ally vanishes. However, it was shown that polarization-controlled SFG or DFG of 
molecules in solution can be detected when each optical chromophore is chiral and 
when the solution sample is not racemic.2-8 This suggests that the SFG technique is 
a useful nonlinear optical activity spectroscopy.

A general theory of SFG was discussed in Chapter 4. Two electric fields prop-
agating in the directions of k1 and k2 interact with the matter, and two consecu-
tive absorptive interactions induce a sequence of optical transitions from g to e to f. 
Then, thus created coherence r fg

( )2 corresponds to a collection of oscillating dipoles 
and radiates electric field whose frequency is the sum of the E1 and E2 field frequen-
cies. Thus, the two cause operators and the effect operator are all m, and the two 
conjugate external fields are E1 and E2:

	
ˆ ( ) ( )eA F t E t i i t

1 1 1 1
1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )eA F t E t i i t

2 2 2 2
2 2= ⋅ ⋅ -m e k r w

	 B̂ = ⋅m 	 (14.4)

Here, we considered the transverse electric field component travelling in the direc-
tion of kj (for j = 1 and 2) not -k j , since they are involved in absorptive radiation–
matter interactions in the present case.

The second-order SFG polarization is the expection value of the above effect- 
operator over the second-order perturbation-expanded density matrix, and its  
diagram representation is

	 < >< >m | |g g . 	 (14.5)

mE2  mE1

 f         e 
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The SFG polarization is then given as

	

P r k k r
SFG

i i tt dt dt( , ) e ( ) ( )= ⋅ - +
∞ ∞

∫ ∫1 2 1 2
2

0
1

0

+ w w
mmmf (( , ) : ( ) ( )

e ( )

t t E t t E t t t

i t i

2 1 2 1 2 2 1 2 1

1 2 2

e e - - -

× + +w w w11 1t , 		
		

(14.6)

where the third-rank tensorial all-electric-dipole response function is defined as

	
f q qmmm( , ) ( ) ( ) [[ ( ), (t t

i
t t t t t2 1

2

2 1 2 1 1= 



 < +
�

m m ))], ( )] ( ) .m 0 r -∞ > 	 (14.7)

Although the second-order response function above describes all the possible sec-
ond-order optical processes, we will specifically consider the case when the two 
excited states |e> and |f> are real quantum states, not virtual states, and when the 
two incident beams radiations with frequencies of w1 and w2 are doubly resonant 
with transitions between g and e states and between e and f states, respectively.9 
In this case of the doubly resonant SFG, for Ef > Ee > Eg, we have w w w1 2+ � fg  
and w w1 � eg . Then, among the four terms in Equation 14.3, only the first plays an 
important role and resonates with the external fields. From the Maxwell equation 
with SFG polarization given in Equation 14.6, one can find that the radiated SFG 
field is given as

E r ek k r
SFG s

i i t
gf fe egt i( , ) e :( ) ( )= - ⋅ - +w w w1 2 1 2

2
+ m m m ee1 2

0
1

0
2 1 2 1

2 2 1 2 1

1
dt dt G t t

E t t E t t t

∞ ∞

∫ ∫
× - - -

�
( , )

( ) ( )ee .( ) ( )i t i tfg egw w w w w1 2 2 1 1+ - + - 	 (14.8)

where the line-shape function G1 is

	
G t t

i
d U

i
d

t

fg

t

1 2 1
0 0

2

( , ) exp ( ) exp= < -





-+ -∫� �
τ τ τ

11

∫ -





>Ueg B( ) .τ 	 (14.9)

This line shape function can often be approximately written as

	
G t t t tff ee1 2 1 2 1( , ) exp{ }= - -g g 	 (14.10)

or

	
G t t t tff ee1 2 1

2
2
2 2

1
21

2
1
2

( , ) exp .= - -








D D 	 (14.11)

The former (Equation 14.10) corresponds to the Markovian limit (optical Bloch 
approximation) expression and gives 2D Lorentzian peak shape, and the latter 
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(Equation 14.11) is the case of short-time approximation to the line-broadening func-
tion g(t) or of large inhomogeneous broadening limit and gives 2D Gaussian peak 
shape.

Note that the SFG field in Equation 14.8 is a function of experimentally control-
lable frequencies w1 and w2 . Thus, the homodyne-detected SFG intensity or the het-
erodyne-detected SFG amplitude is essentially a 2D function in frequency domain. 
A straightforward application of the doubly-resonant 2D SFG is to study optical 
chromophores adsorbed on surface with anisotropic orientational distribution. In 
this case, the rotational average of the third-rank tensorm m mgf fe eg should be properly 
performed. We will not, however, provide any further discussion along this line, 
because this subject has been extensively studied before, not just experimentally, but 
also theoretically. In this chapter, we will focus on the case of chiral molecules in 
solution.9

14.2 � Two-Dimensional Sum Frequency 
Generation of Solution Sample

For solution samples, three-wave-mixing techniques have not been widely used 
because signals vanish or are quite small. Note that the only rotationally invariant 
isomer, which is a third-rank tensor, is the Levi–Civita tensor. Note that eXYZ = eYZX = 
eZXY = -eXZY = -eYXZ = -eZYX = 1. Thus, the case when the three beam polarization 
directions are mutually orthogonal to one another will be specifically considered in 
this section. By using the theoretical results in Section 3.3, the rotational average of 
the all-electric-dipole transition strength, [ ] ,m m mgf fe eg ijk can be rewritten as, in terms 
of transition dipole matrix elements in a molecule-fixed frame,

	

[ ]m m m m m mgf fe eg ijk ijk gf
M

fe
M

eg
M=    

1
6

e eλmν λ m
 ∑ ν

λ m ν, ,

. 	 (14.12)

Here, the indices i, j, and k represent the axes in a space-fixed frame, and λ, µ, and ν 
are those in a molecule-fixed frame. Equation 14.12 can also be rewritten as

	
[ ]m m m m m m mgf fe eg ijk ijk gf

M
fe
M

eg
M

ijk gf= ⋅ ×( ) =1
6

1
6

e e MM
fe
M

eg
M×( ) ⋅m m . 	 (14.13)

This suggests that, when the three transition dipole vectorsmgf
M , m fe

M , andmeg
M in a 

molecule-fixed frame do not lie on a common plane and when the angles between 
m fe

M andmeg
M and betweenmgf

M andm fe
M are neither 0 nor π,m m mgf

M
fe
M

eg
M⋅ ×( ) does not 

vanish. This is an important selection rule for the nonzero SFG signal from mol-
ecules in an isotropic medium. In addition, from the property of the Levi–Civita 
epsilon, e ijk , the SFG signal field polarization direction should be orthogonal to 
both of the two incident beam polarization directions as well as e1 ⊥ e2. This is 
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an experimental requirement for the doubly-resonant three-wave-mixing measure-
ments. Hereafter, without any loss of generality, we will consider the [XYZ] tensor 
element of [ ],m m mgf fe eg which is given as

	
[ ] .m m m m m mgf fe eg XYZ gf

M
fe
M

eg
M= ⋅ ×( )1

6
	 (14.14)

From Equations 14.8 and 14.14, one can find that the rotationally averaged SFG  
signal field is finally given as

�
E +

XYZ
SFG s i i tt

i
( , , ) e ( ) ( )w w w w w w

2 1 1 6
1 2 1 2+ = - ⋅ - +k k r mm m mgf

M
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eg
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E t

⋅ ×

× -

∞ ∞

∫ ∫( ) ( , )

(

2
0

1
0

2 1 2 1

2

1
�

tt E t t t i t i tfg eg
2 1 2 1

1 2 2 1 1) ( )e .( ) ( )- - + - + -w w w w w
	

		

(14.15)

Hereafter, we shall focus on the time-resolved measurement utilizing ultrashort laser 
pulses. The first two pulses are assumed to be centered at t = -T -t and t = -T in 
time domain. This means that the delay time between the two pulses is t and that the 
electric field amplitude after time T from the second pulse is measured at t = 0 by 
using a heterodyne-detection method. Then, in the impulsive limit, the electric field 
amplitude thus measured is linearly proportional to the corresponding line-shape 
function as

	

�

�
EXYZ

SFG s i i t
gf
M

fe
M

egt T
i

e s s( , , )τ w w= - ⋅ ×⋅ -

6 2
k r m m mMM i T iG t T fg eg( ) + + - + -

1
1 2 1( , ) e .( ) ( )τ w w w w w τ

		
		  (14.16)

In order to measure the above signal field, one can use a local oscillator field 
E r E k r

LO LO
i i tt t e s s( , ) ( ) ,*= - ⋅ + w and its pulse envelope E tLO ( ) is also assumed to be close 

to a Dirac delta function at t = 0 to achieve time-resolved measurement of the SFG 
field amplitude and phase for varying time T. Then, the measured signal is Fourier–
Laplace transformed as

	
� �
E EXYZ

SFG
T ZYX

SFG
TdT d T i T( , ) ( , ) exp(w w τ τ wτ =

∞ ∞

∫ ∫0 0
++ iw ττ ). 	 (14.17)

For the sake of notational simplicity, let us define two frequency variables as

	

w w w w

w w wτ τ

T T= + +

= +

1 2

1 . 	 (14.18)
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Using the two dephasing models in Equations 14.10 and 14.11, one finds that the 2D 
SFG spectra are

	
�

�
EXYZ

SFG
T

s
gf
M

fe
M

eg
M

fg f

i
L( , ) ( ,w w

w
w gτ = - ⋅ ×( )

6 2
m m m ff eg ee, , )w g 	 (14.19)
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EXYZ

SFG
T

s
gf
M

fe
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eg
M

fg ff

i
( , ) ,w w

w
wτ = - ⋅ ×( )

6 2
m m m G D22 2, , .weg eeD( ) 	 (14.20)

The 2D Lorentzian and Gaussian peak shape functions were defined in Chapter 7, 
but for the sake of completeness, they are rewritten here:
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(14.22)

The above results, Equations 14.19 and 14.20, were obtained for a three-level system. 
However, for a coupled multi-chromophore system, there are manifolds of singly and 
doubly excited states, and in that case the 2D SFG spectrum can be written as a sum 
of all independent contributions as

	

�
�

EXYZ
SFG

T
s

gf
M

fe
M

eg
M

fg ff

i
( , ) ,w w

w
wτ = - ⋅ ×( )

6 2
m m m G D22 2, , .weg ee

fe

D( )∑∑ 	 (14.23)

This result indicates that the resultant SFG spectrum is the product of wave interfer-
ences. Hereafter, the factor ws /6

2� in Equations 14.19 and 14.23 will be omitted for 
the sake of notational simplicity. In the following sections, we will consider a few 
simple coupled dimer systems to show what information can be extracted from the 
2D SFG spectrum.

14.3 � Two-Dimensional Sum Frequency Generation 
of Coupled Two-Level System Dimer

In Section 9.1, the model Hamiltonian for coupled 2LS dimer was presented and 
discussed in detail. It was shown that there are two singly excited states e1 and e2 
and a doubly excited state f. Therefore, there are two different SFG diagrams in this 
case, and they are

	 < >< >m | |g g   and  < >< >m | | .g g 	
(14.24)

mE2   mE1

 f        e1 

mE2   mE1

 f        e2 
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The SFG fields associated with the two polarizations in Equation 14.24 interfere  
with each other to produce the total SFG field. Fourier-Laplace transformation of the 
time-resolved heterodyne-detected SFG signal gives us the 2D SFG spectrum, that is,

	

�EXYZ
SFG

T gf
M

fe
M

e g
M

fg ffi( , ) , ,w w w wτ = - ⋅ ×( )m m m
1 1

2G D ee g e e

gf
M

fe
M

e g
M

fg ff e gi

1 1 1

2 2 2

2

2

,

, ,

D

G D

( )
- ⋅ ×( )m m m w w ,, ,De e2 2

2( ) 	 (14.25)

where the 2D Gaussian peak shape approximation was used.
Now, the next step is to calculate the transition dipole matrix elements in Equation 

14.25. From Equations 9.11 and 9.12, one can find the following relationships,

	
m m m me g

M
fe
M

e g
M

fe
M

1 2 2 1
= =and . 	 (14.26)

The transition dipoles in the above equation are all associated with one-quantum 
transitions. However, the more important factor determining the SFG of solution 
sample is the transition amplitude from the doubly excited state to the ground state, 
mgf

M (=<0, 0|m̂M |1,1>). This two-quantum transition dipole matrix element can be  
calculated by considering the following expanded electric dipole operator,

	
ˆ ˆ ˆ ˆ ˆ ˆ ˆm m m m a m a= + + + +1 2 1 12 2 2 21 1T T �

	 (14.27)

where m̂ j and â j are the electric dipole and molecular polarizability operators of 
the jth chromophore. T12 is the second-rank dipole-dipole interaction tensor (see 
Equation 9.2). The third and fourth terms on the right-hand side of Equation 14.27 
are the induced dipole operators, and they are responsible for making the two-
quantum transition dipole matrix elementmgf

M nonzero. Inserting Equation 14.27 into 
< >0 0 1 1, | ˆ | , ,mM one can find thatmgf

M is approximately given as

	
m a agf

M ≅ +d T d T1 12 2 2 21 1,
	 (14.28)

where d1 10 0 1 0= < >, | ˆ | , ,mM d2 20 0 0 1= < >, | ˆ | , ,mM a a1 10 0 1 0=< >, | ˆ | , ,M and a2 0= < ,
0 0 12| ˆ | , .aM > Note that these four transition matrix elements are all defined in a 
molecule-fixed frame. The physical meaning of Equation 14.28 is that the electric 
dipole transition of one chromophore in the doubly excited dimer can stimulate a 
transition of its neighboring chromophore through the transition dipole-dipole inter-
action. These two transitions occur simultaneously to allow the two-quantum transi-
tion from f to g.

Inserting Equation 14.28 into 14.25 and using the relationships in Equation 14.26, 
we get

�EZYX
SFG

T fgi( , ) ( ) ( )w w wτ = - + ⋅ ×d T d T d d1 12 2 2 21 1 2 1a a G ,, , ,

, , , .

D D

G D D

ff e g e e

fg ff e g e e

2 2

2 2

1 1 1

2 2 2

w

w w

( ){
- ( )} 	 (14.29)
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This is an interesting result for the 2D SFG of a chiral coupled 2LS dimer in 
solution.9 First of all, the SFG signal does not vanish when the three vectors, (1) 
d T d T1 12 2 2 21 1
� �a a+ , (2) d2, and (3) d1, are not on a common plane in a molecule-

fixed frame. Chiral dimer and molecular complex are good examples. Secondly, 
because the dipole–dipole interaction tensor is proportional to 1/R3 with R being 
the intermolecular distance, as the two chromophores become separated far apart, 
the overall signal amplitude or intensity decreases as 1/R3 in the case of the hetero-
dyne measurement or as 1/R6 in the case of the homodyne measurement. The above 
selection rules suggest that the doubly resonant three-wave-mixing measurement 
technique is possibly an optical activity spectroscopy probing molecular chirality 
originating from the dimer conformation and electronic coupling. Thirdly, it should 
be noted that the two terms in Equation 14.29 have the same transition strength 
with opposite signs. Thus, if the dimer is a homodimer and if the coupling constant 
is small, we have w we g e g1 2

= , and the two terms on the right-hand side of Equation 
14.29 cancel out exactly. This is why the SFG signal vanishes for completely uncou-
pled chromophores in solution, when each chromophore is modeled as a 2LS and 
the incident beam is resonant with its transition. A lack of complete cancellation 
(destructive interference) of the two resonant optical transition pathways is required 
for the nonzero SFG signals from a coupled 2LS dimer. Here, it is noted that both 
the electronic coupling constant and the induced transition dipole in Equation 14.28 
are functions of inter-chromophore distance R. As R increases, both decrease as 
approximately 1/R3.

The 2D SFG technique has a certain advantage in frequency resolution, in com-
parison with the other linear spectroscopies. The absorption spectrum is for example 
given by a sum of two terms associated with g ↔ e1 and g ↔ e2 transitions as

	
κ w w w w wa ge e g ge e gf f( ) | | ( ) | | ( )∝ - + -m m

1 1 2 2
2 2

	 (14.30)

where f e g( )w w-
1

is an appropriate line-shape function. Note that the two terms in 
Equation 14.30 are positive and add together to produce the absorption spectrum. 
Therefore, if each spectral bandwidth is comparable or larger than the frequency-
splitting magnitude we e2 1

, the absorption spectrum will appear as a singlet. This is 
the so-called spectral congestion problem, and thus 1D absorption spectroscopy 
is inevitably a low-resolution technique. However, even in that case of spectrally 
congested dimer system, the present 2D SFG method is better in frequency resolu-
tion than 1D method. Since the two peaks in the 2D SFG spectrum have opposite 
signs, the spectrum will appear as a positive–negative couplet, and its frequency 
splitting magnitude, that is, peak-to-peak frequency difference, is related to the 
coupling constant J. If J is much larger than the spectral bandwidth, the positive- 
peak to negative-peak frequency difference becomes simply identical to 2J. 
However, if J is comparable or even smaller than the spectral bandwidth, the 
peak-to-peak frequency difference could be largely determined by the dephasing 
constant or bandwidth (see the peak shape analysis of 2D pump–probe spectrum 
given in Section 6.3).
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Exercise 14.1
Even for a dilute solution of 2LS chromophores, one can create a large fraction 
of chromophores in their excited states with an intense laser pulse. Then, is it 
possible to radiate second harmonic field by a simultaneous de-excitation of two 
excited-state chromophores? If not, why? If yes, what are the requirements?

14.4 � Two-Dimensional Sum Frequency Generation 
of Coupled Anharmonic Oscillators

In Section 9.6, the model Hamiltonian of coupled anharmonic oscillators was pre-
sented. After diagonalizing the corresponding Hamiltonian matrices, one can obtain 
the eigenfunctions and eigenvalues of singly and doubly excited states. In this  
case, there are two singly excited states e1 and e2 that are delocalized over the two 
oscillators, and also there are three doubly excited states f1 - f3, which are either 
combination or overtone states. Due to the presence of three doubly excited states, 
the number of diagrams contributing to the 2D SFG signal field is six:

	 < >< >m | | ,g g   < >< >m | | ,g g

	 < >< >m | | ,g g  < >< >m | | ,g g

	
< >< >m | | ,g g and < >< >m | | .g g 	

(14.31)

From Equation 14.31, we have
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All the transition dipole matrix elements for a general coupled multi-chromophore 
system were already presented in Equation 9.81. The one-quantum transition dipole 
matrix elements are identical to those of a coupled 2LS dimer. In order to obtain the 

mE2   mE1

f1        e1 

mE2   mE1

f1        e2 

mE2   mE1

f2        e1 

mE2   mE1

f2        e2 

mE2   mE1

f3        e1 

mE2   mE1

f3        e2 
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expressions for the other transition dipole matrix elements involving transitions to 
and from the doubly excited states in Equation 14.32, one should have the eigenvec-
tors of the three doubly excited states. With the basis set of the doubly excited states, 
{|2,0>, |0,2>, |1,1>}, the eigenvector elements of the jth doubly excited state fj were 
denoted as cj1 , cj2, and cj3 (see Equation 9.76). To approximately calculate the transi-
tion dipole matrix elements between g and fj states and between ej and fk states, it 
is useful to expand the electric dipole operator in terms of the coordinates of local 
oscillators as

	
m m m m m m m= + + + + +( ) ( ) ( ) ( ) ( )0

1
1

1 2
1

2 1
2

1
2

2
2

2
2

1

1
2

1
2

q q q q 22
2

1 2
( ) ,q q +� 	 (14.33)

where q1 and q2 are the two local oscillator coordinates andm mj jq( ) ( ) ,1
0= ∂ ∂

m mj jq( ) ( / ) ,2 2 2
0= ∂ ∂ andm mjk j kq q( ) ( ) .2 2

0= ∂ ∂ ∂ The second-order expansion terms in 
Equation 14.33 have been referred to as the electric anharmonicity.

Then, in addition to the two transition dipole matrix elementsme g
M
1

andme g
M
2

, the 
remaining matrix elements required for the calculation of Equation 14.32 are found 
to be

	

m m
f e

M c c c c
1 1
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c c
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2 231 33 1
1
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m m m m

f g

M c c c
1
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12 2
2

13 12
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m m m m

f g
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21 1
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m m m m

f g

M c c c
3

31 1
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32 2
2

33 12
2= + +( ) ( ) ( ) .

	
	 (14.34)

One can calculate the first and second derivatives of dipole moment with respect to a 
given local oscillator coordinate by using a variety of quantum chemistry calculation 
methods with employing a finite difference method. However, the second derivatives 
such asm12

2( ) are strongly dependent on detailed structures of chiral molecules like 
dipeptides so that one should carry out quite a number of numerical calculations 
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for varying conformations. Thus, the following approximate relationship between 
m12

2( ) and first derivative was found to be quite useful:

	

∂
∂ ∂







≈ ∂
∂







∂
∂







+ ∂
∂




2

1 2 1 2 1

m m a a

q q q q q
T 




∂
∂







T
m

q2

, 	 (14.35)

where the transition polarizability denoted as ( / ) ,∂ ∂a qj 0 which is a second-rank ten-
sor, can be readily calculated. Here, T is again the dipole-dipole interaction tensor. 
Note thatm12

2( ) is a complicated function of the transition dipole vectors and polariz-
ability tensors of the two local oscillators as well as of relative distance and orienta-
tion between the two.

Using the above transition dipole matrix elements, one can obtain the transition 
strengths for the six terms in Equation 14.32, which essentially determine the amplitude 
of each individual peak in the experimentally measured 2D SFG spectrum. For the 
coupled anharmonic oscillators, one can find the following three relationships,

	
m m m m m mgf

M
f e
M

e g
M

gf
M

f e
M

e g
M

1 1 1 1 1 1 2 2
⋅ ×( ) = - ⋅ ×( )

	
m m m m m mgf

M
f e
M

e g
M

gf
M

f e
M

e g
M

2 2 1 1 2 2 2 2
⋅ ×( ) = - ⋅ ×( )

	
m m m m m mgf

M
f e
M

e g
M

gf
M

f e
M

e g
M

3 3 1 1 3 3 2 2
⋅ ×( ) = - ⋅ ×( ). 	 (14.36)

Therefore, there will appear three positive-negative couplets with frequency splitting 
of we e2 1

.
 
Furthermore, the three terms in Equation 14.36 are found to be

	
m m m m m mgf

M
f e
M

e g
M A c c c

1 1 1 1 1 11 1
2

12 2
2

13 12⋅ ×( ) = + +( ) ( ) (( ) ( ) ( )2
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M
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3 3 1 1 3 31 1
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33 12⋅ ×( ) = + +( ) ( ) (( ) ( ) ( ) ,2
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1( ) ⋅ ×( )m m 	 (14.37)

where A c c cj j j j= - -2 21 2 3( ) cos sin cos .q q q From this result, one can deduce a 
set of selection rules for doubly resonant 2D SFG spectroscopy of coupled anhar-
monic oscillators. First of all, at least one of the three quantities, m m m1

2
1
1

2
1( ) ( ) ( )( ),⋅ ×

m m m2
2

1
1

2
1( ) ( ) ( )( ),⋅ × andm m m12

2
1
1

2
1( ) ( ) ( )( ),⋅ × should be nonzero. Secondly, the corre-

sponding coefficient, such as A c1 11 that is the coefficient ofm m m1
2

1
1

2
1( ) ( ) ( )( )⋅ × in the 

expression form m mgf
M

f e
M

e g
M

1 1 1 1
⋅ ×( ), should be nonzero. Let us consider the zero cou-

pling limit, that is, uncoupled anharmonic oscillators. In this case, one can show 
that Aj = 0 for all j (= 1 ~ 3). As a result, nonzero coupling is a requirement for the 
doubly resonant 2D SFG. Thirdly, in addition to nonzero transition dipoles of the 
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two local oscillators, the second-derivatives of dipole moment with respect to the 
vibrational coordinates, such asm1

2( ) , m2
2( ) , andm12

2( ) , should be finite, that is, nonzero 
electric anharmonicities.

In the case of the coupled 2LS dimer discussed in Section 14.3, the doubly excited 
state is just a product of excited state wavefunctions of the 2LS chromophores. 
However, due to the potential anharmonicities of the coupled anharmonic oscillators, 
the transition dipole matrix elements between g and fj states can be nonzero even in 
the limiting case when the second derivatives of the electric dipole with respect 
to vibrational coordinates, which arem1

2( ) ,m2
2( ) , andm12

2( ) , are vanishingly small. In 
Equation 14.37, the two-quantum transition dipole matrix element representing the 
amplitude of transition between fj and g states is, in this case of vanishingly small 
electric anharmonicity, given by

< > = < + > = < > +f g f q q g f q gj j j| | | | | |( ) ( ) ( )m m m m1
1

1 2
1

2 1
1

1 mm2
1

2
( ) | .< >f q gj | 	 (14.38)

The above quantity vanishes if the ground- and doubly-excited states are harmonic 
oscillator wavefunctions. In reality, they are nonzero due to the potential (mechani-
cal) anharmonicity. Using the Rayleigh-Schrödinger perturbation theory and treating 
the anharmonic potential as perturbation Hamiltonian, one can express the doubly 
excited state fj as a linear combination of product states of harmonic oscillator wave-
functions. However, the two-quantum transition dipole contributions from mechani-
cal anharmonicity may not be important in the 2D SFG or DFG, because m1

1( ) and
m2

1( )

 are orthogonal to m m1
1

2
1( ) ( )×  vector. However, any deviation from the above 

approximation, Equation 14.38, can make the mechanical anharmonicity-induced 
contribution tom f gj

non-negligible.
In the previous section, an enhancement of frequency resolution via 2D SFG mea-

surement for a coupled 2LS dimer was discussed. Similarly, one can expect the same 
frequency-resolution enhancement of 2D SFG for coupled anharmonic oscillators. 
The IR absorption spectroscopy is essentially determined by the two independent 
one-quantum transition processes between g and e1 and between g and e2 states. 
Thus, even in the case when the 1D spectrum is spectrally congested, the 2D SFG 
spectrum of coupled anharmonic oscillators could exhibit six different frequency-
resolved peaks. Particularly, there will appear three positive-negative dual peaks 
(couplets), where the frequency difference between the positive and negative peaks 
in a given couplet is related to the transition frequency difference between the two 
singly excited states e1 and e2. Furthermore, the relative energies of fj states can be 
determined by examining the 2D SFG spectrum. Noting that the frequency splits in 
the manifold of singly excited states and those of doubly excited states are highly 
sensitive to the detailed structure of the coupled system, the time-resolved 2D SFG 
spectroscopy of coupled multi-chromophore system in solution can be a useful tool 
for studying structure and dynamics of complex molecules. For such a multilevel 
system, the expression for the 2D SFG spectrum in Equation 14.23 can be used to 
numerically calculate or to find a proper way to interpret the experimentally mea-
sured spectrum.
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Exercise 14.2
The second selection rule for doubly resonant 2D SFG of coupled anharmonic 
oscillators is that the coupling J should be nonzero. Why do all Aj values in 
Equation 14.37 vanish in the zero coupling limit?

14.5 � Two-Dimensional  
Difference Frequency Generation

In the previous sections, only the 2D SFG spectroscopy was considered for both 
coupled 2LS dimer and coupled anharmonic oscillators. However, it is a straight-
forward exercise to develop a theory for the 2D DFG spectroscopy. DFG is another 
three-wave-mixing process involving two electric dipole interactions with external 
field. Similar to the SFG, the first interaction of matter with E1 electric field propa-
gating in the k1-direction induces an absorptive transition from g to f, and the sec-
ond one with E2 electric field component traveling in the direction of -k2 induces 
a stimulated emissive transition from f to e. Here, it is assumed that E E Ef e g> > .
Then, thus created coherence reg

( )2 radiates a coherent electric field whose frequency 
is the difference of the E1 and E2 field frequencies. In this case of DFG, the effective 
radiation–matter interactions and effect operator are

	
ˆ ( ) ( )eA F t E t i i t

1 1 1 1
1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )e* *A F t E t i i t

2 2 2 2
2 2= ⋅ - ⋅m e k r+ w

	 B̂ = ⋅m 	 (14.39)

The polarization that is associated with this DFG is then diagrammatically repre-
sented as

	 < >< >m | | .g g 	 (14.40)

Using the second-order response function theory with the above cause- and effect-
operators with conjugate external fields, one can find that the second-order DFG 
polarization is given as

	

P r k k r
DFG

i i tt dt dt( , ) e ( ) ( )= ⋅ - -
∞ ∞

∫ ∫1 2 1 2
2

0
1

0

- w w
mmmf (( , ) : ( )

( )e

* *

( )

t t E t t

E t t t i t

2 1 2 1 2 2

1 2 1
1 2 2

e e -

× - - - +w w ii tw1 1 . 	 (14.41)

Note that the second-order DFG polarization propagates in the direction of k1 -  
k2 and oscillates with frequency of w1 - w2. Instead of electronically nonresonant 
DFG, which has been extensively used to generate different color radiation and also 

mE2 
*

  mE1

e         f  
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to study electronic and optical properties of molecules on surface or at interface, we 
shall consider the doubly resonant DFG,

�
E ek k r

DFG s
i i t

ge ef fgt i( ) e :( ) ( ) *= - - ⋅ - -w w w1 2 1 2
2m m m ee1 2

0
1

0
2 1 2 1

2 2 1 2 1

1
dt dt G t t

E t t E t t t

∞ ∞

∫ ∫
× - - -

�
( , )

( ) (* ))e ( ) ( )i t i tfg egw w w w w1 2 2 1 1- - + - 	 (14.42)

where the line-shape function G1(t2 t1) is identical to Equation 14.9 except that e and 
f are exchanged.

Now, similar to the SFG, one can use this DFG method to study molecular chiral-
ity too. Focusing on the XYZ-tensor element of the DFG response function, one can 
find that the 2D DFG spectrum within the 2D Gaussian peak shape approximation 
is given as

	
�

�
EXYZ

DFG
T

s
ge
M

ef
M

fg
M

eg ee

i
( , ) ,w w

w
wτ = - ⋅ ×( )

6 2
m m m G D22 2, , .w fg ffD( ) 	 (14.43)

For the coupled 2LS dimer and coupled anharmonic oscillators, by following the 
same procedures in Section 14.4, detailed theoretical expressions for the doubly res-
onant 2D DFG spectra can be obtained. This task will be left for the readers.

Exercise 14.3
Obtain the expressions for the 2D DFG spectra of coupled 2LS dimer and of 
coupled anharmonic oscillators, which should be similar to Equations 14.25 and 
14.32. Provide a discussion on selection rules from the resulting expressions.

14.6 �IR –IR-vis Sum Frequency Generation and 
Difference Frequency Generation

In Section 4.5, the electronically nonresonant IR-IR-vis (IIV) four-wave-mixing 
process was described in terms of the corresponding second-order response func-
tion fαmm ( , )t t2 1 defined in Equation 4.57.10, 11 The first two IR beams induce doubly 
resonant-enhanced vibrational transitions of electronically ground-state molecules. 
Then, the visible beam whose frequency is far from any of electronic transition fre-
quencies is used to induce a Raman scattering process to generate coherently emitted 
IIV four-wave-mixing signal field.10, 12-14 One practical advantage of this IIV-SFG or 
IIV-DFG over the other 2D vibrational spectroscopic techniques is that the detected 
signal field is visible and electronically nonresonant. Therefore, the signal field is not 
reabsorbed by the molecular system, whereas the photon echo signal field is reab-
sorbed by the sample so that it usually requires a narrow sample thickness and low 
optical density. In this particular case of IIV-SFG or IIV-DFG, the two cause operators 
are electric dipole operators and the effect operator is the dipole induced by a single 
radiation–matter interaction with electronically nonresonant visible electric field.

The model system considered here consists of three vibrational states, g, e, and 
f, with a single virtual state. Here, the virtual state is needed just as an intermediate 

84291_Book.indb   306 5/11/09   2:21:47 PM



Two-Dimensional Second-Order Response Spectroscopy	 307

state for the Raman process. As shown in Section 4.5, the two radiation–matter inter-
actions and effect operator that are relevant to the IIV-SFG are given as

	
ˆ ( ) ( )eA F t E tIR IR

i i tIR IR
1 1 1 1

1 1= ⋅ ⋅ -m e k r w

	
ˆ ( ) ( )e -A F t E tIR IR

i i tIR IR
2 2 2 2

2 2= ⋅ ⋅m e k r w

	           
ˆ ( , ) ( )e .B t tind vis

i i tvis vis= = ⋅ ⋅ -m ar E k r w
	 (14.44)

On the other hand, for the IIV-DFG, the corresponding interaction Hamiltonians and 
effect operator are

            
ˆ ( ) ( )eA F t E tIR IR

i i tIR IR
1 1 1 1

1 1= ⋅ ⋅ -m e k r w

               
ˆ ( ) ( )e* *A F t E tIR IR

i i tIR IR
2 2 2 2

2 2= ⋅ - ⋅ +m e k r w

	
ˆ ( , ) ( )e .B t E tind vis vis

i i tvis vis= = ⋅ ⋅ -m ar e k r w
	 (14.45)

Since the theoretical result for the IIV-DFG is essentially identical to that for the IIV-
SFG, we shall focus on the IIV-SFG process only.

The diagram representation of the IIV-SFG polarization is given as

	 < >< >aEvis g g| | , 	 (14.46)

which is

P r k k k r
IIV SFG

i it IR IR vis IR IR-
⋅ - + +=( , ) e ( ) (1 2 1 2+ + w w ww

αmmf
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∞ ∞
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1
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2 1 2�e e ee IR IR
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i t i

E t t

E t t t IR IR

1 2 2

1 2 1
1 2 2

( )

( )e ( )

-

× - - + +w w wIIR t1 1 . 	 (14.47)

The second-order response function fαmm ( , )t t2 1 is

	
f q qαmm( , ) ( ) ( ) [[ ( ), (t t

i
t t t t t2 1

2

2 1 2 1 1= 



 < +
�

a m ))], ( )] ( ) .m 0 r -∞ > 	 (14.48)

For a three-level system with Ef > Ee > Eg, we have w w wIR IR fg1 2+ � , and w wIR eg1 � .
 

Then, considering the doubly resonant term in the second-order response 

mEIR2  mEIR1

 f          e 
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function components, one can find that the IIV-SFG signal field is approximately  
given as

E r e ek r
IIV SFG

s i i t
gf fe eg vis It

i
s s-
⋅ -= -( , ) e

w w

�
�

2
a m m RR IR vis

IR

E t dt dt G t t

E t t E

2 1 2
0

1
0

1 2 1

2 2

e ( ) ( , )

( )

∞ ∞

∫ ∫
× - IIR

i t i tt t t IR IR fg IR eg
1 2 1

1 2 2 1 1( ) e .( ) ( )- - + - + -w w w w w
		

		

(14.49)

Assuming that the two IR pulse amplitudes peak at t = -T - t and t = -T and that they 
are impulsive, we have

E r e ek r
IIV SFG

s i i t
gf fe eg vis It

i
s s-
⋅ -∝ -( , ) e

w w

�
�

2
a m m RR IR vis

i T i

E t G t T

IR IR fg I

2 1 1

1 2

e ( ) ( , )

e ( ) (

+

× + - +

τ

w w w w RR eg1-w τ) . 	 (14.50)

This signal electric field is allowed to interfere with an independent local oscillator 
whose frequency is identical to that of the signal field. Here, the local oscillator field 
is also assumed to be impulsive. Then, the measured signal is Fourier–Laplace trans-
formed to obtain the corresponding 2D IIV-SFG spectrum. Using the 2D Gaussian 
peak shape approximation, we get

�
�

�E e e eIIV SFG T
s

gf fe eg vis IR IR
i

- = -( , )w w w wτ 2 2 1a m m G ffg ff eg ee, , , .D D2 2w( ) 	 (14.51)

This result can be easily generalized to a multistate system. For N-coupled multi-
chromophore systems, where each chromophore is a 2LS (3LS), there are N singly 
excited states {ej} and N(N - 1)/2 (N(N + 1)/2) doubly excited states. In that case, 
Equation 14.51 should be rewritten as the sum over all possible contributions,

	

�
�

�E e e eIIV SFG T
s

gf f e e g vis IR I
i

k k j j- = -( , )w w w
τ 2 2a m m RR f g f f e g e e

kj

k k k j j j1
2 2G D Dw w, , , .( )∑∑

		
		  (14.52)

Note that the measured 2D spectrum results from interferences of different pathways 
contributing to IIV-SFG at amplitude level. Now, from Equation 14.52, it becomes 
possible to deduce the selection rules for IIV-SFG. Firstly, the two vibrational modes 
(transitions) should be IR-active. The last vibrational transition from f to g is a Raman 
transition process so that it should be Raman-allowed. Unlike other three-wave- 
mixing processes, the IIV-SFG is a four-wave-mixing process so that it is readily 
applicable to isotropic solution sample.

The next step is to calculate the rotational average of the IIV-SFG field over ran-
domly oriented molecules in an isotropic medium. Assume that the three incident 
beam propagation directions are almost parallel to the Z-axis in a space-fixed frame 
and that they are linearly polarized in the direction parallel to the X-axis. Then, if 
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the X-component of the IIV-SFG field vector is detected, the 2D IIV-SFG spectrum 
is found to be

�
�
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(14.53)

Here, the transition polarizability and dipole matrix elements in the square  
bracket […]M in Equation 14.53 are those in a molecule-fixed frame. The IIV-SFG 
spectrum displayed in the 2D frequency space spanned by wt and wT could exhibit 
cross-peaks, and their amplitudes are critically dependent on electronic structure via 
both electric and mechanical anharmonicities. Particularly, these anharmonicities 
are secondary spectroscopic properties and highly sensitive functions of molecular  
conformation.11, 15, 16 Thus, establishing relationships between cross-peak amplitudes  
and various anharmonic properties is invaluable for quantitative analysis of experi-
mentally measured 2D IIV-SFG spectrum to eventually extract information on mole- 
cular structure and dynamics of complex molecules in condensed phases.

We next consider the transition dipole and polarizability matrix elements for 
weakly anharmonic oscillators more in detail. Without loss of generality, it is 
assumed that the first transition from g to e corresponds to the vibrational transi-
tion of q1-mode. The second transition from e to f state corresponds to the vibra-
tional transition of q2-mode. Then, the ground state, singly excited state, and doubly 
excited state can be written in terms of the vibrational quantum numbers of the two 
modes as

	
| | ,g > = >0 01 2

	
| | ,e > = >1 01 2

	
| | , .f > = >1 11 2 	 (14.54)

Here, n1 and n2 in | n1 , n2 > are the corresponding vibrational quantum num-
bers. For anharmonic oscillators, by using the first-order Rayleigh-Schrödinger 
perturbation theory, it is possible to expand the anharmonic wavefunctions in 
Equation 14.54 as

	
| , | , | , ,( ) ( )0 0 0 0 0 01 2 1 2

0
1 2

1> = > + > 	 (14.55)
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where the zero-order term | 01, 02 > (0) is just the product state of harmonic oscillator 
wavefunctions, and the first-order correction term | 01, 02 > (1) is given as

	

| ,
| | ,( )

( ) ( )

| , ( )

0 0
0 0

1 2
1

0
1 2

0

0 01 2
0

> = < >
-

≠ >

K Vanh

KK
�w∑∑ >| .( )K 0 	 (14.56)

Here, the summation is over all possible product states of harmonic oscillator wave-
functions, except for | 01, 02 > (0). Similarly, the combination state f is expanded as
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0
1 2
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where
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In Equations 14.56 and 14.58, Vanh is the anharmonic part of the potential function, 
that is,
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Now, the transition dipole matrix elements determining the transition strength of the 
IIV-SFG process are associated with one-quantum vibrational transitions that are 
allowed for harmonic oscillators, that is,

< > ≅ < > ≅ < >e g e q g q| ˆ | | | , | | ,( ) ( ) ( )m m m1
1

1 1
1 0

1 2 1 1 21 0 0 0 (( ) ( )0

1 1
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2 2
1 0

1 2 2 1 21 1 1 0 (( ) ( ) ,0

2 2
2
1

2
= �

m w
m 	 (14.60)

wherem mj jq( ) ( / )1
0≡ ∂ ∂ and mj and wj are the reduced mass and angular frequency of 

the jth oscillator.
Next, let us consider the two-quantum transition polarizability matrix element agf ,

defined as a agf g f= < >| ˆ | . Again, in order to calculate this matrix element, it is nec-
essary to expand the polarizability operator in terms of vibrational coordinates as

	

ˆ ( ) ( ) ( )

,

a a a a= + + +∑ ∑0 1 21
2j j

j

jk j k

j k

q q q � 	 (14.61)

84291_Book.indb   310 5/11/09   2:21:56 PM



Two-Dimensional Second-Order Response Spectroscopy	 311

where a aj jq( ) ( / )1
0≡ ∂ ∂ and a ajk j kq q( ) ( / ) .2 2

0≡ ∂ ∂ ∂ Then, agf is given as the sum of two 
distinctively different terms,17

	
a a a agf gf

elec
gf
mech= < > = +0 0 1 11 2 1 2, | ˆ | , 	 (14.62)

where agf
elec and agf

mech are the contributions associated with electric and mechanical 
anharmonicities, respectively:

	
a agf

elec q q
m m

= < > =( ) ( ) ( ), | | ,0
1 2 1 2 1 2

0
12
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1 1 2

0 0 1 1
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�
w ww2

12
2a( ) 	 (14.63)

and

	

a agf
mech

j j

j

c= ∑ ( )1
	 (14.64)

with

	
c q qj j j= < > + < >( ) ( ) ( ) (, | | , , | | ,0

1 2 1 2
1 1

1 2 1 2
00 0 1 1 0 0 1 1 )) . 	 (14.65)

Note that cj values vanish for perfect harmonic oscillators. Inserting the first-order 
wavefunction corrections | , ( )1 11 2

1> and ( ) , |1
1 20 0< into Equation 14.65 above, we 

get

	
c

m m

v

mj
j

j j j

=
+ -

�
4 1 1 2 2

12
3

1 2w w w w w w

( )

( )
. 	 (14.66)

Here, the definition of v j12
3( ) was given in Equation 14.59. In Equation 14.64, two 

important terms are those for j = 1 and 2 because the diagonal cubic anharmonic 
coefficients v112

3( ) and v122
3( ) are usually larger than any other coefficients v j12

3( ) (for j ≠ 1 
and 2).11 However, if there is a mode j with large v j12

3( ) (for j ≠ 1 and 2) and/or if the 
sum of w1 and w2 is close to its frequency wj as w w wj ≈ +1 2 , it acts like a promot-
ing mode that makes the resonant-enhanced anharmonic coupling between the two 
modes 1 and 2 sizable.17 For example, if the two modes are the same, that is, w1 = 
w2, so that the doubly excited state is just its overtone state, the resonantly enhanced 
anharmonic coupling induced by the other promoting mode whose frequency is 
approximately twice of the target mode frequency is known as the 1:2 Fermi reso-
nance coupling.18 Now, the above results on mechanical couplings suggest that the 
anharmonic couplings between the two modes via v q q112

3
1
2

2
( ) and v q q122

3
1 2

2( ) or the pres-
ence of promoting modes that are involved in an anharmonic coupling between q1 
and q2 modes are critical in making the mechanical anharmonicity-induced IIV-
SFG process.
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Combining the results for the electric and mechanical anharmonicity contribu-
tions to the two-quantum transition polarizability matrix element, we have
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		  (14.67)

Note that this quantity determines the amplitude of the cross peak at w wτ = 1 and 
w w wT = + -1 2 12D , where D12 is the combination anharmonic frequency shift. In 
summary, the cross peaks in a given 2D IIV-SFG spectrum are produced by two dif-
ferent coupling mechanisms. The first coupling mechanism originates from nonzero 
electric anharmonicity, which originates from nonlinear dependency of polarizabil-
ity operator (or electric dipole operator) with respect to vibrational coordinates. The 
second coupling mechanism is from the mechanical anharmonicity. Two different 
modes are coupled to each other due to finite potential anharmonicity. Sometimes, a 
third mode participates in an enhancement of the mechanical coupling between the 
two, if the corresponding cubic anharmonic coefficient is large and the Fermi-type 
resonance enhancement factor of ( )w w w1 2

1+ - -
j is large. Thus, an experimental 

observation of cross-peak at w wτ = 1 and w w wT = +1 2 means that the corresponding 
two modes are coupled via one or both of the above coupling mechanisms.

Exercise 14.4
In the main context and Equation 14.66, we only considered cubic anharmonic-
ity for the possible mechanical coupling processes. Thus, the Fermi resonance 
enhancement of the anharmonic coupling was discussed. However, if the quar-
tic terms in the anharmonically expanded potential function are included in 
Equations 14.65 and 14.66, there will be more terms contributing to the mechan-
ical coupling. In particular, the Darling-Dennison resonance enhancement of 
the mechanical coupling is expected to be very large. Discuss this possibility 
and obtain the expression for agf

mech.

An early IIV four-wave-mixing experiment was performed to measure the cross-
peak between CC stretch and CN stretch modes in CH3CN molecule.12, 13 Instead 
of IIV-SFG, the IIV-DFG method in frequency domain was used to obtain the cor-
responding 2D spectrum, where the first IR radiation–matter interaction induces 
transition from g to f, where the f state is the combination state of the CC and CN 
stretch modes. To determine the absolute magnitude of the corresponding IIV-DFG 
cross peak, ab initio calculations of all the required vibrational properties including 
harmonic frequencies, reduced masses, transition dipole and polarizability matrix 
elements m j

( )1 and a j
( ) ,1 cubic anharmonic coefficients, vijk

( ) ,3 and electric anharmonic-
ities of dipole moments, m jk

( ) ,2 were performed.17 Note that the IIV-DFG involves a 
two-quantum dipole transition from g to f instead of two-quantum polarizability 
transition. Thus, the second derivatives of dipole moment such as m jk

( )2 were needed 
instead of a jk

( ) .2 It turned out that, in the case of the IIV-DFG cross-peak between 
the CC and CN stretching vibrations, both electric and mechanical anharmonic 
contributions, which are mgf

elec and mgf
mech , are comparable in magnitude.

84291_Book.indb   312 5/11/09   2:22:04 PM



Two-Dimensional Second-Order Response Spectroscopy	 313

If two oscillators are not directly connected to each other via chemical bonds, 
the contribution from mechanical anharmonicity-induced coupling can be small 
in comparison to that from electric anharmonicity-induced coupling. The former 
can be considered a through-bond coupling and the latter a through-space cou-
pling. If the electric anharmonic coupling is the dominant contribution, the signal 
amplitude (intensity) is linearly proportional to a12

2( ) ( [ ]( )a12
2 2 ). Noting that a12

2( ) can 
be approximately written as 2 1

1
12 2

1a a( ) ( )T and that T12 is inversely proportional to  
1/R3, one finds that the signal amplitude (intensity) decays as 1/R3 (1/R6). Furthermore, 
a12

2( ) approximated as above strongly depends on the relative orientations of the two 
modes via 2 1

1
12 2

1a a( ) ( ).T Thus, the IIV four-wave-mixing signal amplitude (intensity) 
can provide information on distance and geometry of the two oscillators.

It is interesting to compare the present 2D spectroscopy probing molecular  
second-order response with the third-order response 2D vibrational spectroscopy, 
for example, 2D photon echo.19 In the latter case, the vibrational couplings at the 
level of harmonic oscillator wavefunctions are important in producing nonzero cross 
peaks. On the other hand, the IIV-SFG, for example, requires different types of cou-
plings originating from mechanical and electric anharmonicities. Thus, the extracted 
information from the 2D vibrational spectroscopy based on the second-order 
response measurement is distinctively different from that with the photon echo–
type 2D vibrational spectroscopy. Thus, the 2D second-order response spectroscopy 
should be considered a complementary method capable of extracting another class 
of secondary spectroscopic properties of coupled multi-chromophore systems and 
polyatomic molecules.

14.7 Oth er IR–IR-vis Four-Wave-Mixings

The time-resolved IIV-SFG and -DFG spectroscopy utilizes two infrared pulses 
to create consecutive vibrational coherences (or 2D vibrational transient grating), 
and then radiated signal field by oscillating induced-dipoles is detected. Since the 
third radiation–matter interaction can be effectively described by an electronically 
nonresonant Raman process, the corresponding second-order response function is 
in essence two-time correlation function, fαmm ( , ).t t2 1

10, 18 The sequence of involved 
radiation–matter interactions is thus IR-excitation, IR-excitation, and Raman tran-
sition. However, one can create such 2D vibrational coherences in the sample via 
IR-excitation + Raman-excitation or Raman-excitation + IR-excitation.20, 21 In these 
cases, the emitted signal field is in the IR frequency range, but still the entire nonlin-
ear optical processes are four-wave-mixing.

In Figure 14.1, the energy level diagram of the IIV-SFG is shown, where it is also 
denoted as IR–IR-Raman method because of the corresponding time-ordered inter-
action sequence. The energy level diagram in the middle of Figure 14.1 describes 
another type of IR-vis four-wave-mixing process. The first IR radiation–matter inter-
action induces a vibrational transition from g to e. Then, the two visible pulses with 
wavevectors of kvis1 and kvis2, which simultaneously propagate in time and overlap 
at the sample in space, are used to create the second vibrational coherence between 
g and f via a Raman process. Then, the vibrational coherence oscillating with fre-
quency w fg radiates IR signal field. From the sequence of vibrational transitions 
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involved in this case, it is named as the IR–Raman-IR spectroscopy. In this particu-
lar case, we find that the corresponding cause operators, conjugate fields, and effect 
operator are given as

              
ˆ ( ) ( )eA F t E tIR IR

i i tIR IR
1 1 = ⋅ ⋅ -m e k r w

	  
ˆ ( ) ( ) ( )e e*A F t t tvis vis

i i tvis vis
2 2 2 1

2 2= ⋅ - ⋅a E E k r+ w ii i tvis visk r1 1⋅ - w

                
ˆ .B = m 		  (14.68)

Then, the diagram representation of this IR–Raman-IR polarization is

	 < >< >m | | .g g 	 (14.69)

It is straightforward to obtain the expression for this polarization in terms of second-
order response function, and it is given as

	

P r k k k r
IR Raman IR

i it IR vis vis IR- -
⋅ - +=( , ) e ( ) (+ -1 2 w wvvis vis t

vis visdt dt t t1 2
2

0
1

0
2 1 2

-
∞ ∞

∫ ∫w
mαmf) *( , )�e e 11

2 2 1 2 2 1

e IR

vis vis IR
iE t t E t t E t t t IR× - - - -* (( ) ( ) ( )e w ++ - +w w wvis vis IRt i t1 2 2 1) , 		

		  (14.70)

where the second-order response function is defined as

	
f q qmαm( , ) ( ) ( ) [[ ( ), (t t

i
t t t t t2 1

2

2 1 2 1 1= 



 < +
�

m a ))], ( )] ( ) .m 0 r -∞ > 	 (14.71)

aE* v2Ev1  mEIR

  f            e  

Virtual statesVirtual statesVirtual states

IR–IR-Raman
(IR–IR-vis SFG)

IR–Raman-IR Raman–IR-IR

kvis kvis1 kvis1–kvis2 –kvis2

kIR2

kIR1 kIR1

kIR1
| f>

|e> |e> |e>

|g>|g>|g>

| f> | f>

Figure 14.1  Three different IR-visible four-wave-mixing spectroscopic methods. Depen- 
ding on the sequence of radiation–matter interactions, one can create different 2D vibrational  
transient grating in the sample.
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The differences between the IIV-SFG (or IR–IR-Raman) and the present 
IR–Raman-IR are (1) the time-orders of the last three radiation–matter interac-
tions, (2) the nature of created 2D vibrational coherence, and (3) the frequency 
range of emitted signal field. However, the second-order response function for the 
IR-Raman-IR fmαm ( , )t t2 1 is very similar to that of IR–IR-Raman response function
fαmm ( , ).t t2 1 Consequently, one can use the same theoretical procedure to calculate 
the amplitude of the IR–Raman-IR signal field so that any further discussion on 
the relationship between the signal and transition matrix elements in terms of elec-
tric and mechanical anharmonicities for the IR–Raman-IR spectroscopy will not be 
presented here. Nevertheless, from Equation 14.70, it is possible to obtain the cor-
responding 2D IR–Raman-IR spectrum, for a multilevel system,

	

�
�

�E eIR Raman IR T
s

gf f e e g vis
i

k k j j- - = -( , ) *w w w
τ 2 2m a m ee evis IR

kj

f g f f e g e ek k k j j j

1

2 2

∑∑
× ( )G D Dw w, , , . 	 (14.72)

Since the selection rules for the IR–Raman-IR spectroscopy are different from 
those for IR–IR-Raman spectroscopy, the vibrational properties extracted from the 
IR–Raman-IR spectroscopy should be complementary.

Exercise 14.5
Considering both electric and mechanical anharmonic coupling mechanisms, 
one can obtain the theoretical expressions for the 2D IR-Raman-IR spectra of 
a three-level system, coupled 2LS dimer, and coupled anharmonic oscillators. 
Can you provide discussions on the set of selection rules as well as on how the 
2D spectra are related to detailed molecular conformation? 

The third energy-level diagram in Figure 14.1 is yet another type of IR-vis four-wave- 
mixing process. The first effective radiation–matter interaction between molecu-
lar polarizability and visible pulses induces a vibrational transition from g to e. 
The second vibrational transition from e to f is then induced by a time-delayed IR 
pulse. Finally, the vibrational coherence between g and f radiates the IR signal field. 
Therefore, this particular experimental scheme will be called Raman–IR-IR spec-
troscopy. The corresponding cause operators, conjugate fields, and effect operator 
are given as

	

ˆ ( ) ( ) ( )e e*A F t t tvis vis
i i tvis vis

1 1 2 1
2 2= ⋅ - ⋅a E E k r+ w ii i t

IR IR
i i

vis vis
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k re

1 1

2 2
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w

wˆ ( ) ( )em IIRt

                  B̂ = ⋅m 	 	 (14.73)
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The diagram representation of this IR-Raman-IR polarization is

	  < >< >m | | .g g 	 (14.74)

From this, one can immediately find that the polarization is expressed as
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where the associated second-order response function is defined as
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When f is one of the combination states, the last transition is a two-quantum process. 
Except for a few minor differences, the underlying physics are identical to those of 
the IR–IR-Raman spectroscopy. The 2D Raman–IR-IR spectrum for a multilevel 
system can then be found to be
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�E eRaman IR IR T
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gf f e e g

kj

I
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k k j j- = - ∑∑- ( , )w w w
τ 2
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*
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A detailed discussion on how to calculate the transition dipole and polarizability 
matrix elements will not be presented here, but again this method can provide com-
plementary information on secondary vibrational spectroscopic properties of com-
plicated molecular systems.

14.8  Fifth-Order Raman Scattering

As discussed in Section 3.5, time-resolved coherent Raman scattering (CRS) spectros-
copy requires three incident beams in the most general case. Two pump pulses with 
center frequencies w1 and w2 and wavevectors k1 and k2 are used to create transient 
spatial grating in the sample with wavevector k1 - k2 and frequency w1 - w2. After  
a finite delay time t, a third pulse with frequency w3 and wavevector k3 is injected 
into the sample to stimulate a scattering process by the grating. The CRS signal field 
with wavevector k1 - k2 + k3 is then detected. The CRS is an optical process whose 
signal amplitude is not linear with respect to the external field amplitude. However, 
treating the first two radiation–matter interactions as a single effective interaction 

mEIR   aE* v2Ev1

  f            e  
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between molecular polarizability and E2(r,t), one can still use the linear response 
theory to describe this third-order CRS process with respect to the external electric 
field intensity.

Now, let us consider fifth-order Raman scattering (FORS) with electronically 
nonresonant beams,22 even though its fully resonant version was also theoretically 
discussed in a literature.23 The most general FORS experiment would be to use five 
different beams. The first two pulses propagate in two different directions k1 and k2, 
but they are overlapped in time. These two pulses are used to create the first transient 
grating in the sample. Secondly, after a finite delay time t later, the second and third 
pulses that also overlap in the sample in time and space are used to create the second 
transient grating, whose frequency and wavevector are then w1 - w2 + w3 - w4 and 
k1 - k2 + k3 - k4, respectively. Note that only those chromophores that interact with 
all these four pulses are considered. After the second delay time T, the fifth pulse 
whose frequency and wavevector are w5 and k5, respectively, interacts with thus cre-
ated 2D transient grating to generate coherent FORS field (see Figure 14.2). From the 
phase-matching condition, the frequency and wavevector of the FORS signal field 
are ws = w1 - w2 + w3 - w4 + w5 and ks = k1 - k2 + k3 - k4 + k5, respectively. Since 
five electric dipole–electric field interactions are involved, it was called the fifth-
order spectroscopy.22 However, as will be shown below, in the case of electronically 
nonresonant limit, the entire molecular response can be described by considering the 
second-order polarizability response function. The cause operators, their conjugated 
external fields, and effect operator for this coherent FORS experiment are given as

( ) ˆ ( )e ( )e*1 1 1 1 2
1 1A t T F t Ti i t= ⋅ + + = + +⋅ - -a E Ek rτ τw and ii i tk r2 2⋅ + w

( ) ˆ ( )e ( )e*2 2 3 2 4
3 3 4A t T F t Ti i t i= ⋅ + = +⋅ - - ⋅a E Ek r kw and rr+i tw4

( ) ˆ ( )e .3 5
5 5B t i i t= ⋅ ⋅ -a E k r w 		  (14.78)

Raman-Raman-Raman
(fifth-order Raman scattering)

Virtual states

k1

k3 k5

–k2

–k4

| f>
|e>
|g>

Figure 14.2  Fifth-order Raman scattering (FORS) spectroscopy. A critical difference of 
the present FORS from the 2D IR-IR-Raman spectroscopy in Figure 14.1 is that the 2D vibra-
tional transient grating is created by two time-separated coherent Raman excitations.
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The FORS signal field is then linearly proportional to the fifth-order polarization 
that is given as the expectation value of the above effect operator at time t only when 
the matter experienced the sequence of radiation–matter interactions described  
above. Diagrammatic representation of the corresponding fifth-order polarization is 
given as

	 < >< >aE5 | | .g g 	 (14.79)

From the second-order response function theory, the FORS polarization is given as
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Here, the FORS response function, which is a sixth-rank tensor, is given as
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An early experimental attempt was to use femtosecond laser pulses to study intermo-
lecular vibrations of liquids such as CS2.24-27 In that case, the five pulses are degenerate 
so that their center frequencies are all the same, that is, w1 = w2 = w3 = w4 = w5 = w. In 
this limiting case, the FORS polarization in Equation 14.80 is simplified as
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		  (14.82)

If the incident beams are all impulsive so that each pulse has broad spectral band-
width, a manifold Raman-active vibrational mode can be excited via these coherent 
Raman processes. Two consecutive vibrational excitations are thus created, and the 
resultant 2D vibrational transient grating scatters the fifth visible pulse toward 
the direction of ks. Then, the scattering field intensity is measured with respect to 
the two delay times τ and T. In this impulsive limit, the FORS polarization is simply 
proportional to the second-order polarizability-polarizability-polarizability response 
function as

	
P r e e e ek r

FORS
i i tt E t t Ts( , ) e ( ) ( , ) *∝ + ⊗⋅ - w

αααf τ5 5 4 3 2
** .e1 	 (14.83)

Then, the radiated FORS electric field amplitude becomes

	
E e e e e eFORS t i E t t T( ) ( ) ( , ) .* *∝ + ⊗w f τααα5 5 4 3 2 1 	 (14.84)

aE* 4E3   aE* 2E1

  f            e  
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If the above FORS signal field is homodyne detected, the measured signal is given as

	
S T dt E t TFORS s s( , ) | ( ) | | ( , )( ) * *τ f τααα∝ ∝ ⊗∫ 5 2

5 2 3e e e e ee e2 1
2* | ,

	
(14.85)

where the unit vector of the measured signal field vector is denoted as es.
Unfortunately, however, the cascading contribution to the measured signal was 

found to be large in the electronically nonresonant FORS case, and sometimes it is 
even dominant so that a direct measurement of the FORS signal without any con-
tamination from the two third-order cascading background signal was found to be 
extremely difficult in practice.28, 29 Nevertheless, there was a theoretical proposition 
that the direct FORS signal field can be selectively measured by noting that the phase 
of the cascading fifth-order signal field is different from the direct FORS signal 
field.30 Secondly, if the incident beams are close to resonances with electronic transi-
tions, the cascading contribution to the fifth-order signal is likely to be smaller than 
the direct fifth-order term.

Much like the time-and-frequency-resolved CRS spectroscopy, one can also 
develop a nondegenerate FORS technique to study 2D Raman responses from high-
frequency intramolecular vibrations. Consider the case when one can experimen-
tally control the frequency differences W1 1 2= -w w and W2 3 4= -w w . If these two 
frequencies W1 and W2 are close to vibrational frequencies of q1 and q2 modes, doubly 
resonant vibrational enhancement of the FORS process becomes possible.

Using the new notations for the two frequency differences W1 and W2 and from 
Equation 14.82, one can find that the generated FORS electric field amplitude is 
given as
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(14.86)

This result is formally identical to that of IIV-SFG, except that the second-order 
response function fαmm ( , )t t2 1 in Equation 14.47 is replaced with fααα ( , ).t t2 1

10, 18, 20  
In order to present a detailed theoretical description on the FORS, let us consider 
the same three-level system considered above for the IIV-SFG. Assuming that the 
incident beams are impulsive, one can approximately rewrite Equation 14.86 as

	
E e e e e eFORS

s
gf fe egt

i
E t G t( ) ( ) (* *∝ - ⊗ +w

�2 5 4 3 2 1 5 1a a a TT i T ifg eg, ) e .( ) ( )τ w w τW W W1 2 1+ - + -

		
		  (14.87)

The heterodyne-detected signal, which is a function of both t and T, is then Fourier-
Laplace transformed to obtain the corresponding 2D FORS spectrum. The 2D 
Gaussian peak shape approximation gives us

	
�

�
E e e e e eFORS T

s
gf fe eg fg

i
( , ) ,* *w w w wτ = - ⊗

2 5 4 3 2 1a a a G DD Dff eg ee
2 2, , .w( ) 	 (14.88)
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For a multilevel system, we have

	

�
�

E e e e e eFORS T
s

gf f e e g
i

k k j j
( , ) * *w w w

τ = - ⊗
2 5 4 3 2 1a a a G ww wf g f f e g e e

kj

k k k j j j
, , , .D D2 2( )∑∑

		
	  	 (14.89)

Now, for the sake of simplicity, let us consider the XXXXXX-measurement, where 
all polarization directions including that of the FORS signal field are parallel to the 
X-axis in a space-fixed frame. In addition, considering the two coupling mecha-
nisms that originate from electric and mechanical (cubic) anharmonic couplings,31 
the 2D FORS spectrum of the cross-peak at w wτ = 1 and w w wT = + -1 2 12D can be  
written as
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�
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fg ff
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	 (14.90)

Here, it is again noted that the quartic anharmonic couplings were ignored in the 
above derivation for the sake of simplicity, but, as mentioned in Exercise 14.4, the 
Darling-Dennison-type resonance enhancement of mechanical coupling induced by 
quartic anharmonicities could play an important role in some cases, depending on 
the symmetry of molecule.

Overall, the results for FORS discussed here differ from the case of IIV-SFG 
by the associated selection rules. In the present case, the vibrational modes 1 and 2 
should be Raman-active. In addition, the two modes should be coupled to each other 
via either electric or mechanical couplings. Again, the Fermi-type (and possibly 
Darling-Dennison) resonance enhancement of mechanical coupling is also expected 
in this case.
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15 Linear Optical Activity 
Spectroscopy

Since optical activity is manifested by almost all natural products, a better understand-
ing of chiro-optical properties is critical for studies of the molecular basis of biological 
activity.1 By definition, optical activity (OA) is related to the differential interaction of 
a chiral molecule with left and right circularly polarized radiation during quantum 
excitation. This, however, does not mean that the optical activity of a chiral molecule 
should always be measured by using left and right circularly polarized (LCP and RCP)  
lights. Note that the LCP and RCP lights are linear combinations of two orthogonal 
linearly polarized lights with a certain phase difference, that is, e e eL i= +( )/1 2 2 and 
e e eR i= -( )/ .1 2 2 Therefore, any linearly polarized light can be written as a linear 
combination of LCP and RCP. Thus, depending on the optical activity property of 
interest, one can use LCP and RCP lights or just linearly polarized light. For example, 
circular dichroism (CD) spectroscopy is to measure the differential absorption of LCP 
and RCP lights by any object with a chiral structure (see the upper panel of Figure 15.1).1  
It has been applied to structural analyses for a wide range of chemical and biological 
systems in condensed phases. Optical rotatory dispersion (ORD) is to measure the rota-
tion angle of the transmitted electric field polarization direction in comparison with 
the incident beam polarization direction (the lower panel of Figure 15.1). The CD and 
ORD spectra are related to the imaginary and real parts of the linear optical activity 
susceptibility, which is defined as the difference between the two linear susceptibilities 
measured with LCP and RCP lights.

Typically, the optical activity is a notoriously weak effect since it involves an 
interaction of magnetic dipole with external magnetic field. This renders the time-
resolved optical activity (CD and ORD) spectroscopy experimentally difficult, 
even though the time-resolved CD or ORD spectroscopy is capable of providing 
crucial information on the structural changes of biomolecules in the processes of 
their functions. In the vibrational frequency domain, two important optical activity 
measurement methods have been used. The first is an infrared analog of electronic 
CD, which has been called the vibrational CD (VCD).2, 3 The second is the Raman 
optical activity (ROA), which is an optical activity version of Raman scattering 
spectroscopy.1, 4, 5 Much like the relationship between IR absorption and Raman 
scattering, the VCD and ROA techniques are complementary to each other. In 
addition to these two vibrational OA measurement methods, one can also use sin-
gly vibrationally resonant nonlinear optical spectroscopy to study chiral nature of 
molecules in solution, as will be discussed later in this chapter. All these optical 
activity measurement methods can be considered as a particular class of linear 
response spectroscopy, and the corresponding linear response functions averaged 
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over randomly oriented chiral molecules in solutions will be presented and dis-
cussed here.

15.1 �R adiation–matter Interaction 
Hamiltonian and Polarization

For a theoretical description of the relevant linear response function and the corre-
sponding optical activity susceptibility, we need to consider the following radiation–
matter interaction Hamiltonian,

	 H t t trad mat- = - ⋅ - ⋅ - ∇m E r m B r Q E r( , ) ( , ) ( / ) : ( , )1 2

	
= - - - ∇m j j j j kj k jE t m B t Q E t( , ) ( , ) ( / ) ( , ).r r r1 2

	 (15.1)

Here, we again used the Einstein summation convention, where the repeated index 
means summation over the index ( j = x, y, z). Typically, the last two terms are two 
to three orders of magnitude smaller than the electric dipole-electric field interac-
tion energy, which is the first term. Therefore, in Section 3.4, only the first term on 

Δφ

Prism
Chiral

 sample

Polarization
modulator

Linearly
polarized

beam LCP RCP

Optical Rotatory Dispersion

Detector

Chiral
 samplePolarizer Analyzer

Circular Dichroism

Detector

Figure  15.1  Experimental schemes of circular dichroism and optical rotatory disper-
sion measurements. In the case of circular dichroism, the linearly polarized beam polariza-
tion is modulated to convert it into either LCP or RCP beams. Since chiral molecules can 
absorb LCP and RCP beams differently, the differential absorption provides information on 
molecular chirality and stereochemistry. The optical rotatory dispersion measurement uses 
a linearly polarized beam. Since the refractive indexes for LCP and RCP are different for 
chiral sample, the incident beam polarization direction rotates and then the rotation angle 
is measured.
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the right-hand side of Equation 15.1 was taken into consideration for calculating the 
light-absorption process.

The radiation–matter interaction Hamiltonian in Equation 15.1 was written in 
terms of electric field, magnetic field, and gradient of electric field to describe 
three different interactions. However, using the relationship between E and B via 
the vector potential A in Coulomb gauge, that is, E A= - ∂ ∂( / )( )1 c t/ and B A= ∇ × ,
and taking the spatial gradient of the transverse electric field, one can rewrite  
Equation 15.1 as

	
H i Q k E trad mat j j kj k j

i i t
-

⋅ -= - + × +{ ( ˆ ) ( / ) } ( )em wm k k r2

	
- + × - - ⋅{ ( ˆ ) ( / ) } ( )e*m w

j j kj k j
i i ti Q k E tm k k r2 +

	
= - + × + ⋅ ⋅ ⋅ -{ ( ˆ ) ( / ) } ( )m m k k Q e e k ri E t i i t2 w

	
- + × - ⋅ ⋅ - ⋅{ ( ˆ ) ( / ) } ( ) .* *m m k k Q e e k ri E t i i t2 + w

	
(15.2)

Consequently, the first-order expanded dipole operator with respect to the wavevec-
tor k, which is valid beyond the electric dipole approximation, can be defined as

	
m m m m( ) ( )( ˆ ) ( / ) ( ˆ ) ( / )+ -= + × + ⋅ = + × -k kandm k k Q m k ki i2 2 ⋅⋅Q

	 (15.3)

where k̂ is the unit vector of k. The first radiation–matter interaction term in  
Equation 15.2 describes an absorptive process, whereas the second describes a stim-
ulated emissive interaction. The electric dipole (or long wavelength) approximation 
is based on the assumption that the last two terms in Equation 15.3, which are associ-
ated with the magnetic dipole and electric quadrupole operators, are negligibly small 
because the molecular dimension (size) is much smaller than the wavelength of the 
field. Thus, if one is interested in the optical activity properties that are determined 
by the magnetic dipole–magnetic field and electric quadrupole–electric field interac-
tions, the polarization, which is defined as the expectation value of the electric dipole 
operator, should be generalized as

	
P r r m k r( ) ( ) ( )( , ) ( , ) ( ˆ ) ( , ) ( / )n n nt t t i= < > + < × > - <mr r 2 (( ) ( , )( )k Q r⋅ >r n t

	
= + × - ⋅m( ) ( ) ( )( , ) ( , ) ˆ ( / ) ( , ).n n nt t i tr m r k k Q r2

	
(15.4)

Here, the wavevector k is that of the radiated electric field. The first term in the 
above equation was only considered in the descriptions of a number of linear and 
nonlinear spectroscopies in the previous chapters. The second and third terms 
in Equation 15.4 are the contributions from the nonequilibrium magnetic dipole 
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and electric quadrupole. The definition of polarization in Equation 15.4, which 
includes the lowest-order contributions from the magnetic dipole and electric qua-
drupole, is valid for not only linear but also nonlinear optical activity spectroscopy 
in general. If the density operator r( ) ( , )n tr is the nth-order perturbation-expanded 
one, Equation 15.4 is the nth-order polarization. Also, it should be noted that the 
negative sign for the nonequilibrium electric quadrupole term in Equation 15.4 
should be chosen because the last matter interaction is with vacuum field and is an 
emissive process in nature. Within the linear response theory, the latter two terms 
can also be calculated by using the corresponding linear response functions, as 
will be shown below.

15.2 � Circular Dichroism and Optical 
Rotatory Dispersion

There are a few different optical activity measurement techniques widely used, such 
as CD, ORD, linear birefringence, chiral luminescence, ROA, and so forth. However, 
only the CD and ORD will be considered in detail in the present section. The cir-
cular dichroism is to measure the differential absorption of LCP and RCP lights by 
chiral molecules, whereas the ORD is to measure the rotation angle of a linearly 
polarized beam by chiral molecules. CD is connected to ORD by the well-known 
Kramers–Kronig transformation (see Equations 3.16 and 3.17).

Using the radiation–matter interaction Hamiltonian in Equation 15.2 and the 
generalized linear polarization defined in Equation 15.4, one can obtain theoret-
ical descriptions of CD and ORD. Here, we consider the case when the electric 
field created by the polarization induced by the above radiation–matter interaction 
Hamiltonian in Equation 15.2 is detected. Now, there are three cause operators and 
three effect operators to be considered (see Equation 15.2). Thus, up to the first-order 
radiation–matter interactions with respect to wavevector k, one needs to consider 
nine different contributions to the total linear polarization P r( ) ( , )1 t . However, since 
the magnetic dipole–magnetic field and electric quadrupole–electric field interac-
tions are two to three orders of magnitude smaller than the electric dipole–electric 
field interaction, only those contributions that are linear with respect to m or Q will 
be taken into account. Then, only five combinations of cause-and-effect operators 
are to be considered, and they are

	
( ) ˆ ( , ), ˆ1 A F t B= = =m m, andE r

	
( ) ˆ ( ˆ ), ( , ) ˆ2 A F t B= × = =m k E r and m

	
( ) ˆ ( / ) ( , ), ˆ3 2A i F t B= ⋅ = =k Q E, r and m

	
( ) ˆ ( , ), ˆ ( ˆ )4 A F t B= = = ×m, andE r m k

	
( ) ˆ ( , ), ˆ ( / )5 2A F t B i= = = - ⋅m, and .E r k Q

	 (15.5)
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The expectation value of the effect operatorm( )-k in Equation 15.3, which is the linear 
polarization, is thus given as the sum of five distinctively different contributions as

P r

m k

( ) ( , ) ( ) ( ) ( )

ˆ ( )

1
0 0 0

0

t t t t

t

= < > + < > + < >

+ < ×

m m mr r r

r >> - < ⋅ >( / ) ( )i t2 0k Q r

 
= + + + -

∞

∫ d i im Q mτ f τ f τ f τ f τmm m m m
0

2 2{ ( ) ( ) ( / ) ( ) ( ) ( / )    ff τ τmQ E t( )} ( , ),⋅ -e r
	

(15.6)

where the dipole–dipole linear response function f τmm( ) was already defined in 
Equation 3.79 and the other linear response functions in Equation 15.6 are defined as

	
f τ q τ τ rmm

i
( ) ( ) [ ( ), ( ) ˆ ] ( )≡ < × -∞ >

�
m m k0

	
f τ q τ τ rmQ

i
( ) ( ) [ ( ), ( )] ( )≡ < ⋅ -∞ >

�
m k Q 0

	
f τ q τ τ rmm

i
( ) ( ) [ ( ) ˆ , ( )] ( )≡ < × -∞ >

�
m k m 0

	
f τ q τ τ rmQ

i
( ) ( ) [ ( ), ( )] ( ) .≡ < ⋅ -∞ >

�
k Q m 0

	
(15.7)

The energy level diagrams corresponding to the five terms in Equation 15.6 are 
shown in Figure 15.2. The first three cases in Equation 15.6 or in Figure 15.2 
describe the linear processes when the free-induction-decay (FID) field is generated 
by an electric dipole–electric field interaction. On the other hand, the fourth and 
fifth ones in Equation 15.6 are the cases when the generated FID is produced by the 
magnetic dipole–magnetic field and electric quadrupole–electric field interactions, 
respectively. Note that the FID is usually defined as the electric field radiated by a 
collection of dipoles. However, as shown above, the FID field beyond the electric 
dipole approximation should include contributions from the magnetic dipole and 
electric quadrupole terms too. Equation 15.6 is a quite general expression for the 
linear optical activity polarization, which is valid for either solution sample or sys-
tems on surface or at interface. In the present section, we shall consider the solution 
sample containing chiral molecules.

Differential optical activity measurement. Hereafter, without loss of general-
ity, the beam propagation direction is assumed to be along the Z-axis in a space-
fixed frame so that ˆ ˆ.k = Z Then, the X-component of the signal field produced by 

mEmE

(1/2) Q∇EmBmE
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the above linear polarization is detected by employing either heterodyne or homo-
dyne detection method. In this case, the polarization directions of the LCP and RCP  
beams are

	
eLCP X iY= +( ˆ ˆ)/ 2

	
eRCP X iY= -( ˆ ˆ)/ .2

	
(15.8)

Then, for the LCP and RCP beams, the corresponding X-components of the linear 
polarizations are

P t
i

d i ELCP
X

X X Y( , ) [ ( ), ( ) ( )] ( )r = < + -∞ >
∞

∫� 2
0 0

0
τ m τ m m r (( , )r t - τ

	
+ < - -∞ > -

∞

∫i
d m im E tX Y X� 2

0 0
0

τ m τ r τ[ ( ), ( ) ( )] ( ) ( , )r

	
+ 



 < + -∞ >

∞

∫ik i
d Q iQX XZ YZ2 2

0 0
0�

τ m τ r[ ( ), ( ) ( )] ( ) EE t( , )r - τ

	
+ < + -∞ > -

∞

∫i
d m i E tY X Y� 2

0 0
0

τ τ m m r τ[ ( ), ( ) ( )] ( ) ( , )r

	
- 



 < + -∞ >

∞

∫ik i
d Q i EXZ X Y2 2

0 0
0�

τ τ m m r[ ( ), ( ) ( )] ( ) (( , )r t - τ
	

(15.9)
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Figure 15.2  Five different energy-level diagrams associated with each term in Equation 
15.6. The first three are the cases when the last radiation–matter interaction for generating 
free-induction decay is between electric dipole and vacuum electric field. On the other hand, 
the fourth and fifth ones are the cases when the free-induction decay is generated by the mag-
netic dipole–magnetic field and electric quadrupole–electric field interactions, respectively.
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P t
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(15.10)

The next step is to perform rotational averaging of P tX ( ) ’s for randomly oriented 
chiral molecules in an isotropic medium. Note that the only rotationally invariant 
second- and third-rank tensors are the Kronecker delta and Levi–Civita epsilon, 
respectively. The rotationally averaged < -∞ >[ ( ), ( )] ( )m τ m rX Yi 0 term for example 
vanishes due to δXY = 0. In addition, the third and fifth terms in Equations 15.9 and 
15.10 also vanish because the Levi–Civita epsilon is antisymmetric with respect to 
any change of two indexes, that is, e exyz xzy= - , whereas the quadrupole tensor is sym-
metric, that is, Q Qyz zy= .6 Here, x, y, and z are the three Cartesian coordinates in a 
molecule-fixed frame. The rotationally averaged polarizations are then

�

�
P t

i
d E tLCP

X
X X( , ) [ ( ), ( )] ( ) ( ,r r= < -∞ > -

∞

∫2
0
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τ m τ m r τ))
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(15.11)
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d m i E tY Y� 2

0
0

τ τ m r τ[ ( ), ( )] ( ) ( , ).r
	

(15.12)

In Equations 15.11 and 15.12, the first terms are identical to the usual electric dipole–
electric dipole response function discussed in Section 3.4. The second and third 
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terms in these equations are related to the optical activity (CD and ORD). Equations 
15.11 and 15.12 can be further simplified by considering a property of quantum cor-
relation function:

	
< -∞ > = - < -∞ >[ ( ), ( )] ( ) [ ( ), ( )] ( )* * *A B B Aτ r τ r0 0

	 (15.13)

where A AiH iH( ) e ( )e/ /τ τ τ= -� �0 and B BiH iH* / * /( ) e ( )eτ τ τ= -� �0 . Then, Equations 15.11 
and 15.12 can be rewritten as

�

�
P t

i
d E tLCP

X
X X( , ) [ ( ), ( )] ( ) ( ,r r= < -∞ > -

∞

∫2
0

0
τ m τ m r τ))

	
+ < -∞ > -

∞

∫2
0

0

i
d m E tX X�

τ m τ r τIm[ [ ( ), ( )] ( ) ] ( , )r
	

(15.14)

�

�
P t

i
d E tRCP

X
X X( , ) [ ( ), ( )] ( ) ( ,r r= < -∞ > -

∞

∫2
0

0
τ m τ m r τ))

	
- < -∞ > -

∞

∫2
0

0

i
d m E tX X�

τ m τ r τIm[ [ ( ), ( )] ( ) ] ( , ).r
	

(15.15)

Here, we used the following properties, m m* = , m m* = - , and < [ ( ), ( )]m τX Xm 0  
× -∞ > = < -∞ >r m τ r( ) [ ( ), ( )] ( ) .Y Ym 0 The first term in the expression for

�
P tLCP

X ( , )r  
is identical to that for 

�
P tRCP

X ( , ).r  Thus, the difference polarization defined as 
D
� � �
P t P t P tX

LCP
X

RCP
X( , ) ( , ) ( , )r r r= - is determined by the magnetic dipole–electric dipole  

(chiral) response function term, ( / ) Im[ [ ( ), ( )] ( ) ].i mX X� < -∞ >m τ r0
Inserting Equations 15.14 and 15.15 into the Maxwell equation (Equation 3.80) 

and following the same procedure described in Section 3.4, one can obtain the 
absorption coefficients of a given molecular system for LCP and RCP lights. Then, 
the difference of the two absorption coefficients obtained, which is the definition of 
the CD, is found to be

	
D Dκ w pw

w
c w c w pw

wa LCP RCPn c n c
( )

( )
( ) ( )

( )
= ′′ - ′′( ) = ′4 4 ′′c w( ),

	
(15.16)

where the optical activity susceptibility, which is a complex function, is

	
Dc w m r w( ) Im[ [ ( ), ( )] ( ) ] .= < -∞ >

∞

∫2 2
0

0

i
dt t m eX X

i t

�
	 (15.17)

For a 2LS, after rotational average, one can find that the CD spectrum can then be 
calculated by

	
Dκ w pw

w
w

a ge eg
i t g

n c
dt e eg( )

( )
Im[ ]Re[ { (= ⋅

∞
- -∫8 2

3 0
m m tt i t g t i te eeg) ( )*

} ].+ -w w

	
(15.18)
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Here, it is noted that the rotationally averaged quantity Im[( ) ( ) ]mmge x eg xm is identical 
to ( / ) Im[ ].1 3 mge eg⋅ m As can be seen in Equation 15.18, the CD intensity is deter-
mined by the corresponding rotatory strength Im[ ]mge eg⋅ m for a given transition.1 
In addition to the CD, the ORD spectrum is related to the real part of the optical 
activity susceptibility in Equation 15.17, and it is in principle connected to the CD 
spectrum by the Kramers–Kronig transformation. One can further develop a theory 
for vibrational CD using the results presented here.

Exercise 15.1
The ORD spectrum is related to the refractive index difference defined as 
Dn n nL R( ) ( ) ( ).w w w= - More specifically, the ORD spectrum Dj w( ) is defined 
as D Dj w w w( ) ( ) / .≡ n L c2 Then, find the relationship between Dn( )w and the real 
part of the optical activity susceptibility in Equation 15.17.

Cross-polarization optical activity measurement. In the above, we considered 
the case when the CD spectrum is measured by taking the difference between the 
absorbances with LCP and RCP beams or pulses, which is the conventional method. 
However, it is possible to measure the chiral susceptibility associated with the mag-
netic dipole–electric dipole response function by properly controlling the incident 
beam and detected FID polarization directions.7 Instead of circularly polarized 
beams, let us consider the case when the incident beam is linearly polarized along 
the X-direction and the beam propagation direction is along the Z-axis. Then, after 
rotational averaging of the linear polarization over randomly oriented molecules, one 
can find that the X- and Y-components of the linear polarization vector are given as

	

�

�
P t

i
d E tX X X( , ) [ ( ), ( )] ( ) ( , )r r= < -∞ > -

∞

∫ τ m τ m r τ
0

0

	

�

�
P t d m E tY Y Y( , ) Im[ [ ( ), ( )] ( ) ] ( ,r = - < -∞ > -

∞

∫2
0

0
τ m τ r r ττ).

	
(15.19)

Note that
�
P tX ( , )r and

�
P tY ( , )r are responsible for generating free-induction-decay 

fields. Here, the electric dipole–electric quadrupole response function contribution 
vanishes in the Y-component of the polarization vector. Consequently, if one selec-
tively measures the Y-component of the FID field that is generated by the linear 
polarization

�
P tY ( , )r whose direction is perpendicular to the incident beam polariza-

tion direction, it will be possible to measure the magnetic dipole–electric dipole 
response function or the corresponding chiral susceptibility containing information 
on both the CD and ORD of chiral molecules in solution.7

The polarizations
�
P tX ( , )r and

�
P tY ( , )r , of which Fourier transforms are related to 

the absorption and refractive index and CD and ORD spectra, respectively, are the 
sources of radiated FID fields, and they should obey the Maxwell equation. For the 
transverse component of the emitted signal electric field Es Z t( , ) propagating along 
the Z-direction, the Maxwell equation is given as

	
∇ - ∂

∂
= ∂

∂
2

2

2

2 2

2

2
11 4

E E Ps sZ t
c t

Z t
c t

Z t( , ) ( , ) ( , ).( )p
	

(15.20)
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Since there are X and Y components of the signal electric field and polarization vec-
tors, we have

	
Es s

X
s
YZ t E Z t X E Z t Y( , ) ( , ) ˆ ( , ) ˆ= +

	 (15.21)

	
P( ) ( )( , ) ( , ) ˆ ( , ) ˆ.1 1Z t P Z t X P Z t YX Y= +

� �
	 (15.22)

Inserting Equations 15.21 and 15.22 into 15.20, we get the coupled Maxwell 
equations,

∇ - ∂
∂

≅ ∂
∂ -∞∫2

2

2

2 2

2

2

1 4
E Z t

c t
E Z t

c t
ds

X
s
X

t

( , ) ( , ) [
p τ fmm(( )] ( , )t E ZXX s

X- τ τ
	

(15.23)
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m[ ( )] ( , ) [ (( )] ( , ) .t E ZYY s
X-
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


τ τ
	

(15.24)

Here, the shorthand notations of the response functions, [ ( )]f τmm t XX- and 
[ ( )] ,f τmm YYt -

 
were used, and their definitions are

	
[ ( )] [ ( ), ( )] ( )f τ m τ m rmm t

i
tXX X X- = < - -∞ >

�
0

	
(15.25)

	
[ ( )] Im[ [ ( ), ( )] ( ) ].f τ m τ rmm YY Y Yt t m- = < - -∞ >2

0
� 	

(15.26)

Equation 15.23 is just the Maxwell equation of the absorptive (lossy) medium, and 
the susceptibility c wmm( ) associated with the dipole-dipole response function was 
discussed in detail in Section 3.4. The electric field E Z ts

X ( , ), obtained from Equation 
15.23, is the usual FID field radiated by a collection of oscillating electric dipoles.

In order to solve the coupled Maxwell equation in Equation 15.24, we first obtain 
the solution for E Zs

X ( , )w in frequency domain. Taking the Fourier transform of 
Equation 15.23 and using the slowly-varying-amplitude approximation, we have

	 E Z E ik Zs
X

s
X( , ) ( , ) exp( )w w≅ ′0 	 (15.27)

where

	

E dtE t es
X i tc( , ) ( ) ( )0

0

w w w=
∞

-∫
	

(15.28)

	
′ = +k

c
( ) [ ( )] .w w pc wmm1 4 1 2

	
(15.29)
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Here, c wmm( ) is just the linear susceptibility associated with the electric dipole–
electric dipole response function. To obtain the Y-component of the radiated signal 
electric field E Z ts

Y ( , ) at position Z, which corresponds to the optical activity FID 
field, we again invoke the slowly varying amplitude approximation to the tempo-
ral envelope and also assume that the energy transfer among waves is significantly 
large only after the waves travel over a distance longer than their wavelengths. Then, 
inserting the solution for E Zs

X ( , )w into Equation 15.24 and taking Fourier transform 
of Equation 15.24, we have

	
ik

z
E Z

c
E Zs

Y
m s

X′ ∂
∂

≅( , ) ( ) ( , ),w pw c w wm
2 2

2
	

(15.30)

where

	
c w fm m

w
m m YY

i tdt t e( ) [ ( )] .=
∞

∫0 	
(15.31)

In order to obtain Equation 15.30, we assumed that1 4+ ′ ′′pc w c wmm mm( ) ( ).�
 
Noting 

that the relationship between the optical activity susceptibility Dc w( ) given in Equa- 
tion 15.17 and c wmm( ) in Equation 15.31, is,

	
c w c wmm

i
( ) ( ),= -

2
D

	
(15.32)

one can find that the emitted optical activity FID field after passing through the 
sample with length L is given as

	
E L

L
n c

E Ls
Y

s
X( , )

( )
( ) ( , ).w pw

w
c w w= 2 D

	
(15.33)

This result shows that the spectrum of the Y-component (perpendicular component) 
of the emitted electric field is linearly proportional to that of the X-component of 
the transmitted electric field and the major frequency-dependent part of the above 
connection formula is the optical activity (chiral) susceptibility Dc w( ). Therefore, 
the circular dichroism spectrum can be retrieved from the measurements of the  
X- and Y-components of the generated signal field Es ( )w as

	
D Dκ w pw

w
c w w

wa
s
Y

s
Xn c L

E L
E L

( )
( )

Im[ ( )] Im
( , )
( , )

= =4 2 2� 







 .

	
(15.34)

The above result is particularly useful since the X- and Y-components of the FID field 
can be selectively measured by using a properly chosen linear polarizer whose polar-
ization direction is either parallel or perpendicular to the incident beam polariza-
tion direction. The electric field spectra, which are complex functions with respect 
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to frequency, can be characterized by using heterodyne-detection method such 
as Fourier transform spectral interferometry based on a modified Mach-Zehnder 
interferometer.

Exercise 15.2
Derive Equations 15.30 and 15.33. 

Next, from the relationship in Equation 15.33 between the optical activity sus-
ceptibility and two experimentally measured X- and Y-components of the FID 
field, one can obtain the circular dichroism (DA) and optical rotatory dispersion 
(Dj) spectra as

	
D D
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L E

E
a s
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s
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. .
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( )
( )

w κ w w
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= =

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2 303

2 2
2 303 	

(15.35)
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s
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(15.36)

Note that the optical rotation angle is defined as the half of the phase change between 
LCP and RCP after passing through the sample with length L.

15.3 �R aman optical activity

The vibrational CD is an IR analog of the electronic CD. The electronic CD is 
related to the magnetic dipole induced by angular motions of electrons, whereas the  
VCD is to that by angular oscillations associated with nuclear motions. Thus, the 
vibrational CD signal is a few orders of magnitude smaller than the electronic CD  
signal. The Raman analog of the vibrational CD is called the ROA.4 LCP and RCP 
beams are used to induce inelastic Raman scattering processes, and the difference 
between the two Raman spectra obtained with LCP and RCP lights corresponds 
to the ROA spectrum. In Section 3.5, for a theoretical description of the coherent 
raman scattering (CRS) process, it was necessary to consider the first-order induced 
dipole given as m aind t t( , ) ( , ).r E r== ⋅ However, such approach is valid only within 
the electric dipole approximation, and it ignores the magnetic dipole–magnetic field 
and electric quadrupole–electric field interaction-induced dipole contributions to the 
total first-order induced dipole. Including the latter two contributions, though they 
are two to three orders of magnitude smaller than a ⋅E r( , )t , we have the more gen-
eral first-order induced electric dipole operator, which is

	
m aind t t t t( , ) ( , ) ( , ) : ( , ).r E r G B r A E r== ⋅ + ⋅ + ∇1

2 	
(15.37)

The second term in Equation 15.37 is the electric dipole induced by the interaction 
between molecular magnetic dipole–ROA tensor and external magnetic field. The 
third is that induced by the interaction between molecular electric quadrupole–ROA 
tensor and gradient of external electric field.
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The next step is to calculate the material polarization. In addition to the expecta-
tion value of the above induced electric dipole operator, one needs to consider the 
expectation values of induced magnetic dipole and electric quadrupole operators 
over the density matrix, as can be seen in Equation 15.4. The induced magnetic 
dipole and induced electric quadrupole operators are, respectively, given as

	 m r G E rind t t( , ) ( , )== ⋅ 	 (15.38)

	
Q r A E rind t t( , ) ( , ).== 1

2
⋅

	
(15.39)

The jth vector element of the above induced electric and magnetic dipoles and the 
jkth tensor element of the induced quadrupole are

	
m αind

j
jk k jk k jkl k lt E t G B t A E( , ) ( , ) ( , ) ( / ) (r r r== + + ∇1 2 rr, )t

	
m t G E tind

j
jk k( , ) ( , )r r=

	
Q t A E tind

jk
jkl l( , ) ( , ).r r== 1

2 	
(15.40)

Here, G and A are different from G and A, but they are also magnetic dipole–
ROA and electric quadrupole–ROA tensors.8 Note that G and G are second-rank 
tensors, whereas A and A are third-rank tensors. In the far-from-electronic- 
resonance limit, where all the incident beams are nonresonant with any of elec-
tronic transitions of optical chromophores, these four different ROA tensor opera-
tors are defined as
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(15.41)

Now, from the generalized induced electric dipole, magnetic dipole, and electric 
quadrupole in Equations 15.37–15.39, the effective radiation–matter interaction 
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Hamiltonian is written as

	
H t t t trad mat ind ind- = - ⋅ - ⋅ -m ( , ) ( , ) ( , ) ( , )r E r m r B r

1
2

Qiind t t( , ) ( , )r E r⋅∇

	 == -- ::a E r G E r B r G B r E r2( , ) : ( , ) ( , ) : ( , ) ( , )t t t t t- -

	
- ∇ - ∇( / ) ( , ) ( , ) ( / ) ( ( , )) ( , ).1 2 1 2A E r E r A E r E r� �t t t t

	 (15.42)

Note that the last four terms on the right-hand side of Equation 15.42 correspond to 
the fifth and sixth conjugate pairs given in Scheme 3.1.

In the present section, we focus on the time-domain coherent ROA spectroscopy 
utilizing ultrashort laser pulses, instead of the frequency-domain ROA. Let us con-
sider the case that two pump pulses with center frequencies w1 and w2 and wavevec-
tors k1 and k2 are used to create the transient grating with wavevector k1-k2 in the 
sample. After a finite delay time T from the first pair of pulses, the third (linearly 
polarized) pulse with frequency w3 and wavevector k3 is injected into the sample to 
stimulate a Raman scattering process. The scattering signal field with wavevector 
k1-k2+k3 is then detected. Unlike the case of the normal CRS discussed in Section 
3.5, one might use LCP and RCP beams for the w1-pulse or use special beam polar-
ization configuration to selectively measure the ROA of chiral molecules in solu-
tion. Conventional ROA spectroscopy uses LCP and RCP beams to measure the 
LCP- and RCP-Raman spectra independently, and the difference is taken as the ROA 
spectrum. However, there are other possibilities to measure the ROA properties by 
deliberately controlling the incident beam polarization directions and by selectively 
measuring particular polarization component of the radiated coherent Raman optical 
activity (CROA) signal.

The electric field used for a CROA experiment is given as

E r e ek r k r( , ) ( )e ( )et E t T E t Ti i t i i= + + +⋅ - ⋅ -
1 1 2 2

1 1 2 2w w tt i i tE t c c+ +⋅ -e k r
3 3

3 3( ) e . ..w
	 (15.43)

In the present case, the first two radiation–matter interactions in a CROA measure-
ment can be effectively written as

	 H E t T E t T E trad mat- = + + - +{ : ( ) ( ) : (* * * *--αα e e G e b2 1 2 1 2 1 2 TT B t T) ( )1 +

	
- + + - +G b e A e k e: ( ) ( ) ( / ) ( )* * * *

2 1 2 1 2 1 1 22B t T E t T i E t T E� 11( )t T+

	
+ + + - ⋅ -( / ) ( ) ( )}e* * ( ) (i E t T E t T i i2 2 2 1 2 1

1 2 1A k e e k k r� w --w2 ) .t

	 (15.44)

Equation 15.44 shows that, at least, one needs to consider five different cause opera-
tors. From Equation 15.4, the CROA polarization is then given as the sum of induced 
electric dipole, induced magnetic dipole, and induced quadrupole contributions as

	
P r r m r k k QCROA ind ind s s indt t t i( , ) ( , ) ( , ) ˆ ( / )= + × - ⋅m 2 (( , ),r t

	 (15.45)
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where, specifically for the CROA, we have
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3 3

3 3w

	
Q r A e k r

ind
i i tt E t e( , ) ( ) .== 1

2 3 3
3 3⋅ ⋅ - w

	
(15.46)

From the effective radiation–matter interaction Hamiltonian in Equation 15.44 
and the CROA polarization in terms of induced electric and magnetic dipoles and 
induced quadrupole in Equation 15.45, one can find that nine cases in total should 
be taken into consideration to fully calculate the CROA polarization and signal. The 
corresponding cause opearators, conjugate external fields, and effect operators are

	
( ) ˆ ( , ), ( , ) ˆ ( , )1 1 2 3A t F t B t= ⋅ = = ⋅a aE r E r E r, and

	
( ) ˆ ( , ), ( , ), ˆ ( , )2 1 2 3A t F t B t= ⋅ = = ⋅G B r E r E rand a

	
( ) ˆ ( , ), ( , ), ˆ ( , )3 1 2 3A t F t B t= ⋅ = = ⋅G E r B r E rand a

	
( ) ˆ ( / ) : ( , ), ( , ), ˆ ( , )4 1 2 1 2 3A t F t B t= ∇ = = ⋅A E r E r E rand a

	
( ) ˆ ( / ) ( , ), ( , ), ˆ ( , )5 1 2 1 2 3A t F t B t= ⋅ = ∇ = ⋅A E r E r E rand a

	
( ) ˆ ( , ), ( , ), ˆ ( , )6 1 2 3A t F t B t= ⋅ = = ⋅a E r E r G B rand

	
( ) ˆ ( , ), ( , ), ˆ { ( , )} ˆ7 1 2 3A t F t B t s= ⋅ = = ⋅ ×a E r E r G E r kand

	
( ) ˆ ( , ), ( , ), ˆ ( / ) : ( , )8 1 21 2 3A t F t B t= ⋅ = = ∇a E r E r A E rand

	
( ) ˆ ( , ), ( , ), ˆ ( / ) { (9 1 21 2 3 3A t F t B= ⋅ = = - ⋅ ⋅a E r E r k A Eand rr, )}.t

	
(15.47)

The other cases that are not listed in Equation 15.47 can be ignored since they are 
at least second-order with respect to small quantities, such as magnetic dipole– 
magnetic field and electric quadrupole–electric field interactions.

Using the linear response theory with the cause-and-effect operators with con-
jugate fields in Equation 15.47, one can find that the expectation value of the above 
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induced dipole, which is the CROA polarization, is given by

P r E E ECROA t t t t( , ) ( ) ( ) ( )= < > + < > + < >a a a3 0 3 0 3 0r r r

+ < > + < > + < >a aE E GB3 0 3 0 3 0r r r( ) ( ) ( )t t t
	

	
+ < × > + < ∇ > - < ⋅( ) ˆ ( ) ( / ) ( ) ( / ) (GE k A E k AE3 3 0 3 02 2r rt i t i s 33 0) ( ) .r t >

	

	 	
(15.48)

The corresponding energy-level diagrams are shown in Figure 15.3. Then, the CROA 
polarization, which includes magnetic dipole and electric quadrupole contributions, 
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Figure  15.3  Nine different energy-level diagrams for polarizations contributing to the 
coherent Raman optical activity.
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is given as

P t E t dCROA
i i t( , ) e ( )( ) ( )r k k k r= - + ⋅ - - +

∞
1 2 3 1 2 3

3
0

w w w τ∫∫ + - + -{ ( ) ( ) ( )*f τ τ ταα E t T E t T2 1

	
+ + - + - + + -f τ τ τ f τ τα αG GE t T B t T B t T E t( ) ( ) ( ) ( ) ( ) (* *

2 1 2 1 ++ -T τ)

	
+ + - + - -( / ) ( ) ( ) ( ) ( / ) ( )*k E t T E t T k EA A1 2 1 2 22 2f τ τ τ f τα α

**( ) ( )t T E t T+ - + -τ τ1

	
+ + - + - + + -f τ τ τ f τ τα αG GE t T E t T E t T E t( ) ( ) ( ) ( ) ( ) (* *

2 1 2 1 ++ -T τ)

	
+ + - + -( / ) ( ) ( ) ( )*k E t T E t TA3 2 12 f τ τ τα

	
- + - + - -( / ) ( ) ( ) ( )} .* ( )k E t T E t T es A

i2 2 1
1 2f τ τ τα

w w τ
	 (15.49)

The polarizability-polarizability response function in Equation 15.46 was already 
discussed in Section 3.5, and it is insensitive to molecular chirality at all. Now, 
the polarizability–magnetic dipole ROA tensor response functions f ταG ( ), f ταG ( ),  
f ταG ( ), and f ταG ( ), the polarizability–electric quadrupole ROA tensor response 
function f ταA( ), f ταA ( ), f ταA( ), and f ταA ( ) are defined as

	
f τ q τ τ rαα ( ) ( ) [ ( ) : , ( ) : ] ( )*≡ < -∞ >i

s�
a ae e e e3 2 10

	
f τ q τ τ rαG s

i
( ) ( ) [ ( ) : , ( ) : ] ( )*≡ < -∞ >

�
a e e G e b3 2 10

	
f τ q τ τ rαG s

i
( ) ( ) [ ( ) : , ( ) : ] ( )*≡ < -∞ >

�
a e e G b e3 2 10

	
f τ q τ τ rαA s

i
i( ) ( ) [ ( ) : , ( ) ˆ ] ( )*≡ < -∞ >

�
�a e e A e k e3 2 1 10

	
f τ q τ τ rαA s

i
i( ) ( ) [ ( ) : , ( ) ˆ ] ( )*≡ < -∞ >

�
�a e e A k e e3 2 2 10

	
f τ q τ τ rαG s

i
( ) ( ) [ ( ) : , ( ) : ] ( )*≡ < -∞ >

�
G e b e e3 2 10a

	
f τ q τ τ rαG s s

i
( ) ( ) [ ( ) : ( ˆ ) , ( ) : ] ( )*≡ < × -∞

�
G k e e e e3 2 10a >>

	
f τ q τ τ rαA s

i
i( ) ( ) [ ( ) ˆ , ( ) : ] ( )*≡ < -∞ >

�
�A e k e e e3 3 2 10a

	
f τ q τ τ rαA s s

i
i( ) ( ) [ ( ) ˆ , ( ) : ] ( ) .*≡ < -∞ >

�
�A k e e e e3 2 10a

	
(15.50)

Here, es denotes the unit vector of the CROA polarization direction.
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Except for the first term in Equation 15.49, the remaining eight contributions 
involve either magnetic dipole–magnetic field or electric quadrupole–electric field 
interaction. Thus, the coherent Raman spectroscopy measuring the polarizability-
polarizability response function or susceptibility requires only the first term in 
Equation 15.49. Depending on detailed beam polarization states and detection meth-
ods, one or just a few terms in Equation 15.49 are only experimentally measured. 
However, the result in Equation 15.49 with definitions of relevant response functions 
in Equation 15.50 is quite general so that it can be used to calculate the CROA polar-
ization and its signal electric field for any arbitrary beam polarization states and 
detection schemes.

One of the possible experiments for measuring the ROA signal in time domain 
is to use a circularly polarized pulse for one of the three incident beams to measure 
the LCP and RCP CRS signals. Then, the difference signal will correspond to the 
CROA, since the all-electric-dipole polarizability-polarizability response function 
contributes to the LCP and RCP signals equally and they cancel out when the differ-
ence signal is taken. Depending on which pulse among the three incident pulses is 
controlled to be circularly polarized, there are a series of different circularly polar-
ized-CROA measurements.

Exercise 15.3
Consider the following specific beam configurations. The three beam propaga-
tion directions are parallel to one another as, ˆ ˆ ˆ ˆ.k k k1 2 3= = = Z The second and 
third pulses are linearly polarized beams and the polarization directions are 
along the X-axis as e e2 3= = X̂ . The first pulse is however either LCP or RCP, 
that is, e e1 2= = +LCP X iY( ˆ ˆ)/ or e e1 2= = -RCP X iY( ˆ ˆ)/ . Now, let us assume 
that the X-component of the CROA polarization is detected. Then, obtain 
expressions for

�
P tLCP CROA

X
- ( , )r and

�
P tRCP CROA

X
- ( , )r and those of the corresponding 

electric field amplitudes E tLCP CROA
X

- ( ) and E tRCP CROA
X

- ( ). What determines the dif-
ference electric field defined as DE t E t E tCROA

X
LCP CROA
X

RCP CROA
X( ) ( ) ( )?≡ -- - Suppose 

that the time-integrated signal field intensities I tLCP CROA- ( ) and I tRCP CROA- ( ) are 
measured via a homodyne-detection method. Obtain the expression for the dif-
ference signal defined as DI t I t I tCROA RCP CROA LCP CROA( ) ( ) ( ),= -- - which is by defi-
nition the CROA signal. 

Alternative ways to measure various ROA terms in Equation 15.49 are to use spe-
cifically designed polarization-controlled measurement methods. In this case, all 
the incident beams and detected signal fields are assumed to be linearly polarized. 
Thus, the beam polarization configuration should be properly chosen to nullify the 
first term in Equation 15.49, which is associated with the all-electric-dipole-allowed 
polarizability-polarizability response function. For randomly oriented molecules in 
solution, the three fourth-rank tensorial isomers that are rotationally invariant are
δ δl l l l1 2 3 4, , , δ δl l l l1 3 2 4, , , and δ δl l l l1 4 2 3, , , where lj for j = 1 ~ 4 are Cartesian coordinates in a 
space-fixed frame. Therefore, the rotationally averaged tensor elements of fαα with 
even number of X, Y, or Z indices in [ ]fαα l l l l1 2 3 4

, such as [ ] ,fαα XXXX  [ ]fαα XYXY , [ ]fαα XYYX ,  
and so on, do not vanish. On the other hand, those having an odd number of X, Y, 
and Z indexes, such as [ ]fαα XXXY , [ ]fαα XXYX , and so forth, vanish. Therefore, if one can 
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selectively choose the incident beam polarization directions and detect an appropri-
ate vector component of the CROA polarization, the dominant contribution from the 
polarizability-polarizability response can be eliminated. This is similar to the cross-
polarization detection scheme designed for the linear optical activity FID measure-
ment, which was discussed previously.

Exercise 15.4
Instead of using circularly polarized radiations, one can use linearly polarized 
beams to selectively measure the CROA signal. As an example, consider the 
following beam configuration. The first two pulses propagate along the Z axis, 
that is, ˆ ˆ ˆ.k k1 2= = Z They are linearly polarized as e e1 2= = ˆ .X Now, the third 
pulse propagates along the X-axis as ˆ ˆ ,k3 = X and its polarization direction is 
parallel to Z-axis, that is, e3 = ˆ.Z Now, placing a linear polarizer between the 
optical sample and the detector, only the Y-component of the CROA field is 
detected. That is to say, es Y= ˆ. This is one of the cross-polarization detection 
schemes because es is perpendicular to the other beam polarization directions, 
particularly to e3. In this case, show that the all-electric-dipole-allowed polar-
izability-polarizability contribution, which is an achiral component, to CROA 
polarization vanishes. Then, obtain the expressions for

�
P tCROA

Y ( , )r in terms of 
ROA response functions in Equation 15.50. By measuring the corresponding 
CROA signal field E tCROA

Y ( ), one can determine the real and imaginary parts of 
the CROA susceptibility separately. Finally, obtain the expression for the time-
integrated signal field intensity I tCROA( ) in the present case of cross-polarization 
detection scheme and compare the result with DI tCROA( ) obtained by using a cir-
cularly polarized pulse in Exercise 15.3.

15.4 �IR -Raman Optical Activity Spectroscopy

In Section 3.7, the IR-vis SFG (IV-SFG) spectroscopy was shown to be particularly 
useful for studying vibrational dynamics of molecules on surface or at interface, 
where the system has no centrosymmetry. In the case of the IV-SFG, the dipole-
polarizability response function fαm ( )t is required for the calculation of the signal in 
time domain or the corresponding susceptibility in frequency domain. The IV-SFG 
experiment was usually performed by scanning the IR field frequency (w IR), and the 
homodyne-detected signal of the IV-SFG field was recorded with respect to w IR to 
obtain the surface vibrational spectrum. One can carry out a DFG experiment with 
two electronically nonresonant beams. If the difference of the two field frequencies, 
w w1 2- , is identical to one of the Raman-active mode frequencies, one can expect 
vibrational resonance enhancement of the DFG process, and then an electric field 
with frequency of w w1 2- is emitted by the transient grating in the optical sample 
on surface or at interface. This Raman-IR DFG spectroscopy is similar to the CRS 
of molecules in an isotropic medium, except that the Raman-IR DFG is to detect the 
radiated coherent IR field from the Raman-excited state, whereas the CRS field is 
produced by Raman scattering field.

In this section, it is shown that the IV-SFG, which is an all-electric-dipole-allowed 
three-wave-mixing spectroscopy, is an allowed process even in the case of solution 
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sample containing chiral molecules, if one takes into account the magnetic dipole–
magnetic field and electric quadrupole–electric field interactions or the effects from 
the breakdown of Born–Oppenheimer approximation.9–11 Therefore, the IV-SFG of 
chiral molecules dissolved in solution can be experimentally detected and is one of the 
optical activity measurement techniques. We shall particularly consider the far-from- 
resonance limit of IV-SFG, which will be called the IR-Raman spectroscopy because 
it involves an IR-excitation and a Raman scattering measurement. It is interest-
ing to note that the IR optical activity such as vibrational CD is an IR-excitation +  
IR-detection method. On the other hand, the vibrational ROA can be classified as a 
Raman-excitation + Raman-detection. The present IR-Raman optical activity spec-
troscopy such as IV-SFG is thus a combination of IR and Raman processes. The 
other possible combination, Raman-IR optical activity spectroscopy, will be dis-
cussed in the following section.

In order to theoretically describe the IR-Raman optical activity, it is necessary to 
consider the interaction Hamiltonian between incident IR beam and matter, which 
is given as

	 H t t trad mat IR IR IR- = - ⋅ - ⋅ - ∇m E r m B r Q E r( , ) ( , ) ( / ) : ( ,1 2 )). 	 (15.51)

Now, the IR-Raman polarization is given as

	 P r r m r k kIR Raman ind ind s st t t i- = + × - ⋅( , ) ( , ) ( , ) ˆ ( / )m 2 QQ rind t( , ), 	 (15.52)

where the wavevector of the IR-Raman signal field is denoted as ks (= +k kIR vis) and 
the induced electric dipole, magnetic dipole, and electric quadrupole are

	
m aind vis vis vis vis vist

i
E( , ) : (r e G b A k e= ⋅ + ⋅ +



2

tt ei i tvis vis) k r⋅ - w

	 m r G e k r
ind vis vis

i i tt E t e vis vis( , ) ( )== ⋅ ⋅ - w

	
Q r A e k r

ind vis vis
i i tt E t e vis vis( , ) ( ) .== 1

2
⋅ ⋅ - w

	
(15.53)

Then, we need to consider seven different cases of cause opearators, conjugate exter-
nal fields, and effect operators, which are

	
( ) ˆ ( , ), ˆ ( , )1 A F t B tIR vis= = = ⋅m a, andE r E r

	
( ) ˆ ( , ), ˆ ( , )2 A F t B tIR vis= = = ⋅m B r E r, and a

	
( ) ˆ ( / ) ( , ), ˆ ( , )3 1 2A F t B tIR vis= = ∇ = ⋅Q E r E r, and a

	
( ) ˆ ( , ), ˆ ( , )4 A F t B tIR vis= = = ⋅m, andE r G B r
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( ) ˆ ( , ), ˆ { ( , )} ˆ5 A F t B tIR vis s= = = ⋅ ×m, andE r G E r k

	
( ) ˆ ( , ), ˆ ( / ) : ( , )6 1 2A F t B tIR vis= = = ∇m, andE r A E r

	
( ) ˆ ( , ), ˆ ( / ) { ( , )}7 1 2A F t B tIR s vis= = = - ⋅ ⋅m, andE r k A E r ..

	 (15.54)

Using the linear response theory with the above cause-effect combinations, one can 
obtain the expression for the IR-Raman polarization as

P r E E EIR Raman vis vis vist t t- = < > + < > + <( , ) ( ) ( )a a ar r0 0 rr( )t0 >

      
+ < > + < × >GB GE kvis vis vist tr r( ) ˆ ( )0 0

      
+ < ∇ > - < ⋅ >( / ) ( ) ( / ) ( ) ( )i t i tvis s vis2 20 0A E k AEr r

  
= ⋅ - +

∞

∫e ( ) { ( )( ) ( )i i t
vis

IR vis IR vis E t dk k r+ w w
αmτ f τ

0
EE t T B t TIR m IR( ) ( ) ( )+ - + + -τ f τ τα

      
+ + - + + -k

E t T E t TIR
Q IR G IR2

f τ τ f τ τα m( ) ( ) ( ) ( )

      
+ + - + + -f τ τ f τ τm mG IR

vis
A IRE t T

k
E t T( ) ( ) ( ) ( )

2

      
- + -k

E t Ts
A IR

i

2
1f τ τm

w τ( ) ( )}e .
		

(15.55)

Here, the linear response functions in Equation 15.55 are defined as

	
f τ q τ τ rαm ( ) ( ) [ ( ) : , ( ) ] ( )≡ < ⋅ -∞ >i

s vis IR�
a me e e0

	
f τ q τ τ rαm s vis IR

i
( ) ( ) [ ( ) : , ( ) ] ( )≡ < ⋅ -∞ >

�
a e e bm 0

	
f τ q τ τ rαQ s vis IR IR

i
i( ) ( ) [ ( ) : , ( ) : ˆ ] ( )≡ < -∞ >

�
a e e k eQ 0

(1/2)Q∇EIRmBIRmEIR

mEIRmEIR

mEIRmEIR
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f τ q τ τ rmG s vis IR

i
( ) ( ) [ ( ) : , ( ) ] ( )≡ < ⋅ -∞ >

�
G e b em 0

	
f τ q τ τ rmG s s vis IR

i
( ) ( ) [ ( ) : ( ˆ , ( ) ] ( )≡ < × ⋅ -∞

�
G k e e e) m 0 >>

	
f τ q τ τ rmA s vis vis IR

i
i( ) ( ) [ ( ) ˆ , ( ) ] ( )≡ < ⋅ -∞

�
�A e k e em 0 >>

	
f τ q τ τ rmA s s vis IR

i
i( ) ( ) [ ( ) ˆ , ( ) ] ( ) .≡ < ⋅ -∞ >

�
�A k e e em 0

	
(15.56)

The energy-level diagrams corresponding to the seven terms in Equation 15.55 are 
shown in Figure 15.4. In Section 3.7, only the first term, which is an all-electric-
dipole-allowed term, was considered, because it is the dominant term for any aniso-
tropic molecular system on surface or at interface. However, since we are interested 
in the case that chiral molecules are dissolved in an isotropic medium like solutions, 
it is necessary to take the rotational average PIR Raman t- ( ) for randomly oriented mol-
ecules, and then only certain tensor elements do not vanish. Equation 15.55, which 
contains terms that are linearly proportional to magnetic dipoles or electric quadru-
poles associated with vibrational (nuclear) or electronic motions, is a quite general 
expression valid for any arbitrary beam configurations, polarization states of radia-
tions, and temporal profiles of incident pulses.

Virtual states

Virtual states Virtual states Virtual states Virtual states

Virtual states Virtual states
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|g>
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μ ∙ E
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m ∙ B

ks ∙ (A ∙ E)

α ∙ E α ∙ E

(G ∙ E) × k vis

Figure  15.4  Seven different energy-level diagrams associated with IR-Raman optical 
activity spectroscopy.
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Orthogonal beam configuration (ZYX-measurement). Since the only rotationally 
invariant third-rank tensor is the Levi–Civita epsilon, without loss of generality we 
will consider the case when the Z-component of the PIR Raman t- ( ) vector is detected 
and the incident IR and visible beam polarization directions are parallel to X̂ and ˆ,Y  
respectively, that is,

	
e b k eIR IR IR IRX Z= = × = -ˆ ( ˆ ) ˆand

	 evis Y= ˆ

	
P PIR Raman IR Ramant t Z- - =( )/ ( ) | ˆ.|

	 (15.57)

This is the case when the polarization directions of IR, visible, and emitted sig-
nal field are mutually perpendicular to one another. Since the Z-component of 
PIR Raman t- ( ) is detected with Ŷ -polarized visible beam and X̂-polarized IR beam, we 
shall call this particular beam configuration as the ZYX-measurement. For this mutu-
ally perpendicular beam configuration, the rotationally averaged PIR Raman t- ( ) is deter-
mined solely by the first term in Equation 15.55, which is the dipole-polarizability 
response function, as

	
[ ( )] ( ) [ ( )] (
�
PIR Raman Z vis ZYX IRt E t d E t T-

∞

= +∫ τ f ταm
0

-- τ w τ)e .i 1

	
(15.58)

Interestingly, all the other terms in Equation 15.55 vanish after rotational averaging. 
From Equation 3.71, we have

	

[ ( )] [ ( )]
, ,

f e fαm αmt tZYX m m m m m m

m m m

= - = -∑1
6 1 2 3 1 2 3

1 2 3

11
6

{[ ( )] [ ( )]f fαm αmt txyz yxz-

	
+ - + -[ ( )] [ ( )] [ ( )] [ ( )]f f f fαm αm αm αmt t t tyzx zyx zxy xzyy} 	 (15.59)

where x, y, and z are the Cartesian coordinates in a molecule-fixed frame. From the 
definition of the dipole-polarizability response function, Equation 15.59 can rewrit-
ten as, for a 2LS for example,

[ ( )] ( ){([ ] [ ] )[ ] ([f q α α mαm t
i

tZYX ge xy ge yx eg z= - - +
6�

αα α mge yz ge zy eg x] [ ] )[ ]-

	
+ - -- - -([ ] [ ] )[ ] }{ ( )α α m w w

ge zx ge xz eg y
i t g t i t ge eeg eg

** ( )}.t

	
(15.60)
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Within the Born–Oppenheimer approximation, we have

	
[ ] [ ] .α αge m m ge m m m m

1 2 2 1 1 2= ≠for
	 (15.61)

Thus, Equation 15.60 vanishes within the Born–Oppenheimer approximation. However, 
due to the breakdown of the Born–Oppenheimer approximation, it was found that the 
antisymmetric Raman tensor elements are finite, that is, [ ] [ ]α αge m m ge m m1 2 2 1

0- ≠  for
m m1 2≠ and their magnitudes are dependent on molecular chirality. Consequently, the 
ZYX-measurement of IR-Raman signal can be of use to distinguish two different chiral 
molecules in solutions.

Circularly polarized IR-Raman. In the above, the ZYX-measurement scheme was 
shown to be useful to selectively measure the chiral dipole-polarizability response 
function (or susceptibility), which is all-electric-dipole-allowed contribution to the 
IR-Raman polarization. One can, however, selectively measure the other terms in 
Equation 15.55 by controlling the polarization state of incident IR or visible beam to 
be LCP and RCP and by measuring the difference signal.10, 12

Exercise 15.5
To carry out an IR-Raman OA measurement, one can use circularly polarized 
IR or circularly polarized–vis beam. Firstly, assume that the IR beam propaga-
tion direction is along the Z-axis in a space-fixed frame, that is, ˆ ˆ ,k IR Z= and 
its polarization is modulated to be LCP and RCP, that is, eLCP X iY= +( ˆ ˆ)/ 2 or  
eRCP X iY= -( ˆ ˆ)/ .2 The visible beam crosses with the IR beam at the center of 
the optical sample containing chiral molecules, where the beam crossing angle 
is θ. Furthermore, it is assumed that ˆ ˆ cos ˆ sin .kvis Z Y= +q q Note that the visible 
beam polarization plane is assumed to be on the Y–Z plane in a space-fixed frame.  
In this particular case, what are the LCP and RCP IR-Raman polarizations? 
Obtain the circular IR-Raman intensity difference defined as DI tIR Raman- =( )  
I t I tLCP IR Raman RCP IR Raman- - - --( ) ( ). Secondly, consider the case when the visible 
beam is circularly polarized and the IR beam is linearly polarized. For the same 
beam configuration, obtain the circular IR-Raman intensity difference in this 
second case, and compare the result with the above case using the circularly 
polarized IR beam. 

15.5 �R aman-IR Optical Activity Spectroscopy

The IR-Raman OA spectroscopy based on an SFG scheme was shown to be use-
ful in studying chiro-optical properties of molecules in an isotropic medium. The 
surface-specific Raman-IR spectroscopy dicussed in Section 3.8 is also a potentially 
useful optical activity measurement tool for chiral molecules in solution. Due to the 
breakdown of Born–Oppenheimer approximation, the all-electric-dipole-allowed 
contribution to the Raman-IR signal becomes nonzero because of the nonzero anti-
symmetric Raman tensor elements. In addition, properly controlling the incident 
beam polarization states and taking into account the magentic dipole–magnetic field 
and electric quadrupole–electric field interactions, one can selectively measure dif-
ferent chiral components of the Raman-IR polarization.

84291_Book.indb   346 5/11/09   2:23:32 PM



Linear Optical Activity Spectroscopy	 347

The Raman-IR optical activity spectroscopy requires three distinctively dif-
ferent radiation–matter interactions including that between oscillating dipoles 
associated with Raman- and ROA-active vibrations and vacuum field. The first 
visible beam, which is in nonresonance with electronic transitions, induces an 
excitation of the molecular system, and the second radiation–matter interaction 
with another visible field propagating in the direction of -k2 produces a vibra-
tional coherence on the electronically ground state. Therefore, within the electric 
dipole approximation, the first two radiation–matter interactions correspond to a 
Raman excitation of a given vibrational mode whose frequency is close to the dif-
ference frequency w1 - w2. Thus created vibrational transient grating can radiate 
an IR field with wavevector k1 - k2. Note that unlike the case of the Raman-IR 
spectroscopy discussed in Section 3.8, we consider a solution sample containing 
chiral molecules.

The effective radiation–matter interaction Hamiltonian that should be considered 
to theoretically describe the Raman-IR optical activity is

H E t E t E t B trad mat- = - -{ : ( ) ( ) : ( ) ( )* *--a e e G e b2 1 2 1 2 1 2 1 GG b e: ( ) ( )* *
2 1 2 1B t E t

  
- +( / ) ( ) ( ) ( / ) ( )* * * *i E t E t i E t2 22 1 1 2 1 2 2 1 2A e k e A k e e� � EE t i i t

1
1 2 1 2( )}e .( ) ( )k k r- ⋅ - -w w

	
(15.62)

The first term on the right-hand side of this equation is responsible for Raman excita-
tion of a vibrational mode; the second and third terms involve interactions between 
magnetic dipole–ROA tensors and external electromagnetic field; and the fourth and 
fifth ones represent the interactions between electric quadrupole–ROA tensors and 
external field.
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Figure  15.5  Seven different energy-level diagrams associated with Raman-IR optical 
activity spectroscopy.
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In this case of the Raman-IR optical activity spectroscopy, the following seven 
cases are to be considered:

	
( ) ˆ ( , ), ( , ), ˆ1 1 2A t F t B= ⋅ = =a mE r E r and

	
( ) ˆ ( , ), ( , ) ˆ2 1 2A t F t B= ⋅ = =G B r E r and m

	
( ) ˆ ( , ), ( , ) ˆ3 1 2A t F t B= ⋅ = =G E r B r and m

	
( ) ˆ ( / ) : ( , ), ( , ), ˆ4 1 2 1 2A t F t B= ∇ = =A E r E r and m

	
( ) ˆ ( / ) ( , ), ( , ), ˆ5 1 2 1 2A t F t B= ⋅ = ∇ =A E r E r and m

	
( ) ˆ ( , ), ( , ), ˆ ˆ6 1 2A t F t B s= ⋅ = = ×a E r r m kE and

	
( ) ˆ ( , ), ( , ), ˆ ( / )7 21 2A t F t B i s= ⋅ = = - ⋅a E r E r k Qand .

	
(15.63)

From the linear response theory, one can find that the Raman-IR polarization is 
given as

P rRaman IR t t t t- = < > + < > + < >( , ) ( ) ( ) ( )m m mr r r0 0 0

   
+ < > + < >m mr r( ) ( )t t0 0

   
+ < × > - < ⋅ >m k k Qˆ ( ) ( / ) ( )s st i tr r0 02

= - -- ⋅ - -
∞

∫e { ( ) ( ) (( ) ( ) *i i t d E t E tk k r1 2 1 2

0
2 1

w w
mατ f τ τ ττ f τ τ τm) ( ) ( ) ( )*+ - -G E t B t2 1

   

+ - - + - -f τ τ τ f τ τ τm mG AB t E t
k

E t E t( ) ( ) ( ) ( ) ( ) ( )* *
2 1

1
2 12

-- - -k
E t E tA

2
2 12

f τ τ τm ( ) ( ) ( )*

   

+ - - - - -f τ τ τ f τ τ τα αm
s

QE t E t
k

E t E t( ) ( ) ( ) ( ) ( ) ( )* *
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(15.64)
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Here, the polarizability-dipole response function f τmα ( ) was defined in Equation 
3.145, and the other relevant linear response functions in Equation 15.64 are

	
f τ q τ τ rmα ( ) ( ) [ ( ) , ( ) : ] ( )*≡ < ⋅ -∞ >i

s�
m e e eαα 0 2 1

	
f τ q τ τ rmG s

i
( ) ( ) [ ( ) , ( ) : ] ( )*≡ < ⋅ -∞ >

�
m e G e b0 2 1

	
f τ q τ τ rmG s

i
( ) ( ) [ ( ) , ( ) : ] ( )*≡ < ⋅ -∞ >

�
m e G b e0 2 1

	
f τ q τ τ rmA s

i
i( ) ( ) [ ( ) , ( ) ˆ ] ( )*≡ < ⋅ -∞ >

�
�m e A e k e0 2 1 1

	
f τ q τ τ rmA s

i
i( ) ( ) [ ( ) , ( ) ˆ ] ( )*≡ < ⋅ -∞ >

�
�m e A k e e0 2 2 1

	
f τ q τ τ rαm s s

i
( ) ( ) [ ( ) ( ˆ ), ( ) : ] ( )*≡ < ⋅ × -∞ >

�
m k e e ea 0 2 1

	
f τ q τ τ rαQ s s

i
i( ) ( ) [ ( ) : ˆ , ( ) : ] ( ) .*≡ < -∞ >

�
Q k e e ea 0 2 1

	
(15.65)

The unit vector of the Raman-IR polarization was denoted as es in Equation 15.65. The 
energy-level diagrams associated with the seven terms in Equation 15.41 are shown in 
Figure 15.5.

Similar to the IR-ROA spectroscopy, the ZYX-measurement scheme can be used to 
selectively measure the first term in Equation 15.64. As an example, if the beam config-
uration is specified as e k e k1 1 2 2= = = =ˆ , ˆ ˆ , ˆ, ˆ ˆ ,X Z Y X and P PRaman IR Raman IRt t Z- - =( )/ ( ) | ˆ ,|   
one can show that the rotationally averaged PRaman IR t- ( ) is determined by the polariz-
ability-dipole response function, as

	
[ ( )] [ ( )] ( ) ( )*PRaman IR Z ZYXt d E t E t-

∞

= - -∫ τ f τ τ τmα
0

2 1 ee .( )i w w τ1 2-

	
(15.66)

From Equation 3.71, we have

	
[ ( )] {[ ( )] [ ( )] [ ( )f f f fmα mα mα mαt t t tZYX xyz yxz= - - +1

6
]]yzx

	
- + -[ ( )] [ ( )] [ ( )] }.f f fmα mα mαt t tZYX zxy xzy 	 (15.67)

Due to the breakdown of the Born–Oppenheimer approximation, the antisymmetric  
Raman tensor elements are finite, that is, [ ] [ ]α αge m m ge m m1 2 2 1

0- ≠ for m m1 2≠ so that 
the ZYX-measurement of the Raman-IR optical activity signal can be measurably 
large and would provide information on molecular chirality and its dynamics with 
a time-resolved Raman-IR measurement.
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Exercise 15.6
To carry out an Raman-IR optical activity measurement, one can use circu-
larly polarized–visible-1 or circularly polarized–visible-2 beam (note that the 
first two beams are visible fields whose frequencies are far from any of elec-
tronic transition frequencies). Now, assume that the first visible beam propaga-
tion direction is along the Z-axis in a space-fixed frame, that is, ˆ ˆ ,k1 = Z and 
its polarization is modulated to be LCP and RCP, that is, eLCP X iY= +( ˆ ˆ)/ 2 or
eRCP X iY= -( ˆ ˆ)/ .2 The second visible beam crosses with the first one at the 
center of optical sample containing chiral molecules, where the beam cross-
ing angle is θ. Furthermore, it is assumed that ˆ ˆ cos ˆ sin .k2 = +Z Yq q The sec-
ond visible beam polarization plane is assumed to be on the Y–Z plane in a 
space-fixed frame. In this particular case, what are the LCP and RCP Raman-IR 
polarizations? Obtain the circular Raman-IR intensity difference defined as 
DI t I t I tRaman IR LCP Raman IR RCP Raman IR- - - - -= -( ) ( ) ( ).. Compare the results with 
the cases of circularly polarized IR-Raman measurements in Exercise 15.5.
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16 Nonlinear Optical 
Activity Spectroscopy

In the previous chapter, optical activity spectroscopic methods based on linear 
response measurements such as circular dichroism (CD), optical rotatory disper-
sion, Raman optical activity (ROA), and so forth were discussed. They have been 
used to determine absolute configurations of chiral molecules including natural 
products, drugs, proteins, and other biomolecules. For instance, let us consider 
the circular dichroism whose intensity is determined by the so-called rotatory 
strength, Im [mge .  meg]. It turned out that the sign of Im [mge . meg] depends on 
the absolute configuration of a given chiral molecule so that the CD spectrum 
of R-form molecule exhibits spectral pattern opposite in sign to its mirror image 
S-form molecule.1 This renders the CD or any other optical activity spectros-
copy extremely useful for studying molecular chirality and 3D configuration. 
Nevertheless, these linear optical activity measurement methods, even though 
they are superior in frequency-resolution to the other linear spectroscopic meth-
ods, are a 1D technique.

A clear advantage of 2D optical spectroscopy is that the two-dimensionally dis-
played electronic or vibrational spectrum has significantly increased information 
density.2 Furthermore, it enables us to determine comparatively weak secondary spec-
troscopic properties of complex molecules. However, the 2D spectroscopy based on 
photon echo or pump–probe methods cannot be used to distinguish two different chi-
ral structures, because the 2D optical transition amplitude is determined by products 
of transition electric dipole moments, which are not sensitive to molecular chirality. 
Thus, it is highly desired to develop potentially useful 2D optical activity measurement 
techniques, which combine both advantages of optical activity and 2D spectroscopy.

There have been a few attempts to carry out time-resolved nonlinear optical activ-
ity measurements for chiral molecules by employing the pump–probe method with 
circularly polarized pump beams.3, 4 Employing a polarization modulation technique, 
one can control the polarization state of pump pulse and generate a train of alternat-
ing LCP and RCP pulses. Then, the difference between the measured LCP and RCP 
pump–probe signals provides information on the time evolution of electronic and 
magnetic properties of chiral molecules. In this chapter, theoretical descriptions of 
2D optical activity spectroscopic techniques will be discussed.

16.1	 Nonlinear Optical Activity Measurement Methods

It is noted again that the optical activity is, by definition, related to the differential 
interaction of a chiral molecule with LCP and RCP radiation. Therefore, the optical 
activity signal, denoted as DS, can always be defined as the difference between two 
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signals obtained with LCP and RCP beams as

	 DS S SL R= - . 	 (16.1)

Here, the subscripts L and R mean that the polarization state of an injected beam is 
LCP or RCP, respectively. Instead of LCP and RCP lights to measure optical activ-
ity properties of chiral molecule, one can use left- and right-elliptically polarized 
lights or purely linearly polarized light, depending on the optical activity property 
of interest and measurement method. For instance, the CD signal is the differential 
absorbance, that is, DA = AL - AR. Optical rotatory dispersion is to measure the rota-
tion angle of the transmitted polarization direction with respect to the incident beam 
polarization direction. However, regardless of beam polarization state or detection 
method, the underlying physics behind all these optical activity properties is the 
same as defined above in Equation 16.1.

Furthermore, the definition of optical activity signal in Equation 16.1 is valid even 
for nonlinear optical activity measurement experiments. For example, the circularly 
polarized pump–probe (CP–PP) is one of the 2D optical activity measurement meth-
ods, and its signal is defined as the difference between the pump–probe signal with 
LCP-pump and that with RCP-pump.5 The 2D circularly polarized photon echo 
experiment is also a straightforward extension of 2D photon echo by replacing one 
of the linearly polarized incident pulses with a circularly polarized one.6–8 Thus, the 
optical activity spectroscopies using the definition in Equation 16.1 will be referred 
to as differential optical activity measurement techniques.8

Instead of the differential measurement scheme in Equation 16.1, one can carry 
out linear or nonlinear optical activity experiments by selectively measuring the 
spectroscopic response functions that are not rotationally invariant within the elec-
tric dipole approximation, for example, SXXXY. As shown in the previous chapter, 
the linear optical activity, such as CD and ORD, can be studied by measuring the 
YX-tensor element of the generalized linear response function including both mag-
netic dipole and electric quadrupole terms (see Section 15.2). Note that the rotation-
ally invariant tensor elements of electric dipole–dipole response function are XX, 
YY, and ZZ, because the only rotationally invariant second-rank tensor in 3D space 
is the Kronecker delta. Thus, all the other tensor elements except for these three 
should vanish if only the electric dipole response is considered. However, since the 
magnetic field vector is orthogonal to the electric field, the YX tensor element of 
the magnetic dipole–electric dipole response function, where Y and X particularly 
denote the electric field vector elements, does not vanish and contains information 
of the handedness of chiral molecules.

The same argument can be applied to nonlinear response measurements. In the 
case of all-electric-dipole-allowed four-wave-mixing spectroscopy, the elements of 
the fourth-rank tensorial response function, which contain rotationally invariant iso-
mers like δ δl l l l1 2 3 4

, δ δl l l l1 3 2 4
and δ δl l l l1 4 2 3

, can be experimentally measured. For example, 
the parallel-polarization and perpendicular-polarization photon echo signals, denoted 
as EPE

ZZZZ  and EPE
ZYYZ , are to measure the ZZZZ- and ZYYZ-tensor elements of the pho-

ton echo response function, respectively, when the incident beams and emitted photon 
echo field propagate along the X-axis in a space-fixed frame. Thus, for example the 
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ZZZY-tensor element of the all-electric-dipole third-order response function vanishes. 
However, the same ZZZY-tensor element of the generalized response function beyond 
the electric dipole approximation (or long wavelength limit) does not vanish for chiral 
molecules, because the magnetic dipole and electric quadrupole contributions are finite 
in such cases.8–11 This can also be understood from the fact that the magnetic field vector 
is orthogonal to the electric field vector in a given electromagnetic field. If the first elec-
tric field is Y-polarized for the ZZZY-measurement, its magnetic field vector is parallel 
to the Z-axis so that there is a third-order response function component [mmmm]ZZZZ 
that is rotationally invariant. Although the ZZZY-measurement for example involves 
linearly polarized beams only, one of the linearly polarized beams should be perpen-
dicular to the other polarization directions. Thus, as shown in Section 15.2, it requires a 
cross-polarization detection method where the incident beam polarization directions are 
perpendicular to the polarization direction of the emitted signal electric field. From now 
on, this scheme will be referred to as cross-polarization optical activity measurements.

In summary, we have discussed two different measurement schemes, differen-
tial and cross-polarization optical activity measurements, which are different from 
each other by the beam polarization states. The former requires LCP and RCP 
(or sometimes left- and right-elliptically polarized) beams to carry out an optical 
activity measurement, whereas the latter requires linearly polarized beams with 
a properly designed cross-polarization detection instrument. Although these two 
methods appear to be different from each other, the measured quantities are essen-
tially identical.7 This will be proved in the following section. Then, a few examples 
of 2D optical activity measurement methods will be discussed later.

16.2	R otational Averaging of Higher-Rank Tensors

As emphasized throughout the book, the (n - 1)th-order spectroscopic signal with 
respect to the electric dipole–electric field interaction can be conveniently expressed 
in terms of the corresponding nth rank tensorial all-electric-dipole response function, 
R(n)(t1,t2,… tn). Controlling the polarization states of incident beams and measuring 
a particular vector element of detected signal field, one can selectively measure one 
or multiple tensor elements of the nonlinear response function. Now, let us denote 
Sl l l

n

n1 2, , ,
( )

�  the observable (signal) that is linearly proportional to the [l1,l2,… ln] tensor 
element of R(n)(t1,t2,… tn), where lj is one of the Cartesian coordinates in a space-fixed 
frame. The polarization direction of the jth electric field involved in the jth field-
matter interaction is specified by lj.

When the optically active system (molecule) is randomly oriented in condensed 
phases, only the rotationally invariant tensor elements of R(n)(t1,t2,… tn) do not van-
ish. Let us denote as F(n) the set of those rotationally invariant tensor elements within 
the electric dipole approximation. For example, for a second-rank tensorial response 
function, F(2) consists of [x,x], [y,y], and [z,z]. Then, we have, for any arbitrary 
nth-rank tensors,

	
S l l ll l l

n
n

n

n1 2
0 1 2, , ,

( ) ( )[ , , , ]� �≠ ∈when F
	

(16.2)
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and

	

Sl l l
n

l l l m m m
n

n n n1 2 1 2 1 2, , ,
( )

{ , , , }{ , , , }
( )

� � �= G
mm m m

m m m
n

n

n
S

1 2

1 2

, , ,

, , ,
( ) .

�
�∑

	

(16.3)

Here, mj (for j=1~n) is one of the Cartesian coordinates in a molecule-fixed frame, 
and G{ , , , }{ , , , }

( )
l l l m m m
n

n n1 2 1 2� � are the expansion coefficients that were discussed in Section 
3.3. Sm m m

n

n1 2, , ,
( )

� is the molecular property determined by the [m1,m2,… ,mn] tensor  
element of  R(n)(t1,t2,… tn) in a molecule-fixed frame. In order to obtain Equation 16.3, 
we used the Weyl’s theorem.

It is well known that a rotationally invariant tensor can be expressed as a linear 
combination of isotropic tensors. In 3D space, there are two fundamental isotro-
pic tensors, which are Kronecker delta, dij, and Levi–Civita epsilon eijk. Note that 
all higher rank isotropic tensors can be expressed in terms of Kronecker deltas and 
Levi–Civita epsilons. These possible products are called isomers. As mentioned in 
Section 3.3, when n = 4, the isotropic tensors are products of two Kronecker deltas 
such as dij dkl, dik djl, and dil djk. Denoting the rth (sth) member of the set of isomers of 
rank n in a space-fixed (molecule-fixed) frame as sr l l l

n

n,{ , , , }
( )

1 2 �
( ),{ , , , }

( )ms m m m
n

n1 2 �
, we have

	

Sl l l
n

r l l l
n

r s

s mn n1 2 1 2 1, , ,
( )

,{ , , , }
( )

,

,{� �= ∑s m ,, , , }
( )

, , ,
( )

, , ,

.m m
n

m m m
n

m m m
n n

n

S
2 1 2

1 2

� �
�

∑
	

(16.4)

From Equations 16.3 and 16.4, we find that

	

G{ , , , }{ , , , }
( )

,{ , , ,l l l m m m
n

r l l ln n n1 2 1 2 1 2� � �= s }}
( )

,

,{ , , , }
( ) .n

r s

s m m m
n

n∑ m
1 2 �

	
(16.5)

For n = 2, there is only one isomer, that is,

	
s δ{ , }

( )
, .l l l l1 2 1 2

2 =
	

(16.6)

For n = 3, there is also one isomer,

	
s e{ , , }

( )
, , .l l l l l l1 2 3 1 2 3

3 =
	 (16.7)

For n = 4, there are three isomers, that is,

   
s δ δ s1

4
21 2 3 4 1 2 3 4 1 2 3,{ , , , }

( )
, , ,{ , , ,,l l l l l l l l l l l l=

44 1 3 2 4 1 2 3 4 1
4

3
4

}
( )

, , ,{ , , , }
( )

,,= =δ δ s δl l l l l l l l land ll l l4 2 3δ , .
	

(16.8)

For n = 5, there are six independent isomers, and so on. Similarly, the isomers of rank 
n in a molecule-fixed frame, ms m m m

n

n,{ , , , }
( )

1 2 �
, can be obtained by replacing the indexes 

of the space-fixed frame in Equations 16.6–16.8 with those of the molecule-fixed 
frame.

Now, let us consider a general optical activity measurement spectroscopy. The jth 
radiation is assumed to be either LCP or RCP radiation, whereas all the other radia-
tions are linearly polarized. The measured signals using these circularly polarized 
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radiations will be denoted as Sl l l L l l
n

j j n1 2 1 1, , , , , , ,
( )

� �- +  
and Sl l l R l l

n

j j n1 2 1 1, , , , , , ,
( )

� �- +
, respectively 

(note that the jth index in the subscripts is either L or R to indicate that the jth beam 
polarization state is LCP or RCP, respectively). The nth-order optical activity signal 
is defined as the difference between these two signals so that the differential optical 
activity in such an nth-order spectroscopy is given as

	
DS Sl l l C l l

n
l l l L lj j n j1 2 1 1 1 2 1, , , , , , ,

( )
, , , , ,� � �- + -≡

jj n j j nl
n

l l l R l l
nS+ - +-

1 1 2 1 1, ,
( )

, , , , , , ,
( ) .� � � 	

(16.9)

This signal DSl l l C l l
n

j j n1 2 1 1, , , , , , ,
( )

� �- +
will be called the nth-order differential optical activity 

signal.
In order to rewrite Equation 16.9, we need to consider the nature of circularly 

polarized radiation more in detail. The LCP and RCP radiations can be written as 
linear combinations of two linearly polarized radiations, that is,

	
e x y e x y( ) ( )( ) ( )L Ri i= + = -/ and /2 2

 	 (16.10)

or

	
e x y e x y( )* ( )*( ) ( ) .L Ri i= - = +/ and /2 2

	
(16.11)

The LCP and RCP polarized transverse electric fields are given as

	 E r e ek r k r
LCP

L i i t L i it E t E t( , ) ( )e ( )e( ) ( )* *= +⋅ - - ⋅ +w wtt
	 (16.12)

	
E r e ek r k r

RCP
R i i t R i it E t E t( , ) ( )e ( )e( ) ( )* *= +⋅ - - ⋅ +w wtt.

	 (16.13)

The first term describing the traveling field in the direction of k is involved in 
an absorptive radiation–matter interaction, whereas the second is in a stimulated 
emissive interaction. Therefore, depending on a specific nonlinear optical transition 
pathway, one should carefully consider either e(L) or e(L)*. A few examples will be 
discussed in detail later in this chapter.

Here, without loss of generality, the beam propagation direction is assumed to 
be along the z-axis in a space-fixed frame. Now, the choice of the x-axis in a space-
fixed frame is arbitrary. We will assume that the x-axis is chosen in such a way 
that [ , , , , , , , ] ( )l l l x l lj j n

n
1 2 1 1� �- + ∈F . This means that Sl l l x l l

n

j j n1 2 1 1, , , , , , ,
( )

� �- +
 is rotationally 

invariant signal within the electric dipole approximation. Then, the nth-order dif-
ferential optical activity signal can be rewritten as

            

DS Sl l l C l l
n

l l l xj j n j1 2 1 1 1 2 1

1
2, , , , , , ,

( )
, , , ,� � �- + -= ,, , ,

( )
, , , , , , ,

( )
l l

n
l l l y l l

n
j n j j n

iS+ - +±( )

-

1 1 2 1 1� � �

11
2 1 2 1 1 1 2 1

S iSl l l x l l
n

l l lj j n j, , , , , , ,
( )

, , , ,� � �∓- + - yy l l
n

l l l y l l

j n

j j n
iS

, , ,
( )

, , , , , , ,
(

+

- +

( )
= ±

1

1 2 1 1
2

�

� �
nn) .

	 (16.14)
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Here, the upper signs should be chosen when the LCP and RCP beam states are given 
by Equation 16.10, whereas the lower signs correspond to the case of Equation 16.11.

Note that the rotationally invariant terms Sl l l x l l
n

j j n1 2 1 1, , , , , , ,
( )

� �- +
on the right-hand side 

of Equation 16.14 cancel out and do not contribute to DSl l l C l l
n

j j n1 2 1 1, , , , , , ,
( )

� �- +
. Now, the 

next step is to show that Sl l l y l l
n

j j n1 2 1 1, , , , , , ,
( )

� �- +
is not rotationally invariant within the 

electric dipole approximation. In order to prove this, we need to consider two dif-
ferent cases separately. The first group consists of the cases when the lj index is 
found in a Kronecker delta, e.g., δ δl l xlj k k

= . Since [ , , , , , , , ] ( )l l l x l lj j n
n

1 2 1 1� �- + ∈F
, we find that lk (for k ≠ j) should be x. Consequently, if lj is replaced with y, 
[ , , , , , , , ] ( )l l l y l lj j n

n
1 2 1 1� �- + ∉F due to dxy = 0. The second group consists of the cases 

when the lj index is found in a Levi–Civita epsilon such as e el l l xl lj k m k m
= . Again, because 

[ , , , , , , , ] ( )l l l x l lj j n
n

1 2 1 1� �- + ∈F , the other two indexes lk and lm (for k ≠ j and m ≠ j) 
and x should be different from one another, that is, e e ex y z z x y y z x, , , , , ,= = = 1or 
e e ex z y z y x y x z, , , , , ,= = = -1. Therefore, if lj is replaced with y in these cases belong-
ing to the second group, the Levi–Civita tensor element vanishes, e.g., ey,y,z = 0. 
Therefore, we proved that [ , , , , , , , ] ( )l l l y l lj j n

n
1 2 1 1� �- + ∉F .

Now, we will apply this theorem to a few specific cases. For n=2, we have

	

D

D

S S S iS

S

x C x L x R x y

C x

,
( )

,
( )

,
( )

,
( )

,
( )

2 2 2 2

2

2= - = ±

== - = ±S S iSL x R x y x,
( )

,
( )

,
( ).2 2 22 	 (16.15)

Again, the upper signs should be chosen when the LCP and RCP beam states are 
given by Equation 16.10, whereas the lower signs correspond to the case of Equation 
16.11. The results in Equation 16.15 show that the circular dichroism signal is related 
to the measurement of [x,y] or [y,x] tensor element of the linear response function 
beyond the electric dipole approximation. In the case of DSx C,

( )2 , the first field-matter 
interaction is with the linearly polarized radiation with polarization direction paral-
lel to the x-axis in a space-fixed frame, and the observable is the circular polariza-
tion component of the radiated signal field. On the other hand, the measurement of 
DSC x,

( )2  means that the initial field-matter interaction is with LCP or RCP light, and 
the x-polarized signal field is detected. The previous chapter showed that the cross-
polarization detection of the Sy x,

( )2  signal can provide information on the complex opti-
cal activity (chiral) susceptibility, where the real and imaginary parts of the chiral 
susceptibility correspond to the CD and ORD spectra, respectively.

For n=3, we have

	

DS S S iSx y C x y L x y R x y y, ,
( )

, ,
( )

, ,
( )

, ,
( )3 3 3 22= - = ±

DDS S S iSx C y x L y x L y x y y, ,
( )

, ,
( )

, ,
( )

, ,
(3 3 3 22= - = ± ))

, ,
( )

, ,
( )

, ,
( )

, ,
(DS S S iSC x y L x y R x y y x y

3 3 3 2= - = ± 22) . 	 (16.16)

The first case in Equation 16.16 corresponds to the measurement that the first two 
field-matter interactions are with x- and y-polarized radiations and the circular 
polarization component of the signal is detected. The second case is to use LCP 
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and RCP light for the second field-matter interaction. The third case is to use 
the circularly polarized radiation for the first field-matter interaction. In Exercise 
15.5, the IV-SFG (or IR-Raman) spectroscopy of chiral molecules in solution was 
considered. In particular, the incident IR beam was controlled to be either LCP or 
RCP. The LCP and RCP IR-Raman signals were measured separately. Then, it was 
shown that the difference signal can provide information on chiro-optical proper-
ties of chiral molecules. By using Equation 16.16, it is now possible to establish 
a relationship between that experimental observable and the cross-polarization-
detected third-rank tensorial observable. This will be left for the readers.

It is now natural to extend the 2D four-wave-mixing spectroscopy to 2D optical 
activity measurement. The associated response function is a fourth-rank tensor so 
that the case when n = 4 should be considered in detail. From Equation 16.14, assum-
ing that the propagation direction of the circularly polarized beam is along the Z-axis 
in a space-fixed frame and that the unit vectors of the circularly polarized beam are 
given as Equations 16.10 and 16.11, we find the following relationships:

	
DS S Sl l l C l l l L l l l R1 2 3 1 2 3 1 2 3

4 4
, , ,

( )
, , ,

( )
, , ,

(= - 44 42
1 2 3

)
, , ,

( )= ± iSl l l y 	
(16.17)

	
DS S Sl l C l l l L l l l R l1 2 3 1 2 3 1 2 3

4 4
, , ,

( )
, , ,

( )
, , ,

(= - 44 42
1 2 3

)
, , ,

( )= ± iSl l y l 	
(16.18)

	
DS S Sl C l l l L l l l R l l1 2 3 1 2 3 1 2 3

4 4
, , ,

( )
, , ,

( )
, , ,

(= - 44 42
1 2 3

)
, , ,

( )= ± iSl y l l 	
(16.19)

	
DS S SC l l l L l l l R l l l, , ,

( )
, , ,

( )
, , ,

(

1 2 3 1 2 3 1 2 3

4 4= - 44 42
1 2 3

)
, , ,

( ) .= ± iSy l l l 	
(16.20)

For any arbitrary beam configurations, once the circularly polarized beam 
wavevector direction is chosen as the Z-axis in a space-fixed frame, the differ-
ential optical activity signal can be written as a linear combination of terms on 
the right-hand side of Equations 16.17–16.20. Furthermore, the above relation-
ships in Equations 16.17–16.20 show that a particular cross-polarization optical 
activity measurement is inversely related to specific differential optical activity 
measurement. For instance, the circularly polarized pump–probe (CP–PP) spec-
troscopy, where the pump–pulse is circularly polarized, can be related to a par-
ticular combination of two cross-polarization optical activity signals. Denoting 
the heterodyne-detected circularly polarized pump–probe signal as DS(CP-PP), 
from the relations in Equations 16.19 and 16.20 we find that when the pump– and 
probe–pulses are collinear,

       
DS S S SCP PP

L x x x R x x x x L x x
( )

, , ,
( )

, , ,
( )

, , ,
(- = - +4 4 44 4 4 42)

, , ,
( )

, , ,
( )

, , ,
( )- = -( )S i S Sx R x x y x x x x y x x ..

	
(16.21)

Here, the reason why the second term in the last equation has a negative sign is 
that the second radiation–matter interaction is between molecular dipole and 
e k r( )* *( )eL i i tE t - ⋅ + w (e k r( )* *( )e )R i i tE t - ⋅ + w for the LCP (RCP) pump pulse.

Using the theoretical results established in this section, one can always find 
relationships between differential and cross-polarization-detected optical activity 
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measurements. Since, by definition, optical activity of a chiral molecule is induced 
by the differential interaction of a chiral molecule with LCP and RCP radiation dur-
ing quantum excitation, we will follow this conventional definition of optical activity 
to develop theoretical descriptions of a few 2D optical activity spectroscopies in the 
following sections.

16.3	 Two-Dimensional Optical Activity 
Pump–probe: Two-Level System

The 2D pump–probe spectroscopy within the electric dipole approximation was 
already discussed in Chapter 6. Generally, transient grating, dichroism, and bire-
fringence spectroscopies have been used to study wavepacket (particle and hole) 
evolutions on the excited and ground potential-energy surfaces, ultrafast chemical 
reaction dynamics, and lifetimes of the excited states. A single pulse or a pair of 
pulses is used to perturb the molecular system and to create either population or 
coherences on excited or ground state. An incident probe laser field that is delayed in 
time interacts with the same molecular system, the corresponding third-order polar-
ization is created, and then the coherent signal field is detected. The transient grating, 
dichroism, and birefringence measurements differ from one another by how the sig-
nal field is experimentally detected. They, in fact, correspond to the intensity, imagi-
nary (π/2 phase different) part, and real (in-phase) part of the third-order material 
polarization (with respect to the phase of local oscillator field), respectively.

For a 2LS, the previous description of the 2D pump–probe spectroscopy was based 
on the electric dipole approximation so that its signal is insensitive to molecular chi-
rality. However, if one of the incident beams is controlled to be circularly polarized 
and if the difference between the LCP and RCP pump–probe signals is detected, the 
all-electric-dipole-allowed pump–probe signal vanishes. Therefore, instead of the 
lowest-order radiation–matter interaction Hamiltonian, -m . E(r,t), the generalized 
one including both magnetic dipole–magnetic field and electric quadrupole–electric 
field interactions should be considered, which is

	

H i E trad mat
i i t

-
⋅ -= - + × + ⋅ ⋅

-

{ ( ˆ ) ( ) } ( )e

{

m

m

m k k Q e k r/2 w

++ × - ⋅ ⋅ - ⋅ +( ˆ ) ( ) } ( )e .* *m k k Q e k ri E t i i t/2 w
	

(16.22)

Due to these two additional radiation–matter interactions, the pump–probe polariza-
tion can be expanded in a power series of m and Q as

	 P P P PPP PP PP PPt t t m t Q( ) ( ) ( ; ) ( ; ) .( ) ( ) ( )= + + +0 1 1 � 	 (16.23)

The higher order terms in the above series expansion are the pump–probe polariza-
tions that are proportional to m2, mQ, Q2, and so on.5 Thus, they are again two to 
three orders of magnitude smaller than the second and third terms in Equation 16.23 
in general, that is,

	
| ( ) | | ( ; ) | | ( ; ) | |( ) ( ) ( ) (P P P PPP PP PP PPt t m t Q0 1 1>> ≈ >> 22 3) ( )| | | .>> PPP 	 (16.24)
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Although there are a variety of different ways to measure the above pump–probe 
polarization in Equation 16.23, we shall specifically consider the self-heterodyne-
detected transient dichroism (see Section 6.2) signal defined as

	
S T dt t tTD pu pr pr PP( , ; ) Im ( ) ( ) .w w = ⋅



-∞

∞

∫ E P*

	

(16.25)

Inserting Equation 16.23 into 16.25, we have

	
S T S T STD pu pr TD pu pr TD pu( , ; ) ( , ; ) (( ) ( )w w w w w≅ +0 1 ,, ; ; ) ( , ; ; ).( )w w wpr TD pu prT m S T Q+ 1

 
		  (16.26)

In was previously shown that the all-electric-dipole-allowed transient dichroism 
spectrum S TTD pu pr

( ) ( , ; )0 w w is approximately given as, for a 2LS,

         
S TTD pu pr ge eg ge eg pr pr pu pu

( ) * *( , ; ) [ ]0 w w ∝ ⊗m m m m e e e e GGTD
LS

pu pr T2 ( , ; )w w
	

(16.27)

where the normalized 2D Gaussian peak shape function for this 2D pump–probe 
spectrum is defined as

G
W W

TD
LS

pu pr T
X

w w

2
2

2 2 1 2 2 2

( , ; )
exp( )

( ) /

w w p= - -

+ + --( )
- + -

+
H T

w

Y T Z T
2

2 2

1 2
2 2

( )
/

{exp( ( )) exp( ( ))}.

W  
		  (16.28)

The auxiliary functions such as X, Y(T), Z(T), and H(T) were defined in Equations 
6.8 and 5.51. In Equation 16.27 above, we specifically emphasize the complex nature 
of the unit vectors of beam polarization directions. In the previous chapters, the 
cases when the incident beams and detected signal field are always linearly polarized 
were discussed so that the unit vector e is always real. However, circularly polarized 
beams are considered in this chapter and their unit vectors are complex, as shown 
in Equations 16.10 and 16.11. One should therefore be careful about such complex 
natures of e’s hereafter.

The next step is to calculate the transient dichroism spectra that are linear with 
respect to either m or Q. First of all, let us consider S T mTD pu pr

( ) ( , ; ; ),1 w w which is 
associated with the third-order polarization created by two electric dipole–electric 
field interactions and one magnetic dipole–magnetic field interaction. Since one of 
the three radiation–matter interactions should be replaced with magnetic dipole–
magnetic field interaction, there are twelve (= 4 × 3) diagrams. For example, one of 
them is

	
< >< >mB g g| | . 	

(16.29)

mBpu

e 

g     e 
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In addition to those twelve diagrams, there are four additional diagrams representing 
the magnetic dipole contribution to the third-order polarization. One of these four 
diagrams is

	
< × >< >m k pr g g| | .

	
(16.30)

Exercise 16.1
What are the other fourteen diagrams, in addition to the two in Equations 16.29 
and 16.30?

Taking into account all these sixteen contributions to S T mTD pu pr
( ) ( , ; ; ),1 w w which are 

all linear in m, one can obtain the expression for S T mTD pu pr
( ) ( , ; ; )1 w w as

S T mTD pu pr ge eg ge eg pu ge
( ) ( , ; ; ) {[ ( ˆ )] [1 w w ∝ × +m m m mm k mm m

m m m

eg ge pu eg

ge eg pr ge eg ge

( ˆ ) ]

[ ( ˆ ) ] [(

m k

m k m

×

+ × + × ˆ̂ ) ]} ( , ;* *k e e e epr eg ge eg pr pr pu pu TD
LS

pu prm m m ⊗ G2 w w TT ).
 

		  (16.31)

By following the same procedure and simply replacing the operator ( ˆ )m k× with 
( )i /2 k Q⋅ operator, one can find that the quadrupole contribution to the 2D transient 
dichroism (TD) spectrum, S T QTD pu pr

( ) ( , ; ; )1 w w , is expressed as

	

S T Q iTD pu pr ge eg ge pu eg
( ) ( , ; ; ) ( ){[ ( )]1 2w w ∝ ⋅ -/ m m m k Q [[ ( ) ]}

[ ( ) [(

m m m

m m m

ge eg pu eg ge

ge pr eg ge eg p

k Q

k Q k

⋅

+ ⋅ - rr ge eg ge eg pr pr pu pu TD
LS

pu pr⋅ ⊗Q e e e e) ]} ( ,* *m m m G2 w w ;; ).T
  

		  (16.32)

Thus, the expanded 2D TD spectrum up to the first order in m or Q is finally 
given as

	

S TTD pu pr ge eg ge eg ge eg ge eg( , ; ) ([ ] {[ (w w ∝ + ×m m m m m m m m ˆ̂ )]

[ ( ˆ ) ] [ ( ˆ )

k

m k m k

pu

ge eg ge pu eg ge eg pr ge+ × + ×m m m m m mm m m m

m m m

eg ge pr eg ge eg

ge eg gei

] [( ˆ ) ]}

( ){[ (

+ ×

+

m k

k/2 ppu eg ge eg pu ge eg ge pr eg ge⋅ - ⋅ + ⋅Q k Q k Q)] [ ( ) ] [ ( )m m m m m mm

m m m

eg

pr ge eg ge eg pr pr pu pu TD
L

]

[( ) ]} * *- ⋅ ⊗k Q e e e e G2 SS
pu pr T( , ; ).w w

 		  (16.33)

This result is quite general for any arbitrary beam configuration. Usually, the pump 
and probe beam propagation directions are not collinear so that the angle between 
them is another experimentally controllable variable.

Hereafter, it is assumed that the pump and probe beam propagation directions are 
approximately parallel to the Z-axis in a space-fixed frame, that is,

	
ˆ ˆ ˆ.k kpu pr Z= = 	

(16.34)

e 

g   e 
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The polarization direction of the linearly polarized probe (and local oscillator) beam 
is parallel to the X-axis, as e pr X= ˆ . The differential signal DS TTD pu pr( , ; )w w  is then 
defined as

          
DS T S T STD pu pr TD

LCP pump
pu pr TD

R( , ; ) ( , ; )w w w w= -- CCP pump
pu pr T- ( , ; ).w w

	
(16.35)

For further theoretical considerations, we instead use the relationship in Equation 
16.21 to rewrite Equation 16.35 as

          
DS T i S T STD pu pr TD

XXXY
pu pr TD

XX( , ; ) { ( , ; )w w w w= -2 YYX
pu pr T( , ; )},w w

	
(16.36)

where the superscripts XXXY and XXYX mean that the XXXY and XXYX elements 
of all the four-rank tensors in Equation 16.33 should be taken into account. Now, 
let us consider the XXXY and XXYX elements of relevant fourth-rank tensors for a 
multilevel system first, and then apply the results to the present specific case of a 
2LS. Now, the fourth- or fifth-rank tensors needed to be considered for a multilevel 
system are [ ], [ ( ˆ )], [ ( ˆ ) ],m m m m m m m m m m4 3 2 1 4 3 2 1 1 4 3 2 2 1m k m k× ×   [ ( ˆ ) ],m m m4 3 3 2 1m k×  
[( ˆ ) ],  [ ( )],  [ ( )m k k Q k Q4 4 3 2 1 4 3 2 1 1 4 3 2 2× ⋅ ⋅m m m m m m m m mm m m m1 4 3 3 2 1],  [ ( ) ],k Q⋅  and
[( ) ]k Q4 4 3 2 1⋅ m m m . Here, the subscripts 1–4 represent different transitions. As an 
example, if 1 = eg, m1 corresponds to mg that is the transition dipole matrix element 
between g to e.

First of all, one can easily show that [m4m3m2m1]XXXY and [m4m3m2m1]XXYX vanish, 
since the isomers of fourth-rank tensors that are rotationally invariant are δ δl l l l1 2 3 4

,
δ δl l l l1 3 2 4

, and δ δl l l l1 4 2 3
. This suggests that the all-electric-dipole term [m4m3m2m1] 

does not contribute to the present nonlinear optical activity signal, as expected. We 
next consider the magnetic dipole contribution to DSTD, which is the sum of four 
terms from the second one in Equation 16.33. Note that the X and Y components of 
m k m× = ×ˆ ( ˆ)pu Z vector are my and -mX, that is,

	
m k× = -ˆ ˆ ˆ.

pu Y X
m X m Y

	
(16.37)

Hereafter, for later uses, let us define two auxiliary functions f m
XXXY and f m

XXYX as

         

fXXXY
m

XXXY( , , , ) [ ( ˆ )] [ ( ˆ4 3 2 1 4 3 2 1 1 4 3 2= × + ×m m m m mm k m kk

m k m k

2 1

4 3 3 2 1 4 4 3 2

) ]

  [ ( ˆ ) ] [( ˆ )

m

m m m m m

XXXY

XXXY+ × + × mm1]XXXY 	 (16.38)

        

fXXYX
m

XXYX( , , , ) [ ( ˆ )] [ ( ˆ4 3 2 1 4 3 2 1 1 4 3 2= × + ×m m m m mm k m kk

m k m k

2 1

4 3 3 2 1 4 4 3 2

) ]

  [ ( ˆ ) ] [( ˆ )

m

m m m m m

XXYX

XXYX+ × + × mm1] .XXYX 	 (16.39)

The numbers in f m
XXXY (4,3,2,1) and  f m

XXYX (4,3,2,1) represent specific quantum transi-
tion. For example,  f m

XXXY (ge,eg,ge,eg) means that the four transitions are between g 
and e states. In Equations 16.38 and 16.39, the wavevector of the radiation involved 
in the jth radiation–matter interaction is denoted as kj.

In the present case, ˆ ˆ ˆk k k1 2= = pu and ˆ ˆ ˆk k k3 4= = pr. Then, one can find that the tensor 
elements [ ( ˆ )] , [ ( ˆ ) ] , [m m m m m m m4 3 2 1 4 3 2 1 4m k m k× ×pu XXXY pu XXXY (( ˆ ) ]m k3 2 1× pu XXXYm m ,
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and[( ˆ ) ]m k4 3 2 1× pu XXXYm m m are
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		  (16.40)

Similarly, those tensor elements [ ( ˆ )]m m m4 3 2 1m k× pu XXYX, [ ( ˆ ) ]m m m4 3 2 1m k× pu XXYX, 
[ ( ˆ ) ]m m m4 3 2 1m k× pu XXYX , and [( ˆ ) ]m k4 3 2 1× pu XXYXm m m are
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		  (16.41)

It should be noted that the transition magnetic dipole matrix elements are purely 
imaginary for real wavefunctions so that we used the notation m1 = iM1, where M1 
is purely real.

The next step is to consider the electric quadrupole contributions. Similar to 
Equations 16.38 and 16.39, we define two auxiliary functions as

         

fXXXY
Q
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	 (16.42)
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	 (16.43)

The upper or lower signs in each term are determined by the phase-matching con-
dition. For example, in the present case of pump–probe, the phase-matching con-
dition is +k1 –k2 +k3 with k1 = k2 = kpu and k3 = kpu. Thus, one should choose 
+, –, and + signs for the first three terms in the above equations. The tensor ele-
ments [ ( )] ,m m m4 3 2 1k Qpu XXXY⋅  [ ( ) ] ,m m m4 3 2 1k Qpu XXXY⋅  [ ( ) ] ,m m m4 3 2 1k Qpr XXXY⋅  and 
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(16.44)

The remaining tensor elements [ ( )] ,m m m4 3 2 1 1k Q⋅ XXYX  [ ( ) ] ,m m m4 3 2 2 1k Q⋅ XXYX  
[ ( ) ] ,m m m4 3 3 2 1k Q⋅ XXYX and [( ) ]k Q4 4 3 2 1⋅ m m m XXYX are given as
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(16.45)

It is again noted that the Q matrix is symmetric with respect to two indexes, for 
example, Qm1m2

 = Qm2m1
; but the Levi–Civita tensor is antisymmetric, for example, 

em1m2m3
 = -em1m3m2

. Thus, in the summations of Equation 16.45, there are terms that 
vanish due to rotational averaging.

Using the above general results for multilevel systems and from Equation 16.36, 
one can obtain the differential signal, DS T

TD pu pr
( , ; )w w , for a 2LS. The first term in 
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Equation 16.33, which is 2iS T m
TD
XXXY

pu pr
( , ; ; )w w , is found to be
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(16.46)

Similarly, 2iS T m
TD
XXYX

pu pr
( , ; ; )w w is given as
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(16.47)

Here, meg and mge are purely imaginary as mentioned above so that meg = iMeg. 
Furthermore, we have

	
m m M Mge eg eg gei i= = - =* .

	
(16.48)

The transition electric dipole matrix elements are purely real and m m
ge eg

= . Also, it is 
noted that m̂ is not commute with m̂ and that  ˆ ˆm ⋅ m is a Hermitian operator.

Exercise 16.2
Show that mge = m*

eg by using the integration by part method. Note that for 
a single electron system the magnetic dipole operator is m r p= ×( )(ˆ ˆ )e mc/2 . 
Also, prove that the sum of the rotatory strengths for all states vanishes. 

The transition electric and magnetic dipole matrix elements inside the brackets […]M 
or (…)M are those in a molecule-fixed frame. Now, we introduce generalized defini-
tions of dipole and rotatory strengths,

	

D

R

ee
g

ge eg
M

ee
g

ge eg
M

≡ ⋅

≡ ⋅

[ ]

Im[ ] .

m m

m m
	

(16.49)

Here, the dipole and rotatory strengths in Equation 16.49 are those of ground-state 
properties, and they determine the all-electric-dipole-induced transition probability 
and electric dipole/magnetic dipole–induced transition probability from g to e states, 
respectively. In the cases of nonlinear optical spectroscopy, not only the transitions 
between g and e but also those between e and other higher-lying (doubly) excited 
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states should be taken into account. Then, the dipole and rotatory strengths of excited 
states become important in quantitative descriptions of nonlinear optical activity. 
Thus, instead of conventional notations for the dipole and rotatory strengths used for 
linear optical activity, we shall use the new notations given in Equation 16.49.

Then, one can find that the magnetic dipole contribution to the 2D transient dichr-
oism spectrum, DS T

TD pu pr
( , ; )w w , is given as

	
D GS T m D R TTD pu pr ee

g
ee
g

TD
LS

pu pr( , ; ; ) ( , ; )w w w w= 8 2
15

2 ..
	

(16.50)

It is interesting to note that the entire transition strength is determined by the product 
of dipole strength and rotatory strength. Therefore, the sign of the 2D optical activ-
ity TD peak is determined by the rotatory strength, which can be either positive or 
negative.

In addition to the above magnetic dipole contribution, it is necessary to include 
the electric quadrupole contribution. For this specific case of 2LS, due to the follow-
ing equalities

	
� � � � � � � � �
a b a a a b b a a⋅ × = - ⋅ × = ⋅ × ={ } { } { } ,0 	 (16.51)

one can show that the quadrupole contribution to the 2D optical activity TD spec-
trum vanishes for any 2LSs, that is,

	
DS T Q

TD pu pr
( , ; ; ) (   ).w w = 0 2for LS 	 (16.52)

From Equations 16.50 and 16.52, the 2D optical activity TD spectrum is finally given 
as

              
D GS T D R

TD pu pr ee
g

ee
g

TD
LS

pu pr
( , ; ) ( , ;w w w w= 8 2

15
2 TT ) (for 2LS). 	 (16.53)

One can also obtain a similar expression for the 2D optical activity transient birefrin-
gence spectrum by simply replacing the 2D peak shape function G

TD
LS

pu pr
T2 ( , ; )w w  

in Equation 16.53 with G
TB

LS
pu pr

T2 ( , ; ).w w Here, it should be emphasized that such 
a vanishing quadrupole contribution to the 2D optical activity TD spectroscopy is 
valid only for the case of 2LS.

Exercise 16.3
The 2D transient dichroism and birefringence spectra of a weakly anharmonic 
oscillator were considered in Section 6.3 in detail. Considering the low-lying 

three vibrational states, |0>, |1>, and |2>, and assuming m m21 102= , obtain 
the corresponding expression for DS T

TD pu pr
( , ; )w w  and show its relationship 

to Equation 16.53.

In this section we focused on the 2D circularly polarized pump–probe spectroscopy 
of a 2LS. The rotational averages of fourth- and fifth-rank tensors involving magnetic 
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dipole and electric quadrupole transition matrix elements were discussed in detail. 
Although one can generalize the 2D circularly polarized pump–probe spectroscopy 
for coupled multi-chromophore systems, such extensions will be left for the readers. 
Instead, we next consider 2D circularly polarized photon echo spectroscopy, because 
the photon echo method is the direct analog of 2D COSY (correlation spectroscopy) 
NMR and has been found to be useful in obtaining various 2D vibrational or elec-
tronic spectra of complex molecules.

16.4	 Two-Dimensional Optical Activity Photon  
Echo: Two-Level System

A detailed description on the 2D photon echo spectroscopy of 2LS and anharmonic 
oscillator was already presented and discussed in Chapter 7. Interesting 2D peak 
shapes and transient behaviors of diagonally elongated peak shape were also dis-
cussed. However, only the electric-dipole-allowed transitions were considered to 
describe the photon echo phenomenon, and that is quantitatively acceptable because 
the magnetic dipole–magnetic field and electric quadrupole–electric field interac-
tions are quite small. Note that the incident beams used for typical 2D photon echo 
measurements are all linearly polarized and the rotationally invariant elements of 
the fourth-rank tensorial response function were only considered, for example, SZZZZ, 
SZYYZ, and so forth. However, if one of the incident beams is circularly polarized and 
the LCP and RCP photon echo signals are obtained, the difference signal will be 
critically dependent on molecular chirality.8, 12

Depending on which of the three incident pulses is controlled to be circularly 
polarized, there exist several different ways to carry out circularly polarized photon 
echo measurements. In this chapter, the case when the first incident pulse is circu-
larly polarized will be mainly considered in detail. By following the same arguments 
presented in the previous section, one can generally expand the 2D photon echo 
spectrum as a power series with respect to magnetic dipole and electric quadrupole 
matrix elements, that is,

� � �E T E T E T
PE t PE t PE t

( , , ) ( , , ) ( ,( ) ( )w w w w wτ τ= +0 1 ,, ; ) ( , , ; ) .( )w w wτ τm E T Q
PE t

+ +� �1

	
(16.54)

This equation is analogous to Equation 16.26 for the 2D TD spectrum up to the first 
order with respect to m and Q. The first term in Equation 16.54 is the usual 2D photon  
echo spectrum within the electric dipole approximation. The second and third 
terms are then linearly proportional to the magnetic dipole and electric quadrupole, 
respectively.

For a 2LS, it was shown that the all-electric-dipole-allowed photon echo spec-
trum,  �E T

PE t
( ) ( , , )0 w wτ , is given as

	
�E TPE t ge eg eg ge s e

( ) * *( , , ) [ ] (0
3 2 12w w wτ = ⊗m m m m e e e e G gg eg, , , ),W W2 2w 	 (16.55)

where only the two resphasing diagrams were taken into consideration.
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In order to obtain the first-order magnetic dipole correction term, which is 
�E T m

PE t
( ) ( , , ; )1 w wτ in Equation 16.54, we need to consider diagrams like

	
< >< >mB g g| |

	
< >< >mB g g| | . 	

(16.56)

The first is the stimulated emission diagram, where the first coherence is generated 
by the magnetic dipole–magnetic field interaction. The second diagram corresponds 
to the ground-state bleaching. Because only the first incident beam is assumed to be 
either LCP or RCP, other diagrams with different time-orderings are not included. 
Then, the magnetic dipole correction term  �E T m

PE t
( ) ( , , ; )1 w wτ is found to be

 

�E T mPE t ge eg eg ge

ge

( ) ( , , ; ) {[ ( ˆ )]

  [

1
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m m m

m

m k

mm m m m meg eg ge ge eg eg ge

ge
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  [( ˆ

m k m k

m

× + ×

+ ×

2 3

kk e e e es eg eg ge s eg eg) ]} , , , .* *m m m ⊗ ( )3 2 1
2 2G W Ww w

	 (16.57)

The first-order electric quadrupole correction term to the 2D optical activity photon 
echo,  �E T Q

PE t
( ) ( , , ; )1 w wτ , is then given as

   

�E T Q iPE t ge eg eg ge

ge

( ) ( , , ; ) { [ ( )]

  [

1
1w wτ = - ⋅

+

m m m

m

k Q

mm m m m meg eg ge ge eg eg ge

s ge

( ) ] [ ( ) ]

  [( )

k Q k Q

k Q

2 3⋅ + ⋅

- ⋅ mm m meg eg ge s eg eg]} , , , .* *⊗ ( )e e e e3 2 1
2 2G W Ww w

	
(16.58)

Combining Equations 16.55, 16.57, and 16.58, we have the general expression for the 
2D optical activity photon echo spectrum for a 2LS, which is valid for any arbitrary 
beam configurations.

Now, for the sake of simplicity, it is assumed that the three incident beam propa-
gation directions are almost collinear, so that k j Z= ˆ for all j. Let us assume that, 
except for the first pulse, the polarization directions of the second, third, and echo 
fields are all parallel to the X-axis in a space-fixed frame. The differential 2D photon 
echo spectrum is defined as

	
D � � �E T E T E

PE t PE
LCP

t PE
RCP

t
( , , ) ( , , ) ( ,w w w w wτ τ= - TT , ).wτ 	 (16.59)

To obtain D �E T
PE t

( , , )w wτ , one can derive proper expressions for both terms on the 
right-hand side of Equation 16.59 separately and take the difference. However, alter-
natively, one can use the relationship in Equation 16.20 and find that D �E T

PE t
( , , )w wτ  

e 

g           e 
mB1

e 

g      e 
mB1
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is given as

	
D � �E T iE T

PE t PE
XXXY

t
( , , ) ( , , ).w w w wτ τ= - 2

	
(16.60)

Here, �E T
PE
XXXY

t
( , , )w wτ  is the 2D photon echo spectrum obtained by using Y-polarized 

beam 1 and X-polarized beams 2 and 3, and by detecting the X-component of the 
radiated echo field vector. The negative sign in Equation 16.60 was chosen because 
the first radiation–matter interaction is between the molecular dipole and e1

* -com-
ponent of the first beam. In order to calculate the XXXY elements of the three ten-
sors in Equations 16.57 and 16.58, one can use the results in the previous section, 
particularly, Equations 16.46 and 16.52. We thus have

	
D G W W�E T m D RPE t ee

g
ee
g

eg eg
( ) ( , , ; ) , , ,1 2 28 2

15
w w w wτ = ( ))

	
(16.61)

	
D �E T Q

PE t
( ) ( , , ; ) .1 0w wτ =

	 (16.62)

Therefore, the 2D optical activity photon echo spectrum of a 2LS is found to be 
solely determined by the first-order magnetic dipole correction term as

	
D G W W�E T D RPE t ee

g
ee
g

eg eg( , , ) , , , .w w w wτ = ( )8 2
15

2 2

	
(16.63)

Similarly, for a weakly anharmonic oscillator system, other than an additional peak 
from the excited-state absorption, the overall amplitude and sign of the 2D photon 
echo peak is determined by the product of dipole strength and rotatory strength of 
the oscillator.

16.5	 Two-Dimensional Optical Activity Photon 
Echo of Coupled Two-Level System Dimer

One of the interesting model systems that can be studied by using this 2D opti-
cal activity photon echo method is a coupled 2LS dimer, where each monomer is 
modeled as a 2LS. Detailed theoretical descriptions of 2D photon echo spectra 
of such a coupled dimer were presented in Chapter 9, where short-time quan-
tum beats, long-time population transfers, and physical meanings of cross-peak 
amplitudes were discussed. In this section, we will consider the 2D optical activ-
ity photon echo of the same dimer having one ground state (g), two singly excited 
states (e1 and e2), and one doubly excited state ( f ). Depending on the waiting 
time T, there are three different regimes. At very short time (T < tdecoherence), the 
coherence evolution appearing as oscillating peak amplitudes can be observed in 
a series of 2D spectra recorded with respect to T. At long time T, the diagonal and 
cross-peak amplitudes change in time due to the population transfers between 
two singly excited states. However, just for the sake of simplicity, we will only 
focus on the intermediate time regime, that is, tdecoherence < T < tpop. In this case, 

84291_Book.indb   369 5/11/09   2:24:23 PM



370	 Two-Dimensional Optical Spectroscopy

the diagonal and cross-peak shapes were found to be, within the electric dipole 
approximation,
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		  (16.64)

Again, let us consider the specific case when the first beam is circularly polarized 
and when the difference signal is taken to be the 2D optical activity photon echo. 

Thus, the relationship D � �E T iE T
PE t PE

XXXY
t

( , , ) ( , , )w w w wτ τ= - 2 between the differen-
tial measurement signal and cross-polarization-detected XXXY-signal can be used. 
By following the same procedure used to obtain the 2D optical activity TD spectrum 
for a 2LS, one can find that the two diagonal peaks in the 2D optical activity photon 
echo spectrum are given as
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(16.65)

Here, the electric quadrupole contributions to these two diagonal peaks vanish (see 
Equation 16.62). The cross-peaks in the 2D optical activity photon echo spectrum, 
which originate from the first-order magnetic dipole corrections, are
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		  (16.66)
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Similarly, the first-order electric quadrupole corrections to these cross-peaks are
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		  (16.67)

From the definitions of the auxiliary functions f m
XXXY and f Q

XXXY in Equations 16.38 
and 16.42, one can find that the magnetic dipole contributions to the two cross- 
peaks are
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(16.68)

The dipole and rotatory strengths in Equation 16.68 are newly defined as
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The dipole strength D
e e
g

j k
for j k≠ represents the transition strength associated with 

the creation of excited-state coherence re ej k

( )2 via two electric dipole–electric field 
interactions, whereas D

e e
g

j k
does the same strength via both electric dipole–electric 
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field and magnetic dipole–magnetic field interactions. Note that they should not be 
considered transition probability because the product state is not a population but a 
coherence. The dipole strength D

ff

ej is, however, the transition probability of finding 
the population on the fth doubly excited state when the system was initially the popu-
lation on the jth singly excited state.

The electric quadrupole contributions to the cross-peaks are found to be
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where k = |k1|.
Combining the magnetic dipole and electric quadrupole contributions to the 

diagonal and cross-peaks, one can obtain the final result (Equations 16.65, 16.68, 
and 16.70) for the 2D optical activity photon echo spectroscopy of coupled dimer 
systems. One can easily generalize the above results for coupled multi-chromophore 
systems as8, 12
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The above theoretical expression for 2D optical activity photon echo is valid within 
a few approximations used. Here, the short-time quantum beat contributions, which 
originate from coherences created on the singly excited-state manifold, and the slow 
population relaxations were ignored. However, one can easily incorporate such con-
tributions by considering the general theory of 2D photon echo spectroscopy dis-
cussed in Chapters 9 to 11 and by properly taking into consideration the rotational 
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averages for magnetic dipole and electric quadrupole terms in the expanded nonlin-
ear response functions with respect to m and Q.
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